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A new method for calculating classical trajectories on molecular ab initio potential energy surfaces is presented. The equations 
of motion are integrated on a sequence of model surfaces constructed from analytically calculated molecular gradients and Hes- 
sians. The method avoids the explicit calculation of the total surface and is therefore applicable whenever the gradient and Hessian 
can be calculated. The method is applied to the unimolecular fragmentations of H, and CH,OH+, yielding the translational energy 
released upon separation of the products. 

1. Introduction 

The calculation of the trajectories traversed by the 
individual atoms of a molecular system requires a 
precise knowledge of the potential energy surface. 
Accurate surfaces may be obtained from ab initio 
electronic structure calculations [ 11. The traditional 
approach is to calculate the energy for a large num- 
ber of geometrical configurations and to tit an ana- 
lytical function to these energies. The dynamical 
problem is then solved by integrating the equations 
of motion numerically on this function, using for ex- 
ample the Runge-Kutta method [ 2 1. The bottleneck 
in this procedure is the construction of the surface. 
The high dimensionality of most surfaces makes it 
necessary to introduce a number of assumptions, the 
validity of which may be questionable. Also, the lit- 
ting procedure itself is not without problems. 

In this paper we present an alternative scheme 
which avoids the explicit calculation of the molec- 
ular surface. Instead a sequence of local approxi- 

mations to the true surface is constructed along the 
classical trajectory. The local surfaces are calculated 
as needed in the course of the integration and only 
those parts of the surface actually traversed by the 
molecule are therefore considered. This makes the 
method applicable to larger systems without having 
to introduce arbitrary assumptions. 

The implementation of this scheme depends on the 

nature of the local model surfaces. We use surfaces 
constructed from second-order Taylor expansions of 
the ab initio surface. The advent of efficient meth- 
ods for calculating analytical molecular gradients and 
Hessians from ab initio wave functions has made this 
scheme practicable [ 31. Gradients and Hessians may 
now be calculated at a reasonable cost for most wave 
functions, in particular, multiconfigurational self- 
consistent field (MCSCF) functions. Such wave 
functions are usually needed for the proper descrip- 
tion of bond breaking and formation. 

To illustrate the method we present calculations 
on the fragmentation processes of HS and protonated 
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formaldehyde CH*OH+. The calculations give in- 
teresting snapshots of the processes and allow us to 
estimate the relative translational energy released 
upon elimination of HZ, observable in mass spectro- 
metric experiments. 

2. Trust-region dynamics 

As noted above, at a given point on the trajectory 
we make a second-order model of the true ab initio 
surface and carry out the integration on this model. 
The model is a good approximation to the true sur- 
face only in a small region around the expansion 
point, the trust region. The calculated trajectory is 
therefore not allowed to leave this region. Inside the 
trust region, the integration is trivial since the sec- 
ond-order model trajectory may be expressed in a 
closed analytical form. In the following we first de- 
rive expressions for the model trajectory and then 
discuss the size of the trust region (the trust radius). 
The trust region and the model surface are concepts 
borrowed from optimization theory [ 41, 

In Cartesian coordinates the classical equations of 
motion of an N-particle system are given by 

Mji=_y. (1) 

Here x is a vector containing the 3N Cartesian co- 
ordinates, V(X) is the potential energy of the system, 
and m is a 3N-dimensional diagonal matrix contain- 
ing the N nuclear masses m,, 

m=diag(m,, ml, ml, m2, m2, m2, ma, ..., m,) . 

(2) 
The model surface is obtained by expanding the po- 
tential to second order in the displacements 

AX=X--x0 (3) 

around the reference geometry x0, 

~~~,,(x)=~/O+C~+~APH~. (4) 

Here I/O is the potential energy at the expansion point 
and G and H its gradient and Hessian at this point. 
The equations of motion may now be written 

mAi=-G-HAx. (5) 

We now introduce normal coordinates Q in the usual 
way by diagonalizing the mass-weighted Hessian 
matrix, 

Q=ErnL12 Ax, (6) 

g=_&-i/2G 3 (7) 
oZ_~m-‘/2Hm-1/2L (8) 

Here g and w2 are the gradient and Hessian in nor- 
mal coordinates. The elements of the diagonal Hes- 
sian may be positive, negative, or zero. The corre- 
sponding elements of the diagonal matrix w (the 
frequencies) are then real, imaginary, or zero. The 
conjugate momenta P are related to the Cartesian 
momenta p as 

P=Lm-112p. (9) 

The equations of motion are now separated and may 
be written 

@;=-gi-ofQi. (IO) 

Solving these equations with the initial conditions 

Qi=O 1 (11) 
Pi =PY ) (12) 

we obtain 

Qi(t)= $sin(tiir)- 5 [l-COS(wit)] , (13) 
1 

Pi(t)=pPCOS(Wit)- kSin(W,l) , (14) 
I 

In the special case of zero frequency these equations 
take the form 

Q~(t)=P~Z-~git’p (15) 

Pi(t)=Py-git (16) 

and when the frequency is imaginary the solution may 
be written in terms of the hyperbolic functions 

pp Qi(t)= ,oi, sinh(lalt) 

+* [l-coWIwIt)l, (17) 

Pi(t)=Fpcosh(Iwilt)-&sinh(lUiIt). (18) 
I 
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Once Q(t) and P(C) have been obtained from the 
above expressions the Cartesian coordinates and 
momenta are calculated as 

x=x”+m-“2LQ, (19) 

p=m’12LP. (20) 

The calculation of the trajectory on a second-order 
surface is therefore trivial once the gradient and Hes- 
sian are available. 

The integration of the complete trajectory pro- 
ceeds in steps. We start by calculating the electronic 
energy, gradient, and Hessian at the initial point. This 
defines the local model surface. The integration is 
carried out to the boundary of the trust region, and 
the final point of this trajectory becomes the initial 
point for the local trajectory in the next iteration. The 
energy, gradient, and Hessian are recalculated, a new 
model surface constructed and a new local trajectory 
calculated. This process is repeated until the trajec- 
tory is complete. 

In the first iteration a small trust radius of 0.01 
atomic units is used. This is updated in subsequent 
iterations by the usual feedback mechanism of trust- 
region optimization [ 4 1. The change in potential en- 
ergy estimated from the second-order surface is com- 
pared with the true energy calculated in the next it- 
eration. The trust radius is increased or reduced based 
on this comparison. It may, however, happen that 
large contributions from the individual modes result 
in a small overall change in the energy. In such cases 
the predicted energy cannot be used for updating the 
trust region. 

In the course of the integration the anharmonicity 
of the potential surface is estimated by comparing 
the Hessians at adjacent points. In choosing the next 
step, the estimated anharmonic contribution to the 
energy of each mode is riot allowed to exceed 1% of 
the harmonic contribution. The accuracy,of the in- 
tegration may be monitored by comparing the total 
kinetic energies as calculated from the integrated 
momenta and from the conservation of energy. In 
the calculations on H, and CH,OH+ below, these 
never differ by more than 0.8% and 0.7Oh, respec- 
tively, and at the end of the integrations by only 0.2% 
and 0.1%. This indicates that the calculated trajec- 
tories are close to the exact. 

3. Calculations 

To illustrate the method we calculate the relative 
translational energies released during the elimina- 
tions of H2 from H3 and CH20H+. The translational 
energy released upon fragmentation of metastable 
CH20Hf ions has been measured by mass spectro- 
metric methods [ 5 1, and it is known that the ions 
possess no excess kinetic energy in the transition state 
[ 6 1. The reactive trajectories therefore pass through 
the saddle point with practically no velocity. This 
simplifies the calculation since the initial conditions 
are well defined. To simplify further, we ignore zero- 
point vibrations, reducing the calculation to one tra- 
jectory for each system. 

In the calculations on H, we use van Duijneveldt’s 
4s basis contracted to 2s with one set of p functions 
(exponent 0.75) added [ 71. The wave function is 
constructed by distributing the electrons among the 
three most important cr orbitals in all possible ways 
(complete active space MCSCF). The calculations 
were carried out using the SIRIUS/ABACUS pro- 
gram system [8,9]. The gradient and Hessian are 
calculated analytically to an accuracy of LOS8 in each 
iteration. Details about the transition state and frag- 
ments are given in tables 1 and 2. The theoretical 

Table 1 
Energy, geometry, population analysis ‘), and harmonic frequen- 
cies of H, at the transition state 

energy (au) - 1.620426 
&I, (A) 0.958 
dH(tcrmid)O)(e) -0.017 
6 n(m,ddle, (e) 0.034 
v, 0,’ (cm-‘) 1933 
VZCrZ (cm-‘) 2185i 
vgx, (cm-‘) 920 

‘) We use Ciolowski’s population-analysis-based dipole gra- 
dients [ lo]. 6 are the atomic net polulations. 

Table 2 
Energies, geometry, and harmonic frequency of Hj dissociation 
fragments 

energy 0-I) (au) 

energy (HZ 1 (au 1 
&“(A) 
U, 0; (cm-‘) 

-0.497726 

- 1.149618 
0.756 

4277 
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barrier height is 7 1 kJ/mol. Harmonic zero-point vi- 
brations reduce the barrier to 68 kJ/mol. This is sig- 
nificantly higher than the theoretical value 41 kJ/mol 
obtained by Siegbahn and Liu [ 111, However, the 
wave function is adequate for our purposes. 

The fragmentation is initiated at the rotation- and 
vibration-less transition state by adding a small mo- 
mentum to the reaction mode. The trajectory is then 
integrated to complete dissociation, see fig. 1 and ta- 
ble 3. The separation between the centers of mass 
increases from 1.44 %r at the transition state to 3.57 
A at the point of maximum velocity ( 14.1 km/s) in 
35.9 fs. There is then a slight retardation because of 
a small attractive but nonphysical force arising from 
the use of a finite orbital basis (basis-set superpo- 
sition). The energy released as translation is 46.7 kJ/ 
mol, i.e. 94O/6 of the barrier. Hence nearly all of the 
energy is converted to relative translation. Sixty- 
seven iterations are required to reach this point. The 
separation increases on average by 0.03 A in each 
iteration, the average time step is 0.5 fs. 

During the fragmentation process, the H2 mole- 
cule acquires 6% of the released energy (345 cm-’ ) 
as vibrational. The frequency is found to be about 
4270 cm-’ , just below the harmonic frequency cal- 
culated at the same level (4277 cm-‘). This is to be 

8 
0 0 

0 \!??I 
Fig. 1. The dissociation of Hj at six different times, see table 3. 
The coordinate system is shifted downwards with time. 

Table 3 
Details of H, dissociation trajectory. See fig, 1 

Table 4 
Energies, geometries ‘), population analysis [lo] and harmonic 
frequencies of CH20H+ 

Equilibrium Transition state 

energy (au) - 114.059634 - 113.887090 
Rco (A) 1.229 t-184 
&r-r* (A) 1.078 1.087 
&HE, (A) 1.080 1.225 
~onc (A) 0.960 1.377 
L OCHA (deg) 116.4 134.0 
L DC& (deg) 121.7 116.2 
L COHc (deg) 117.8 58.7 
Jcb) (e) 0.63 0.74 
&I (e) - 0.62 -0.52 
s,(e) 0.15 0.2 1 
hIB ce) 0.14 0.00 
&c @) 0.50 0.58 
u, a’ (cm-‘) 3958 3287 
u2 (cm-‘) 3428 2485 
u3 (cm-‘) 3280 2284 
“4 (cm-‘) I832 2052 
ys (cm-‘) 1591 1658 
“6 (cm-‘) 1483 1300 
“7 (cm-‘) 1190 24341 
v8 a” (cm-‘) 1380 1192 
up (cm-‘) 1058 160 

‘) Numbering of atoms as in fig. 2. b, Atomic net population. 

expected since very little energy has been transferred 
to this mode. 

The fragmentation of protonated formaldehyde is 
calculated at the Hartree-Fock level using the 4- 
31G** basis [ 121 . #’ The equilibrium- and transi- 
tion-state species are listed in table 4, the fragments 
in table 5. The theoretical barrier height is 277 kJ/ 
mol(288 when corrected for zero-point vibrations). 

$I Polarization exponents are 0.8 on carbon and oxygen, 1.1 on 
hydrogen. 

Iteration Time 
(fs) 

Separation between 
centers of mass (A ) 

Electronic 
energy (au 1 

Translational 
energy (au) 

0 0.0 1.437 - 1.620426 1.25x10-9 
4 14.7 1.453 - 1.620641 0.0000602 

24 20.1 1.596 - 1.626824 0.0046887 
34 25. I 2.078 -1.639863 0.0193085 
46 29.9 2.719 - 1.645508 0.0246581 
61 34.9 3.422 - 1.647240 0.0254001 
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Table 5 
Energies, geometries, population analysis [lo] and harmonic 
frequencies of CH*OH+ dissociation fragments 

energy (HCO+) (au) - 112.861233 
&I (A) 1.086 
&-I (A) 1.086 
kc.’ (e) 0.78 
60 (e) -0.16 
s, (e) 0.39 
v, o+ (cm-‘) 3414 
vz (cm-‘) 2498 
v3 7t (cm-‘) 984 

energy (H2) (au) -1.131334 
RHH (A) 0.733 
v1 0: (cm-‘) 4635 

‘) Atomic net population_ 

B 
0OO 

Oo 0 
0 

Fig. 2. Elimination of H2 from CH20H+. Geometries at six dif- 
ferent times (see table 6) superimposed on each other, transition 
state at the bottom. The numbering of hydrogeb atoms is H, H,, 
and I& counterclockwise starting in the lower left corner. Oxy- 
gen atom on top, carbon in middle. A rotating H2 molecule leaves 
in the lower right comer. The Iinear bend of the remaining CHO+ 
fragment is excited. 

The experimental barrier is 2 18 kJ/mol [ 61. The 
calculated trajectory is illustrated in fig. 2, see also 
table 6. 

Maximum velocity of 15.6 km/s is reached after 
35.4 fs at a separation of 3.62 A. After this there is 
a slight retardation because of the incomplete basis. 
The translational energy is 230 kJ/mol, i.e. 83% of 
the released energy (zero-point vibrations disre- 
garded). The vibrational energy released during the 
fragmentation mostly enters the linear bend of 
HCO+, see fig. 2. We also note that in the process, 
H2 acquires some rotational energy. 

The observed translational energy is 64% of the 
experimental barrier height [ 5 1. Our calculation sig- 
nificantly overestimates this value. We suspect that 
the neglect of zero-point vibrations is the most im- 
portant source of error. Preliminary calculations on 
the deuterated (CD*OD+ ) and undeuterated 
( CH20H+ ) species without including zero-point vi- 
brations give almost identical translational energies 
at the 4-3 1 G level, whereas experiments suggest that 
the relative translational energy increases signifi- 
cantly (from 64% to 73%) upon deuteration [ 51. 
Since zero-point vibrations are less important for the 
deuterated species, these findings indicate that zero- 
point vibrations are effective in trapping the energy 
released during the fragmentation. We will investi- 
gate the importance of zero-point vibrations as well 
as barrier tunneling in a forthcoming paper. 

A more accurate electronic wave function will cer- 
tainly affect the calculated relative translational en- 
ergy. We note, however, that the transition state of 
the wave function obtained by distributing eight 
electrons among eight orbitals is close to the tran- 
sition state at the Hartree-Fock level. Large changes 
in the relative amounts of translational and vibra- 

Table 6 
Details of CHIOH+ dissociation trajectory. See fig. 2 

Iteration 

0 
5 

25 
40 
70 

103 

Time Separation between Electronic Translational 
(fs) centers of mass (A) energy (au ) energy (au) 

0.0 1.340 - 113.887090 2.21x10-’ 
14.7 1.363 - 113.887894 0.000369 
20.1 1.547 -113.913294 0.017779 
24.9 2.043 - 113.959632 0.060582 
30.0 2.705 - 113.990771 0.084122 
35.0 3.555 -113.984215 0.087756 

149 



Volume 173, number 2,3 CHEMICAL PHYSICS LETTERS 5 October1990 

tional energies are therefore not expected for cor- 
related wave functions. 

It is interesting to note that for both H3 and 
CH20H+, the relative amount of energy converted 
to translation is smaller at the start of the trajectory 
than at the end. In the case of H3, only 25% is con- 
verted to relative translation in the transition-state 
region. (Note that the reaction mode is not in the 
direction of relative translation.) At the end of the 
process as much as 94% of the energy has been con- 
verted. For protonated formaldehyde the corre- 
sponding numbers are 44% and 83%. It therefore ap- 
pears impossible to estimate the translational energy 
release from a consideration of the transition state 
alone. 

As a curiosity we note that the relative velocities 
are almost the same in both cases ( 14.1 and 15.6 
km/s) so that both processes occur in about 35 fs. 
The reason is that the ratio between the reduced 
masses of the two systems roughly matches the ratio 
between their barrier heights. 

4. Conclusions 

We have demonstrated that it is possible to carry 
out classical trajectory calculations on ab initio po- 
tential energy surfaces without constructing the full 
surface in advance. This is significant since for larger 
systems the dimensionality of the surface makes the 
preliminary calculation of the surface impossible. A 
disadvantage of the method is the high cost of each 
trajectory. The large number of trajectories needed 
in many dynamical studies may therefore become 
prohibitively expensive. This problem is less severe 
for reactions starting at the transition state, since the 
initial conditions are then better defined. Frost and 
Smith [ 131 have proposed a scheme in which quasi- 
classical calculations are started in the transition-state 
region rather than with the reagents separated, bring- 
ing the number of trajetories needed for averaging 
down to a few hundred. Still, a large number of Hes- 
sian calculations would be needed for quasiclassical 
dynamics, making the proposed method costly. This 
should, however, be contrasted with the impossibil- 
ity of constructing in advance many-dimensional ab 
initio surfaces for systems containing more than a 
few atoms. 

Very recently a paper by Gibson and Scheraga [ 141 
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appeared in which they propose a similar scheme for 
molecular-dynamics simulations of peptides. These 
authors use a third-order expansion of an empirical 
energy surface. For ab initio surfaces third-order ex- 
pansions are not yet feasible and the second-order 
scheme presented above appears to be the only prac- 
tical approach. The cost of our method scales as the 
cost of the electronic wave function, and it therefore 
becomes possible to carry out trajectory calculations 
on systems containing as many as ten atoms without 
making arbitrary assumptions about the energy 
surface. 
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