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Sources
• The chief sources for my presentation are
– John Midtdal, Knut Thalberg & Harald Wergeland: “Selected Scientific Papers of Egil A. Hylleraas” (1968)
– Egil A. Hylleraas: ”Reminiscences from Early Quantum Mechanics of Two-Electron Atoms”, Rev. Mod. Phys. 35, 421 (1963)
– Inger Hyllerås Bø, “Gjetergutten som dro ut i verden” (2006)

Egil Andersen Hylleraas (1898 – 1965)
• Egil Andersen was born 1898 at Hylleråsen
– later took his name from the village
– small village in Engerdal, near the Swedish border
– 250 km from Oslo and 1500 km from Tromsø

• The Andersen family lived on a smallholding
– farming, fishing, forestry
– Egil was the youngest of 11 siblings
“From my earliest youth, I remember the first very modest roads being built to
replace the older trails or paths or water ways... The mail came once a week;
another means of communication, unknown to earlier generations, was a
primitive telephone line. I had not seen a railway train up to the age of
seventeen, and many were those who never came to see one.”

School & work
• Primary School 1905–1912
– taught by his father

• Shepard and logger 1912–1915
• Middle School 1915–1916
– nearest school in Rena, 90 km away

• Gymnasium 1916–1918
– in Christiania (now Oslo)
– constantly in need of money

“In winter time, two-thirds of the year, we went to school in our
homes in the valley. We were completely happy in the sense that
the idea of higher education in the modern sense had no actual
reality. Our tools were the hands not the head.”

Royal Frederick University 1918–1924
• Undergraduate studies 1918 – 1921
– physics, chemistry, mathematics

• Military service 1921
– Elverum

• Norwegian Meteorological Institute 1922–23
– enjoyed weather forecasting — ”but it is not my future”

• Graduate studies 1923 – 1924
– Prof. Lars Vegard, Department of Physics,
– X-ray crystallography

• Changed name to Egil Andersen Hylleraas in 1924

“But the top aim of our learning was to become
useful teachers in our high schools, and none of
us, or at least very few, would hit upon the idea of
becoming scientists by profession”

School teacher 1925 – 1926
• School teacher in Sandvika after graduation but…
– “upon leaving the university to become a school teacher for a year or two, I could not
forget about the many problems of higher interest with which I had become familiar.”

• With no experimental access, he concentrated on theoretical work
– greatly influenced by Max Born’s Dynamik der Kristalgitter
– published three papers while working as a teacher

• Lars Vegard urged him to return to science
– had recognized his exceptional skills for theoretical work

• Married Magda Christiansen in 1926
– daughter Inger born in 1927
.

Publications in crystallography
• Five articles on crystallography published 1925 – 1927
– calculations of double refraction of light in uniaxial crystals

• Caught the attention of Max Born and Paul Peter Ewald:
– Born: “I have read your publications with great interest and admire your
theoretical calculations. Perhaps you would consider working in Göttingen?”
– Ewald: “Dr. Herman and I have read your fine work with great pleasure. You
have succeeded where we tried in vain.”

• Fellowship from Rockefeller Foundation
– supported by Vegard and Born

• Travelled to Göttingen in September 1926

Göttingen 1926–1928
• Göttingen made an enormous impression on Hylleraas and his wife — first visit abroad
”I have visited Max Born — first Mrs. Born on Monday and
today Max Born himself, who has been away on travel.
This worked out nicely, with no blunders to talk about.”

• But scientific life in Göttingen appeared frightening:
«Born’s seminars were no children’s school […] All his pupils appeared extremely learned men, using methods
that I had not heard of and talking in terms whose meaning I did not understand…»

Matrix mechanics
• Hylleraas had expected to work on crystals in Göttingen
• Instead, Max Born’s attention was now on quantum mechanics
– «His new field of investigation bore the curious name Matrix Mechanics and
as I understood it, had been invented by himself, or rather by some bright
fellows by the names of Werner Heisenberg and Pascual Jordan»

• Hylleraas hesitated:
– «Non-existing waves in quantized form — quite a thrilling idea.
Should I prefer them to my real crystals?»

• Continued to work for some time on optical properties of crystals
– published last paper on crystals in 1927

Atomic and molecular electronic structure
• Hylleraas was exposed to the Schrödinger equation and the helium atom
– “So I betrayed my first love and entered into love with a new one. Later on, I have had several
loves, but with moderate success. Obviously, in such matters you must be young or, as the Germans
are singing: Das ist nur einmal; es kommt nicht wieder.”

• Letter to his brother Ottar* in February 1927:
“What hold the countless atoms and molecules together
in the large complexes we call matter are nothing but
electrical forces — in a sense, everything is electricity.
I know this sounds weird — but you get used to the idea,
it eventually becomes natural. But don’t show this to anybody
— lest they think I have become a bit odd.”
*later became the mayor of Engerdal municipality

Helium atom
• The Bohr–Sommerfeld theory successfully explained the hydrogen atom
– in fact, as accurate as Schrödinger theory

• But it failed dramatically for the helium atom
– gave an ionization potential of 28.29 eV, compared with 24.59 eV from experiment
– two electrons on opposite sides gave a too low energy

• Helium atom constituted a critical test for quantum mechanics
– first attempts at reproducing the ionization potential failed
– perturbation treatment by Albrecht Unsöld in 1926 gave 20.41 eV
– the independent, zero-order charge distributions gave too high total energy

• Born applied variation theory to the helium atom
– Born’s student Biemüller had fallen sick and Hylleraas was asked to take over

Helium states and ionization potentials

Hylleraas takes on the helium atom
• Hylleraas introduced a complete expansion
– Biemüller had used the incomplete bound states of the hydrogen atom
– it would recover only 2/3 of the gap 4 eV gap of Unsöld’s result
– Hylleraas introduced Laguerre functions with only a discrete spectrum

• Hylleraas realized that three spatial coordinates are sufficient
– Max Born: ”What does this mean? Let us consult Wigner”
– Eugene Wigner: “These are the S states!”

• There was much mathematical expertise in Göttingen
– Richard Courant and David Hilbert: Methoden der mathematischen Physik
– very different but popular lecturers
– Hilbert: “Die Nobel-Preise liegen ja auf der Strasse!”

Mercedes–Euklid electric calculator
“I have access to an electric calculator. It performs all arithmetic operations (addition,
subtraction, multiplication and division). Just enter the numbers and it begins its work.
For very large numbers, with many digits, it can take up to 7 – 8 seconds. Walking
across the room, it is weird to hear how it works all on its own.”

Zeitschrift für Physik 48, 469 (1928)
• Hylleraas obtained an ionization potential of 24.47 eV
– merely 0.12 eV away from experiment of 24.59 eV
– corrections for nuclear motion and relativity about 1/100 eV

• Several papers on helium had already appeared in 1928
– G. W. Kellner with a similar variational approach: 24.4 eV
– J. C. Slater and Y. Sugiura with different approaches: 24.47 eV

• The discrepancy worried Hylleraas:
“Despite of all this it would be premature to conclude from these small
differences that the theory is not completely sufficient from a quantitative
point of view. […] It it best therefore to wait for further calculations on
simple atomic and molecular models before reaching a judgement”

Back in Oslo 1928 — battling with helium
• Hylleraas was offered a position in Göttingen in 1928
– he declined and returned to Oslo in July 1928
– close relationship with Born and his family for the rest of his life

• He struggled to improve the results
– he was able to bracket the result to between 24.50 and 24.8 eV

– superposition of configurations — too slow convergence
– was happy to see convergence in the right direction but realized it was a dead end

• Then he hit upon a new idea …
– “I believe that the publication of these very awkward calculations is
not very interesting anymore. Since I have found a much simpler and
better-performing method that leads to the goal surprisingly fast.”

Zeitschrift für Physik 54: 347–366 (1929)

Zeitschrift für Physik 54: 347–366 (1929)*

*Hinne Hettema: Quantum Chemistry — Classic Scientific Papers

A change of coordinates …
• Hylleraas replaced (r1,r2,q12) with the Hylleraas coordinates (s,t,u):
• Compact but accurate Hylleraas expansions (experiment 24.59 eV)
24.56 eV
24.58 eV
“This change in the coordinates had, to my astonishment and to my great satisfaction as well, almost the effect
of a miracle. Already in the third approximation [...] the troublesome discrepancy disappeared entirely.”

– an order of magnitude better than 24.47 eV from wave functions without linear u
– discrepancy due to neglect of nuclear motion and relativity

– singlet–triplet splitting reproduced to within 0.01 eV

• Most accurate helium energy to date by Nakashima and Nakatsuji (2007):
E = –2.90372437703411959831115924519440444669690537 Eh

Perspective article in Theoretical Chemistry Accounts 2000

Validation of quantum mechanics
• Work on He caused a sensation at Scandinavian Scientist Conference in Copenhagen 1929
– taken as a validation of quantum mechanics for more than one particle
– perhaps the first time machine calculation played an important role in physics

• Max Born: «Diese Arbeit war sein erstes Meisterstück. Sein Resultat für das Energieniveau des
Grundzustandes kam dem beobachteten Wert bis auf 1/10 Volt nahe. Es war wohl das erste Beispiel,
dass die Quantenmechanik, außer in den wenigen streng lösbaren Fällen, auch für komplizierten
Systeme zu quantitativ richtigen Resultaten führt.»
• Niels Bohr: «Indeed, this result represents the first quantitative derivation of a constant depending
on the constitution of an atom with more than one electron. Recently, Hylleraas' calculation has
obtained further striking confirmation by Edlén's analysis of the spectra emitted by singly, doubly
and trebly charged ions of beryllium, boron, and carbon, respectively. .»

Helium iso-electronic series 1929
• The Swedish astrophysicist Bengt Edlén presented
experimental ionization energies at the 1929 meeting
“A most exciting cooperation now started between us. No sooner had I found the energy of lithium ion lying in
between his limits of error than the doubly ionized beryllium ion was on the way, and so it continued with
boron 3 plus and carbon 4 plus with me always behind. Suspecting there were no limits to Edlén’s power of
producing ions I decided to overtake him with a good safety margin by introducing even an infinite nuclear
charge. This was the origin of the energy formula

• Note the fast publication:
– meeting late August 1929; paper submitted early November; article published December 1929

1930: Radio appearance and Academy membership
• Appeared on Norwegian Radio
– explained quantum mechanics, atoms and molecules — a sensation in Engerdal and Hylleråsen

• Elected member of Norwegian Academy of Science and Letters

Full paper one year later... Z. Phys. 65: 209 (1930)
• Lame excuse:
– due to “delay in calculations”

• It contained:
– 1/Z expansion: perturbation in two-electron operator with 1/Z as perturbation parameter

– Hylleraas functional: variational formulation of perturbation theory — widely used in quantum chemistry
– more elements, including H–

First prediction of new species by quantum mechanics: H–
• From a discussion of LiH lattice energy — is H– stable?
• Hans Bethe applied Hylleraas’ method to this problem in 1929
– discovered that it is bound (later shown to have no other bound states)
– submitted in July 1929 and appeared in November 1929

• Hylleraas’ own work submitted in January 1930 and appeared in September 1930
– Of course, I felt ashamed and immediately wrote an article of explanation and excuse together with some more accurate results.
But that did not help, so if you read Bethe’s article in Handbuch der Physik you should not trust him. He — not I — is the father of
that curious little child, the strange particle H–, which for a while appeared to be recognized nowhere, neither in heaven nor on Earth.

• In 1938, the hydrogen anion was discovered on the Sun
– first species predicted by quantum mechanics — important for the energy budget and for its opacity

First application of quantum mechanics to a crystal: LiH
• Hylleraas’s work on the hydrogen anion led to a study of the LiH crystal
– “In spite of thus not having the highest responsibility for this new particle, I did my best for it. I put it into the LiH lattice together
with positive Li ions, both constituents then being of the same two-electron type. Applying the Pauli principle to all electrons, i.e.,
by anti-symmetrization of the wave function of the whole crystal, I succeeded in stabilizing it against inner collapse and in this
way manufactured a crystal, the LiH, purely on the basis of the Schrödinger equation. This is the first crystal produced that way,
and to my knowledge it is so far also the last one.”

• Mathematical tour de force — in good agreement with experiment (correct space group)

Excited states: Hylleraas–Undheim theorem 1930
• Study of 1s2s singlet and triplet states of helium
– 1s2s singlet is the second helium state of this symmetry
– variation subject to orthogonality constraint
– Bjarne Undheim was a student of Hylleraas

• Hylleraas identified excited-state energies with higher roots in the eigenvalue problem
– converge monotonically from above and can be calculated to high accuracy

• Hylleraas–Undheim Z. Phys. 65, 759 (1930); MacDonald, Phys. Rev. 43, 830 (1933)
– Cauchy’s eigenvalue interlace theorem or Poincaré separation theorem
– today a standard, fundamental tool in quantum mechanics

Bergen 1931 – 1936: Chr. Michelsen Institute
• Declined invitation to Columbus Ohio University in 1930
• Accepted position at the Christian Michelsen Institute in Bergen 1931
– established 1930 as first private research institution in Norway — there was no university
– attracted several young scientists, including mathematician Thoralf Skolem

• Visited Göttingen a few months 1931

Electronic states of H2 (1931)
• Energy curves and vibrational constants of H2+ and H2
– H2+ electronic energy –1.20527 Eh and total energy –1.1951 ± 0.0003 Eh
– H2+ dissociation energy of 2.64 eV confirmed by experiment 2.59 ± 0.3 eV (1933)
– H2 results in rough agreement with experiment

Extension of Hylleraas approach to H2
• H. James and A. S. Coolidge applied Hylleraas method to H2 (1933)
– binding energy to within experimental accuracy (0.03 eV)

• W. Kolos and L. Wolniewicz (1964,1965)
– convinced Herzberg to revise his `experimental´ values.

Explicit correlation — R12 and F12 methods
– Egil Hylleraas: use r12 in the wave function (1929)
– Werner Kutzelnigg: use r12 only linearly in the wave function (1985)

– R12 method realized and developed further by Wim Klopper (1989)
– F12 method developed since 2000 Seiichiro Ten-no (2004)

Doctor Philosophiae (habilitation) 1933
• Die Grundlagen der Quantenmechanik mit Anwendungen auf atomtheoretische Ein- und
Mehrelektronprobleme
– The foundations of quantum mechanics with applications to atom-theoretical one- and manybody problems

• Introduction to non-relativisitic and relativistic quantum mechanics (97 pages)
• Summary of 10 articles published March 1928 – June 1931 (33 pages)
– helium energy and ionization potential — validation of quantum mechanics and explicit correlation
– helium iso-electronic series — 1/Z expansion and the Hylleraas functional of variational perturbation theory
– excited electronic states and the Hylleraas–Undheim theorem
– lattice energy and lattice constant of LiH: first application of quantum mechanics to a crystal
– electronic states, potential energy curves, and dissociation energies of H2 and H2+

• Submitted 1932 and defended in Oslo 1933

Kvantekjemi — quantum chemistry
• Over the years, Hylleraas gave several popular science talks
• In 1933, he introduced the term “kvantekjemi” in such a talk:
“In closing my presentation, I hope to have convinced the audience of the farreaching opportunities that now exist for establishing a theoretical chemistry, a
quantum chemistry, on the same footing as the physical quantum theory.”
“Importance of wave mechanics for understanding
the chemical bond” (1933)

• In 1937, he spoke to the Norwegian Chemical Society:
– “Hvad kan den modern atomteori yde til forklaring av kjemiske lover?”
– “How can modern atomic theory help explain chemical laws?”

International Conference on Physics, London 1934
• From left to right:
– Lars Vegard (1880–1963)
• aurora spectrum, thesis advisor

– Vilhelm Bjerknes (1862–1951)
• modern weather forecasting
• primitive equations

– Svein Rosseland (1894–1985)
• theoretical astrophysicist
• differential analyser

– Egil Hylleraas (1898–1965)

University of Oslo 1937 – 1965
• Professor in Theoretical Physics, University of Oslo
• Visit to USA 1947–1948
• Norway’s representative CERN 1954
• Hylleraas died in 1965

Hylleraas published 77 papers 1925 – 1966
• Atoms
– two-electron atoms in ground- and excited states
– relativistic theory, spinors

• Molecules
– electronic, vibrational and rotational energy levels — potential energy curves and their representation
– first study of nuclear shielding constants (1950), positronium

• Crystals
– optical properties, electronic structure (LiH)

• Mathematical techniques
– variational techniques, expansions, perturbation theory, differential equations, scattering,

• Other topics:
– nuclear physics, tidal oscillations

• Total 77 publications but only 47 on Web of Science — Hylleraas appears more often in titles than in reference lists

Textbooks and popular science
• Editor:
– Fra Fysikkens Verden (1939–1956)

• Popular science book:
– Atomene: Forskningens vei mot ukjent land (1947)

• Textbook:
– Matematisk og teoretisk fysikk (1950–52)
– Mathematical and Theoretical Physics (1970)

Hylleraas Exhibition and Symposium 2015

Calculators used by Hylleraas in the 1930s – 1950s
Dalton calculator produced by the
Swedish company Facit and used by
Hylleraas in the 1930s and 1940s. It was
given to his nephew, who opened a
grocery shop in Engerdal in the 1950s

German-made Brunsvika calculator used
by Hylleraas in the 1950s

Hylleraas Park in Engerdal 2017
•
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