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Abstract

An exponential parametrization of the one-electron atomic-orbital density matrix of Hartree–Fock and Kohn–Sham
theories is proposed. The parametrization is non-redundant and satisfies the usual symmetry, trace and idempotency
conditions exactly, eliminating the need to enforce these conditions explicitly during the optimization of the energy or the

Ž .calculation of molecular properties. The exponential parametrization makes the construction of the transformed density
matrix simple, requiring only elementary matrix operations such as additions and multiplications; it is therefore ideally suited
to the study of large molecular systems at the Hartree–Fock and Kohn–Sham levels of theory, at a cost that scales linearly
with the size of the system. q 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The application of a given ab initio or density-
functional method to large molecules is limited by
the computational cost of the model; of particular
interest are the scaling properties of the cost with the
size of the system. Until recently, the time-critical

Ž . Ž .step of Hartree–Fock HF and Kohn–Sham KS
calculations was the evaluation of the Coulomb and
exchange contributions to the Fock and KS matrices.
However, by using efficient integral prescreening
techniques and by evaluating the long-range Coulomb
contributions by the fast multipole method, the cost
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of evaluating the Coulomb and exchange contribu-
tions has been reduced to scale linearly with the size

w xof the system 1–6 . These advances leave the diago-
nalization of the Fock or KS matrix as the time-con-
suming step in HF and KS calculations on large
systems. The cost of this step scales as N 3, where N
is the number of basis functions; a further limitation
arises from the N 2 memory requirement. Clearly, to
achieve linear scaling for large systems, the diago-
nalization step must be avoided altogether.

Several alternatives to the diagonalization have
been suggested, based either on solving for localized
orbitals or on optimizing the one-electron density

Ž .matrix in the atomic-orbital AO basis directly,
Ž . w xwithout recourse to molecular orbitals MO 7–13 .

Methods based on the optimization of the density
matrix exploit the locality of the density matrix and
of the FockrKS matrix in the AO basis to achieve
linear scaling.
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In this Letter, we propose an exponential
parametrization of the one-electron AO density ma-
trix, by analogy with the standard exponential uni-
tary parametrization of states and density matrices in
MO theory. The calculation and transformation of
the AO density matrix require only multiplications
and additions of matrices, whose sparsity ensures
linear scaling for large systems. Furthermore, the
parametrization of the AO density matrix is non-re-
dundant and requires no constraints to be enforced
during the optimization. We illustrate the usefulness
of the proposed parametrization by considering the
direct optimization of the energy and by setting up

Ž . Ž .Roothaan–Hall RH self-consistent field SCF iter-
ations that do not require the diagonalization of the
Fock or KS matrix. The proposed parametrization is
well suited to the development of schemes for the
calculation of molecular properties such as gradients,
Hessians, excitation energies and time-dependent po-
larizabilities. We note that most of the results pre-
sented in this Letter have already been developed by
Helgaker, Jørgensen and Olsen in the monograph

w x ŽRef. 14 see, in particular, pages 84–86, 465–478
.and 480–481 . Their results are repeated here to

make them more accessible.

2. Exponential parametrization of the density ma-
trix

2.1. Molecular-orbital basis

Let us consider a system of N electrons de-e
:scribed by a single determinant 0 constructed from

a set of real orthonormal spin orbitals. In the basis of
these MOs, the density matrix DMO is diagonal with
eigenvalues equal to one for the occupied spin or-
bitals and zero for the unoccupied spin orbitals.
From this reference state, we may generate any other

< :real-orbital single-determinant state k by carrying
out an orthogonal transformation of the MOs. In the
standard notation of second quantization, we may

w xwrite the transformed state as 15,16

< : < :k sexp yk 0 , 1Ž . Ž .ˆ

ks k a† a ya a† , 2Ž .ˆ Ž .Ý A I A I I A
AI

where the summation is over all unoccupied–oc-
cupied pairs of orthonormal spin orbitals. In the basis
of the original MOs, the density matrix of the trans-
formed state becomes

MO ² < † < :D s 0 exp k a a exp yk 0 3Ž . Ž . Ž .ˆ ˆP Q P Q

or equivalently in matrix notation

DMO k sexp yk DMO exp k , 4Ž . Ž . Ž . Ž .
where k is an antisymmetric matrix containing the

Ž .elements of the orbital-rotation operator Eq. 2 . The
Ž .density matrix of the transformed state Eq. 4 is no

longer diagonal. Still, in common with all density
matrices of one-determinant states, it is characterized
by the following three conditions

TMO MOD k s D k , 5Ž . Ž . Ž .
Tr DMO k s N , 6Ž . Ž .e

DMO k DMO k s DMO k , 7Ž . Ž . Ž . Ž .
Ž .as is easily verified by using Eq. 4 and the proper-

ties of the density matrix in the diagonal representa-
tion DMO. Whereas the first two conditions are shared

Žby all N -electron states, the third condition i.e., thee
.idempotency condition is a special property of the

density matrix of a single determinant in the spin-
orbital basis.

Ž .In the present Letter, we shall take Eq. 4 as the
starting point for our discussion of the parametriza-
tion of the one-electron density matrix in the AO
basis. For a general discussion of orbital transforma-
tions and also of the exponential parametrization of

w xunitary operators and matrices, see Ref. 14 .

2.2. Atomic-orbital basis

The AO density matrix D is related to the MO
density matrix as

DsCDMO CT , 8Ž .
where C contains the coefficients of the MOs ex-
panded in AOs

f s C x 9Ž .ÝP m P m

m

using Greek indices for the AOs. From the orthonor-
mality condition

CTSCs1 , 10Ž .
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where S is the overlap matrix for the AOs, it follows
that

DSsCDMO Cy1 11Ž .

constitutes a similarity transformation of DMO. The
matrix DS consequently has the same eigenvalues as
DMO and must satisfy the same trace and idempo-
tency conditions. In the AO basis, therefore, the

Ž .symmetry, trace and idempotency conditions Eqs. 5
Ž .and 7 become

D s DT , 12Ž .

Tr DS s N , 13Ž . Ž .e

DSD s D . 14Ž .

An AO density matrix that satisfies these conditions
is said to constitute a ‘pure’ density matrix. Using
the purification scheme of McWeeny

D s3D SD y2D SD SD , 15Ž .nq1 n n n n n

it is possible to turn a ‘contaminated’ density matrix
w xinto a pure density matrix 17 . All methods that

have previously been developed for the optimization
of the AO density matrix produce contaminated ma-
trices and depend critically on the use of McWeeny
purification in order to produce a valid one-determi-
nant density matrix. In the following, we shall take a
different route and develop a parametrization of the

Ž .AO density matrix that obeys conditions Eqs. 12
Ž .and 14 by construction.

Let us consider the transformation of one AO
density matrix into another. Transforming the matrix

Ž . Ž .in Eq. 4 to the AO basis according to Eq. 8 and
Ž .using Eq. 11 together with the orthonormality con-

Ž .dition in Eq. 10 , the following expression for a
transformed AO density matrix is obtained

D k sCDMO k CTŽ . Ž .

sexp yCk CTS Dexp SCk CT . 16Ž . Ž . Ž .

Introducing the antisymmetric matrix

XsCk CT , 17Ž .

we may write the transformed AO density matrix as
w x14 :

D X sexp yXS Dexp SX . 18Ž . Ž . Ž . Ž .

Ž .It is straightforward to verify that Eq. 12 is satis-
Ž . Ž . Ž .fied by D X ; to verify Eqs. 13 and 14 , we use

the relation

exp SX Sexp yXSŽ . Ž .
sS1r2 exp S1r2 XS1r2Ž .

=exp yS1r2 XS1r2 S1r2sS . 19Ž . Ž .
Ž . Ž .For any antisymmetric matrix X, D X in Eq. 18

thus represents a valid one-determinant one-electron
Ž .density matrix. From the derivation of Eq. 18 , it

furthermore follows that any one-electron density
matrix obtained by a unitary transformation of the
original MOs may be written in this way.

The independent parameters of X are the ele-
ments X with m)n . Introducing the unit matri-mn

ces E with elementsmn

E sd d , 20Ž .mn m r nsrs

the antisymmetric matrix X may be decomposed as

Xs X E yE s X Ey 21Ž .Ž .Ý Ýmn mn nm mn mn

m)n m)n

Ž .by analogy with Eq. 2 . This notation is useful for
differentiation with respect to X, noting that the unit
matrices E satisfy the same commutation relationsmn

as do the excitation operators E in second quanti-p q

zation.

2.3. Asymmetric BCH expansion

Ž .The transformation in Eq. 18 appears to be
rather complicated and to require the evaluation of
matrix exponentials. However, the transformed den-
sity matrix may be written compactly as an asym-

( )metric Baker–Campbell–Hausdorff BCH expan-
w xsion 14

1w x w xD X sDq D,X q D,X ,X q . . . , 22Ž . Ž .S S2 S

where the S commutators are defined as

w xA,X sASXyXSA . 23Ž .S

Ž .The asymmetric BCH expansion in Eq. 22 is easily
verified to low orders; more generally, it follows by
invoking the standard BCH expansion. In the nota-
tion

˜ 1r2 1r2MsS MS , 24Ž .
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we obtain

exp yXS D exp SXŽ . Ž .

y1r2 ˜ ˜ ˜ y1r2sS exp yX D exp X S . 25Ž .Ž . Ž .

˜ ˜ ˜ ˜Ž . Ž .Since X is antisymmetric, exp yX D exp X repre-
sents an orthogonal transformation that may be ex-
pressed in terms of a standard BCH expansion.
Re-writing the resulting expansion in terms of D and
X, we arrive at the asymmetric BCH expansion.

The transformed density matrix may be found by
Ž .carrying out the expansion in Eq. 22 to a suffi-

ciently high order, reducing the transformation to a
Ž .sequence of sparse matrix multiplications and addi-

tions. However, truncation of the BCH expansion
violates the trace and idempotency conditions. We
may then apply McWeeny purification to ensure that
the idempotency is satisfied to a sufficiently high

Žorder taking advantage of the quadratic convergence
.of the purification , but note that this step is not an

essential part of our scheme.

2.4. Redundancies in the exponential parametriza-
tion

In the transformation of the AO density matrix,
not all sets of parameters X are needed for optimiz-
ing the density matrix – that is, for certain non-zero

Ž . Ž .X, the density matrix does not change: D X sD 0 .
The sets of parameters that are not needed for a
general transformation of the density matrix are re-
ferred to as redundant. It is important to identify the
redundancies as these may otherwise create problems

w xin the optimization 14 .
To identify redundancies, we note that DS consti-

tutes a projector since it only has eigenvalues one
and zero. Partitioning the MO coefficient matrix C
into blocks containing the occupied and virtual MOs

w xCs C C , 26Ž .occ virt

the matrices

PsDS , 27Ž .

Qs1yDS 28Ž .

are found to project onto the occupied and virtual
orbital spaces, respectively, such that

w xPCs C 0 , 29Ž .occ

w xQCs 0 C . 30Ž .virt

Next, we note that D commutes with PXPT and
QXQT since their S commutators vanish. The asym-

Ž . Ž .metric BCH expansions of D PXP and D QXQ
thus terminate after one term, giving

D PXP sD 0 , 31Ž . Ž . Ž .
D QXQ sD 0 . 32Ž . Ž . Ž .

w xBy group-theoretical co-set arguments 18 , it can be
shown that, for any antisymmetric matrix X, the

Ž .matrix exp SX can be written in the form

T Texp SX sexp S PX P qQX QŽ . Ž .1 1

= T Texp S PX Q qQX P , 33Ž .Ž .2 2

where X and X are antisymmetric but in general1 2

different from X. The matrices SPX PT and SQX QT
1 1

Ž . Ž .commute. Inserting Eq. 33 into Eq. 18 and using
Ž . Ž .Eqs. 31 and 32 , we find that a general transforma-

tion of the density matrix may be written as

T TD X sexp y PXQ qQXP SŽ . Ž .

= T TD exp S PXQ qQXP . 34Ž . Ž .

Thus, the antisymmetric matrix X should satisfy the
projection relation

XsPXQT qQXPT . 35Ž .
A special case of this projection relation occurs in
the orthonormal MO basis, where the non-redundant
matrices X have non-zero elements only in the occu-

w xpied–virtual blocks 14 .
To investigate in more detail the projection of the

matrix X, let us consider one element of the pro-
jected matrix:

X s PXQT qQXPTŽ . mnmn

s P Q qQ P XŽ .Ý ma nb ma nb a b

ab

s PP X , 36Ž .Ý mn ,a b a b

ab
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where PP are the elements of the matrixmn ,a b

PPsPmQqQmP . 37Ž .
Ž .Introducing the matrix function PP X by the relation

vec PP X sPP vecX , 38Ž . Ž .
where vecX is the vector containing the columns of

Ž .X, we find that Eq. 34 can be written as

D X sexp yPP X S D exp S PP X . 39Ž . Ž . Ž . Ž .
Note that PP satisfies the same relations as DS – for
instance, PP 2 sPP . The projection operator and the
projected rotations discussed in this section are used
in later sections, when setting up the equations used
for the minimization of the energy. Without projec-
tions, the resulting equations become indeterminate
and their solution impractical.

3. Density-based SCF theory

In Section 3, we shall apply the exponential
parametrization of the density matrix to the optimiza-
tion of the energy of a HF state, noting that it may be
applied equally well to the optimization of the KS
energy. We shall first briefly consider the direct
minimization of the total energy; next, we consider
the SCF method, which has proved so successful in
MO theory. In particular, we shall see that it is

Ž .possible to develop an AO-based orbital-free SCF
scheme that in each iteration gives the same density
matrix as the standard MO-based RH scheme.

3.1. Direct minimization of the energy

In Section 2 we developed a general, non-redun-
dant parametrization of the AO density matrix which
by construction obeys the trace and idempotency
conditions. In terms of the antisymmetric matrix X,
we may now write the HF energy in the form

1E X sTr D X hq Tr D X G D X qh ,Ž . Ž . Ž . Ž . nuc2

40Ž .

where h is the usual one-electron AO matrix and
Ž .G A is defined as

G A s A g yg . 41Ž . Ž . Ž .Ýmn rs mnrs msrn

rs

ŽUsing this expression, we may optimize the HF and,
.with the necessary modifications, the KS energy

directly in the AO basis, without introducing at any
Ž .stage the delocalized MOs. For this purpose, any

standard first- or second-order scheme of numerical
analysis may be used. We shall not develop such
methods here, noting only that the gradient of the

Ž .energy Eq. 40 at Xs0 is given by

EŽ1.sTr Ey fDSySDf , 42Ž . Ž .mn mn

where we have introduced the Fock matrix

fshqG D . 43Ž . Ž .
Thus, at convergence, the usual SCF conditions fDS
sSDf are fulfilled.

3.2. Density-based SCF method

In orbital-based SCF theory, we solve the general-
ized eigenvalue problem

fCsSC´ , 44Ž .
where ´ is a diagonal matrix containing the orbital
energies and C contains the canonical orbitals. These
RH equations are traditionally solved by an iterative
process, where the construction and diagonalization
of the Fock matrix are followed by construction of a
new density matrix. In the algorithm presented here,
the RH diagonalization step is replaced by a step in
which the density matrix is iteratively obtained by
minimizing a Lagrangian using X as the varia-mn

tional parameters.
Consider the following Lagrangian, which con-

tains the sum of the orbital energies ´ subject to theI

orthonormalization constraints on the occupied MOs:

² < :Ls ´ y l c cÝ ÝI I J I J
I IJ

ˆ² < < : ² < :s c f c y l c c , 45Ž .Ý ÝI I I J I J
I IJ

ˆHere I and J are occupied MOs and f the Fock
operator. Constrained variational conditions on the
sum of the orbital energies are obtained by differen-
tiating the Lagrangian with respect to the MO coeffi-
cients and setting the result equal to zero

f C s´ S C , 46Ž .Ý Ýmn n I K mn n I
n n
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while keeping the density matrix in the Fock opera-
tor fixed during the differentiation. These equations

Ž Ž ..are identical to the RH equations Eq. 44 . The
optimization of the sum of the orbital energies sub-
ject to the orthonormality constraints on the MOs is
therefore equivalent to solving the RH equations
without requiring canonical orbitals.

In the AO basis, the sum of the orbital energies
E can be written as´

E s ´ sTr DMO ´ sTr Df . 47Ž . Ž . Ž .Ý´ I
I

Introducing the exponential parametrization of the
AO density matrix, the functional

E X sTr exp yXS Dexp SX f 48Ž . Ž . Ž . Ž .´

is obtained. To find the solution to the RH eigen-
value problem, this functional should be minimized
with respect to X, keeping the Fock matrix fixed.
From the solution X, a new density matrix is found

D sexp yXS Dexp SX , 49Ž . Ž . Ž .q

which establishes an iterative scheme that should be
continued until D sD. In the next subsection, weq

Ž .shall discuss the minimization of Eq. 48 for a fixed
Fock matrix f.

3.3. Optimization of the SCF orbital-energy function

Ž .Expanding the energy functional E X to second´

order, taking the derivative with respect to X andmn

setting the result equal to zero, the Newton equations
for the solution of X are obtained:

AA A Sw x w x w xfDS s fXSDS y fDS XS . 50Ž .

1S T Aw x Ž . w xHere the symbols M s MqM and M2
1 TŽ .s MyM have been introduced for the sym-2

metric and antisymmetric parts of a matrix, respec-
tively. The solution to these equations may be used
to generate a new density matrix according to Eq.
Ž .49 . This process is repeated until, at convergence,
we obtain the density matrix D from which the new
Fock operator will be constructed. To avoid the
singularities associated with redundancies, the left-

and right-hand sides should be properly projected
Ž .before attempting to solve Eq. 50 :

AAT Tw xPP fDS sPP f PP X SDSŽ .Ž . Ž .
AST w xyPP fDS PP X S . 51Ž . Ž .ž /

T Ž .Note that PP / PP except when Ss1 . These pro-
jected Newton equations are solved iteratively.

An alternative to the Newton procedure is to use a
first-order scheme, which requires only the calcula-
tion of the gradient

AŽ1. w xE s8 SDf . 52Ž .
Ž .One such method is the conjugate-gradient CG

w xmethod 19 , which works by creating a sequence of
Ž .‘non-interfering’ conjugate search directions. The

minimization then occurs as a sequence of one-di-
mensional searches along the conjugate directions,
where the line-search step x corresponds to themin

minimum. In the nth step, X is then obtained asn

X sx H , 53Ž .n min n

where H is the conjugate gradient at the currentn
Ž .iteration point, created using the gradient in Eq. 52 .

From this X , a new density matrix is found. Ton

speed up convergence, it is advantageous to use a
preconditioned CG algorithm where the precondi-
tioner represents a good approximation to the Hes-
sian. In the canonical MO basis, the Hessian is
diagonally dominant and its diagonal may be used as
the preconditoner. In the AO basis, by contrast, the
Hessian is not diagonally dominant. Thus, a non-di-
agonal preconditioner that fulfills the linear-scaling
principle should be found. An appropriate precondi-
tioning is established by solving

AŽ1. T Ž1.˜E sPP f PP E SDSŽ .n nž /
AST Ž1.˜w xyPP fDS PP E S 54Ž .Ž .nž /
˜ Ž1.for the preconditioned gradient E . A new searchn

˜ Ž1.direction is then obtained by making E conjugaten
Ž .to the previous direction. Eq. 54 conforms with the

linear scaling principle and leads to second-order
convergence. In practice, the preconditioner is deter-
mined by examining the size of the elements of the
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density matrix, the FockrKS matrix, and the overlap
matrix as functions of the atomic distances and to
choose a cut-off criterion cruder than that otherwise

w xused to achieve linear scaling. In Ref. 20 , this
problem will be discussed further and a multilevel
preconditioner constructed according to these princi-
ples will be proposed; in addition, the algorithm used
to obtain X will be described in more detail. The
SCF methods discussed in this letter have been
implemented and tested using an experimental ver-

w xsion of the DALTON program 21 .

4. Conclusions

In this Letter, we have proposed an exponential
parametrization of the one-electron density matrix in
HF and KS theories. The parametrization is non-re-
dundant and no constraints need to be enforced
during the optimization since it satisfies the symme-
try, trace and idempotency conditions by construc-
tion. For the evaluation of the density matrix, only
matrix multiplications and additions are needed, en-
suring that, for large systems, the optimization may
be carried out at a cost that scales linearly with the
size of the system. In particular, the McWeeny pu-
rification is not an essential part of the algorithm.
The usefulness of the parametrization has been illus-
trated by solving the RH SCF equations without
diagonalizing the Fock or KS matrices but by opti-
mizing the density matrix directly. The parametriza-
tion can equally well be used in connection with
other optimization schemes and to compute dynamic
and static properties.
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