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Abstract

Using the CCSDTQ method, we have examined the contributions from the connected quadruple excitations to the

atomization energies of CH2, H2O, HF, N2, F2, and CO. For N2 and F2, the quadruples contribution is larger than 3 kJ/

mol. On average, the quadruples corrections to the CCSDT atomization energies reduce the mean and maximum errors

from 2.3 and 5.0 kJ/mol to 0.5 and 1.1 kJ/mol, respectively, for these six molecules. Moreover, the largest error occurs

for N2, where the quintuple contribution is shown to account for a large part of this deviation. The calculations

presented here establish unequivocally that the small errors in the CCSD(T) atomization energies in part arise from a

cancellation of the errors resulting from the approximate treatment of the connected triples and from the neglect of

connected quadruples.

� 2003 Elsevier Science B.V. All rights reserved.

1. Introduction

The theoretical calculation of equilibrium at-

omization energies is a difficult computational

task, involving differences of energies that are or-

ders of magnitude larger than the atomization

energy itself. The calculation is further compli-

cated by the fact that, upon atomization, chemical
bonds are broken, implying that the number of

electron pairs differ in the reactants and in the

products. The accurate calculation of atomization

energies therefore depends critically on the de-

scription of electron correlation and in particular

on the description of short-range correlation and

the Coulomb hole, necessitating the use of very

large one-electron basis sets [1,2]. To some extent,

the need for large basis sets may be alleviated by

applying basis-set extrapolation techniques [3–8].

In this way, very accurate atomization energies

have been obtained using highly correlated wave-
function models [9,10]. For example, an investi-

gation of atomization energies for 18 small

molecules using the coupled-cluster singles-and-

doubles model (CCSD) [11] with a perturbative

triples correction [CCSD(T)] [12] and the two-

point basis-set extrapolation of Helgaker and co-

workers [7,8] gave results in excellent agreement

with the experimental atomization energies, the
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mean and maximum absolute errors being 0.8 and

2.3 kJ/mol, respectively [9].

Somewhat surprisingly, however, it was later

found that use of the full coupled-cluster singles-

doubles-and-triples model (CCSDT) [13,14] does

not improve upon the atomization energies ob-
tained with the CCSD(T) model. Quite the con-

trary, for a sample containing six small molecules

from the original CCSD(T) study (CH2, H2O,

HF, N2, F2, and CO), the CCSDT model with

two-point extrapolation increases the mean and

maximum absolute errors to 2.3 and 5.0 kJ/mol,

respectively [10]. The relative accuracy of the

CCSD(T) and CCSDT models for atomization
energies has also been studied by Feller and Sordo

[15], who, in agreement with the above work,

found that the CCSDT model predicts smaller

atomization energies than does the CCSD(T)

models for closed-shell molecules.

For small basis sets, it has been found that the

contribution to the atomization energies from

connected excitations decreases by about an order
of magnitude with each increment in the excitation

level – that is, the connected doubles contribute an

order of magnitude more than the connected tri-

ples, two orders of magnitude more than the qua-

druples, and so on [16]. For N2 in the cc-pVDZ

basis, for example, the connected doubles, triples,

quadruples and quintuples contribute 340.9, 27.1,

3.6, and 0.5 kJ/mol, respectively, to the atomization
energy. To some extent, therefore, the excellent

agreement with experimental atomization energies

at the CCSD(T) level (errors within about 1 kJ/

mol) may arise because of a fortuitous cancellation

of errors (between the approximate treatment of

the connected triples and the neglect of connected

quadruples) rather than because of the inherent

accuracy of the CCSD(T) model [10,16].
To examine the importance of the connected

quadruples for atomization energies, we have, for

the six molecules listed above, calculated the cor-

rection to atomization energies obtained by going

from the CCSDT model to the CCSDTQ model.

The resulting corrections are added to the basis-set

extrapolated CCSDT atomization energies in [10]

and compared with experimental atomization
energies. For HF, CO, and N2, Feller [17] has

previously examined the contributions from

quadruple and higher excitations to atomization

energies by means of extensive configuration-in-

teraction (CI) calculations, whose results were ex-

trapolated to the full CI (FCI) limit. The accuracy

of these FCI estimates will be examined.

2. Computational details

The quadruples correction to the atomization

energy is estimated as the difference between the

atomization energies calculated at the CCSDTQ

and CCSDT levels of theory, using Dunning�s [18]
double- and triple-zeta correlation-consistent basis
sets cc-pVDZ and cc-pVTZ. All calculations were

performed at the experimental equilibrium geom-

etry, [19] using the frozen-core approximation for

the 1s electrons of the first-row atoms.

In the CCSDT and CCSDTQ atomic calcula-

tions, we used a restricted Hartree–Fock (RHF)

reference wave function, unlike in the previous

CCSDT calculations of atomization energies,
where an unrestricted Hartree–Fock (UHF) ref-

erence wave function was used [10]. The difference

in the atomization energies arising from the use of

different reference states is estimated by carrying

out all-electron CCSDT calculations in the core–

valence cc-pCVXZ basis sets [20].

The closed-shell CCSDT and CCSDTQ calcu-

lations and the open-shell CCSDT(RHF) and
CCSDTQ(RHF) calculations were carried out with

the LUCIAUCIA program [21], using integrals from

DALTONALTON [22]. LUCIAUCIA was also used for the atomic

open-shell CCSDT(RHF) and CCSDTQ(RHF)

calculations, whereas the open-shell CCSDT(UHF)

calculations were carried out with ACES II [23,24].

The LUCIAUCIA coupled-cluster calculations use

recently developed general coupled-cluster algo-
rithms [25]. Unlike the previous general coupled-

cluster code [26], the present code exhibits, to

leading order, the same scaling as explicitly coded

spin-orbital coupled-cluster codes. The calculations

presented here clearly demonstrate the potential of

the new code. The CCSDTQ/cc-pVTZ calculations

on F2, for example, involve about 160 million

coupled-cluster amplitudes. To our knowledge,
these are the largest CCSDTQ calculations hitherto

reported.
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3. Results and discussion

In this section, we first discuss the quadruple

contributions to the atomization energy. Next we

comment on the contributions of quintuple and
higher excitations, and on the calculation of qua-

druple excitations in larger basis sets. We then add

these contributions to the previous extrapolated

CCSDT results, and compare with CCSD(T) and

experimental atomization energies. Finally, we

compare the use of RHF and UHF reference

wave functions in the calculation of atomization

energies.

3.1. The quadruples contribution to the atomization

energies

In Table 1, we have listed the contributions to

the atomization energy at each excitation level in

cc-pVDZ and cc-pVTZ basis sets. For the mole-

cules N2, F2, and CO, the quadruples contribu-
tions are quite large (2–4 kJ/mol). In fact, for all

systems except CH2, the quadruples contribution

is larger than the difference between the CCSD(T)

and experimental equilibrium atomization energies

in [9,27] – see Table 2.

From Table 1, we also note that the change in

the basis from cc-pVDZ to cc-pVTZ affects the

quadruples contribution by about 15% on average
and by 30% maximum. This is significantly smaller

than the corresponding change for the triples

contributions (typically 50%). Moreover, whereas

the triples contribution always increases with the

size of the basis set, the quadruples contribution

decreases for H2O, HF, F2 and CO; only for CH2

and N2 does the quadruples contribution increase

with the size of the basis set.

Finally, the results in Table 1 confirm that the

contribution to the atomization energy typically

decreases by about a factor of ten at each level in

the coupled-cluster hierarchy, in accordance with

earlier findings for N2 in the cc-pVDZ basis and

HF in the cc-pVTZ basis [16].

3.2. Remaining electronic contributions to atomiza-

tion energies

In the above calculations of the electronic

contributions to the atomization energies, the two

major sources of error are the neglect of quintuple

excitations and basis-set incompleteness in the
calculation of the quadruples excitations.

For N2, the cc-pVDZ quintuples contribution

to the atomization energy has previously been re-

ported to 0.5 kJ/mol [16]. For F2, coupled-cluster

calculations in the cc-pVDZ basis give a quintuple

contribution to the atomization energy of 0.2 kJ/

mol.

In the cc-pVTZ basis, the quintuple calculations
are extremely demanding and very few results are

available. For the HF molecule, a recent cc-pVTZ

study gives a quintuples contribution of 0.03 kJ/

mol to the atomization energy [28]. For N2, an

extensive CI calculation in the cc-pVTZ basis (with

a dynamical selection of the most important clas-

ses of determinants in the natural-orbital basis)

gives a quintuple contribution of 0.5 kJ/mol to the
atomization energy [29], in agreement with the cc-

pVDZ result. For the remaining molecules, the

quintuples correction is unknown.

To estimate the second error, we have carried

out CCSDTQ/cc-pVQZ calculations on HF, at an

internuclear distance 91.694 pm [28]. The obtained

quadruples contribution is 0.45 kJ/mol, in fair

Table 1

Contributions to the atomization energies in the cc-pVDZ and cc-pVTZ basis sets (kJ/mol)

CH2 H2O HF N2 F2 CO

D T D T D T D T D T D T

SCF 525.39 540.95 632.05 661.35 389.40 413.05 451.17 495.36 )152.27 )130.61 733.29 755.94

CCSD–SCF 160.40 188.88 235.10 266.75 136.41 152.31 356.63 368.75 244.44 247.26 251.79 263.15

CCSDT–CCSD 6.16 9.06 6.21 13.20 2.77 7.10 26.23 38.76 19.36 28.09 23.47 32.03

CCSDTQ–CCSDT 0.41 0.48 1.06 0.75 0.75 0.55 3.74 3.97 3.48 3.36 2.56 2.35
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agreement with the value 0.55 kJ/mol obtained in

the cc-pVTZ basis.

3.3. Total calculated atomization energies

In the first and second columns of Table 2, we

have listed the atomization energies of [10] calcu-

lated with the CCSD(T) and CCSDT models. For
CCSD(T), we have listed the cc-pCV(56)Z atom-

ization energies, obtained by two-point extrapo-

lation of the cc-pCV5Z and cc-pCV6Z results; for

CCSDT, we have given the cc-pCV(Q5)Z atom-

ization energies. In the third column of Table 2,

we have added the cc-pVTZ quadruples correc-

tions to the CCSDT/cc-pCV(Q5)Z atomization

energies.
For comparison with the calculated atomiza-

tion energies, we have in Table 2 also listed the

experimental atomization energies: the non-rela-

tivistic equilibrium atomization energies (De) in the

fourth column, and the observed, vibrationally

averaged atomization energies (D0) in the fifth

column. The De values have been obtained from

the D0 values by subtracting three contributions:
the harmonic and anharmonic zero-point vibra-

tional contribution EZPE; the spin-orbit contribu-

tion ESO; and the first-order one-electron Darwin

and mass-velocity scalar relativistic correction

EDMV. For the values of EZPE, ESO, and EDMV, see

[9] and references therein. In [9], the errors in the

non-relativistic equilibrium atomization energies

De are estimated to be at most 0.5 kJ/mol larger
than the experimental errors for D0.

Except for CH2(
1A1), the experimental D0 val-

ues have been taken from [30,31]. The value of D0

for CH2(
1A1) has been obtained from D0 for the

3B1 ground-state by using DfH 0ð0 KÞ ¼ 390:8�
1:8 kJ/mol of [32] (from the photodissociation of

methane) and subtracting the excitation energy

T0ð1A1Þ ¼ 3147� 5 cm�1 of [33]. Other experi-

mental 3B1 ground-state values of DfH 0(0 K) are

392:5� 2:1 kJ/mol [32] and 393:7� 2:5 kJ/mol

[34], giving atomization energies of 757.1 and
755.9 kJ/mol, respectively.

Comparing CCSDT and CCSDTQ with ex-

periment, we find that the quadruples correction

brings the calculated atomization energies into

better agreement with the experimental results.

While the mean and maximum absolute errors of

the CCSDT atomization energies relative to ex-

periment are 2.0 and 5.0 kJ/mol, respectively, they
decrease to 0.5 and 1.1 kJ/mol when the quadru-

ples correction is added. Thus, with the quadruples

correction added, the errors are smaller than the

errors for the same molecules using the CCSD(T)

model (0.8 and 2.3 kJ/mol, respectively). Signifi-

cantly, the errors relative to experiment are much

smaller than the quadruples corrections – for N2,

for example, the quadruples correction is as large
as 4 kJ/mol.

Comparing the CCSD(T) and CCSDT results,

it appears that the CCSD(T) model overestimates

the triples contribution to the atomization ener-

gies. Since the contributions from the higher-order

connected excitations to the atomization energies

are always positive, the CCSD(T) results will

usually be somewhere between those of the
CCSDT and CCSDTQ models, leading to a for-

tuitous cancellation of errors at the CCSD(T) le-

vel. The differences between the CCSD(T) and

Table 2

Calculated and experimental atomization energies (kJ/mol)

CCSD(T)a CCSDTb CCSDTQc Exp. De Exp. D0

CH2 757.87 758.86 759.34 758.8 714:81� 1:8

H2O 975.32 974.94 975.69 975.3 917:78� 0:15

HF 593.20 593.00 593.55 593.2 566:22� 0:71

N2 954.68 951.25 955.22 956.3 941:64� 0:20

F2 161.04 159.56 162.92 163.4 154:56� 0:60

CO 1086.70 1084.36 1086.71 1086.7 1071:79� 0:51

aDCCSDðTÞ=cc-pCVð56ÞZ
e .

bDCCSDT=cc-pCVðQ5ÞZ
e .

cDCCSDT=cc-pCVðQ5ÞZ
e þ DCCSDTQ=cc�pVTZ

e � DCCSDT=cc-pVTZ
e .
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CCSDTQ atomization energies are thus less than

0.6 kJ/mol for H2O, HF, N2 and CO, exceeding

1 kJ/mol only for CH2 and F2.

A closer inspection of the quadruples-corrected

atomization energies reveals that the largest de-

viation from experiment is 1.1 kJ/mol and that it
occurs for N2. As discussed above, the quintuple

correction for this molecule is about 0.5 kJ/mol,

thereby accounting for much of the remaining

error relative to experiment. Moreover, since the

non-Born–Oppenheimer and higher-order rela-

tivistic and vibrational corrections are similar to

the quintuple corrections, it appears that we

cannot improve significantly upon the CCSDTQ
results simply by improving the correlation de-

scription. In short, our errors are no longer

dominated by the errors in the electronic wave

function.

The contributions from the quadruple and

higher excitations to the atomization energies of

HF, CO, and N2 have been studied by Feller [17],

who carried out extensive CI calculations with
CCSD(T) results as reference. In all cases, Feller

obtained a negative quadruples contribution. By

contrast, using the CCSD(T) energies in Table 2 as

reference, we obtain positive contributions for HF

and N2 and no contribution for CO. For HF, the

uncertainties given by Feller are sufficiently large

to allow for a positive quadruples correction. For

N2, we have investigated the reason for the nega-
tive contribution by performing FCI/cc-pVTZ

calculations at the geometry given by Feller

(110.40 pm) [29], obtaining an FCI energy of

)109.3754(1)Eh, in contrast to the estimated FCI

energy of )109.3747(3)Eh of Feller. The estimated

and calculated FCI energies thus differ by

0.0007Eh or 1.8 kJ/mol, indicating that the cor-

rection beyond CCSD(T) is indeed positive.
Finally, some comments are in order on the use

of De ¼ 758:8 kJ/mol for CH2 in this Letter. In

previous papers, De ¼ 757:1 kJ/mol has been used,

based on Df H 0ð0 KÞ ¼ 392:5� 2:1 kJ/mol [32].

While this value agrees well with the CCSD(T)

calculation, the CCSDT result is almost 2 kJ/mol

too high. Moreover, with the quadruples excita-

tions included, the discrepancy increases further to
about 2.5 kJ/mol, while higher-order excitations

should not change this value appreciably. These

observations indicate that the true value of De

should be slightly higher than 757.1 kJ/mol, and

consequently that Df H 0(0 K) should be slightly

lower than 392.5 kJ/mol – that is, closer to the

other experimental result of 390.8 kJ/mol. We

note, however, that the use of 757.1 kJ/mol rather
than 758.8 kJ/mol would not change the situation

significantly – with De ¼ 757:1 kJ/mol, the mean

absolute errors become 0.8, 2.3, and 0.8 kJ/mol for

CCSD(T), CCSDT, and CCSDTQ, respectively,

and the maximum absolute errors become 2.3, 5.0,

and 2.3 kJ/mol.

3.4. Choice of reference wave function

As stated earlier, different reference wave

functions have been used in the calculations of the

extrapolated CCSDT atomization energies (UHF

reference wave function) and in the calculations of

the quadruples correction (RHF reference wave

function). For open-shell systems – that is, for

atoms – the UHF and RHF reference wave func-
tions give different energies. To examine this effect,

we have in Table 3, for all six molecules, listed the

differences between the atomization energies cal-

culated at the all-electron CCSDT level with RHF

and UHF reference wave functions

DDe ¼ DCCSDTðRHFÞ
e � DCCSDTðUHFÞ

e ð1Þ
in the basis sets cc-pCVXZ with 26X 6 4.

Clearly, no significant differences in the atomiza-

tion energies arise from the two different reference

wave functions. The correlation contribution al-
most completely cancels the original energy dif-

ference arising from the use of UHF and RHF

wave functions – typically 10–15 kJ/mol for these

atoms.

Table 3

All-electron CCSDT calculations of DDe ¼ DCCSDTðRHFÞ
e �

DCCSDTðUHFÞ
e using the cc-pCVXZ basis set (kJ/mol)

D T Q

CH2 0.00 0.01 0.01

H2O 0.00 0.00 0.00

HF )0.04 )0.04 )0.04
N2 0.00 0.01 0.02

F2 )0.07 )0.08 )0.07
CO 0.00 0.01 0.01
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4. Concluding remarks

We have shown that the quadruple correction

to the atomization energies is significant and that a

good estimate is obtained in the cc-pVTZ basis set.
In particular, the quadruples correction is larger

than the difference between the CCSD(T) and non-

relativistic experimental equilibrium values of De.

Indeed, the cc-pVTZ quadruple correction recov-

ers most of the difference between CCSDT and

experimental atomization energies, giving mean

and maximum absolute errors of 0.5 and 1.1 kJ/

mol, respectively, for the six molecules considered
in this work. The difference between the CCSD(T)

and CCSDTQ atomization energies exceeds 1 kJ/

mol for only two of the studied molecules (CH2

and F2), illustrating the efficacy of the CCSD(T)

method. The quintuple corrections for N2 is esti-

mated at about 0.5 kJ/mol – that is, similar to non-

Born–Oppenheimer and higher-order relativistic

corrections. A new preferred value of De for
CH2ð1A1Þ is also suggested, based on the full tri-

ples and quadruples correction to the atomization

energy.
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