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An  effective  variational  non-Born–Oppenheimer  method  is  applied  to  calculate  the  ground  state  of  the  HD
molecule  in  a strong  magnetic  field.  The  Hamiltonian  used  in  the calculations  is  obtained  by  subtracting
the  operator  representing  the  kinetic  energy  of  the center-of-mass  motion  from  the  total  laboratory-
frame  Hamiltonian.  Orbital  basis  sets  are  used  for the  deuteron,  the  proton,  and  the  electrons.  Based  on
the  calculated  expectation  values,  it is  determined  that, with  increasing  field  strength,  the  bond  length
decreases  and  the  alignment  of  the  molecule  with  the  field increases.
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1. Introduction

The interaction of atoms and molecules with external magnetic
fields, including very strong fields, has been intensely studied for
the last three decades [1–13]. The conventional approach for cal-
culating ground and excited bound states of atoms and molecules
placed in a uniform magnetic field without the Born–Oppenheimer
(BO) approximation involves the separation of the center of mass
motion. This is usually done by selecting a coordinate system in
which the Hamiltonian automatically separates into an operator
representing the kinetic energy of the center-of-mass motion and
an internal Hamiltonian representing the system’s internal state.
There have been several works concerning the separation of the
center-of-mass motion for molecular systems (mostly diatomic
systems) interacting with a uniform magnetic field [14–22]. The
properties of the total pseudo-momentum of the system expressed
in terms of relative coordinates were exploited in those works to
partition the resulting Hamiltonian operator into an electronic part
and a nuclear part. Although the magnetic-field modification of the
nuclear Hamiltonian and the electronic–nuclear coupling have not
been investigated in detail, there have been reports on the validity
of the BO approximation for a hydrogen atom [15] and a diatomic
molecule [16,20], and on how the magnetic field affects the rota-
tions and vibrations of neutral diatomic molecules [21]. To our
knowledge, there have been no practical applications of the direct
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non-BO approach in calculations of ground and excited states of
molecular systems in the presence of a magnetic field.

Here we  present an alternative non-BO method for describing
the behavior of a molecule in a magnetic field. The Hamiltonian
operator used in the approach is obtained by subtracting the oper-
ator representing the motion of the center of mass expressed in
the Cartesian laboratory coordinate system from the total non-
relativistic Hamiltonian expressed in this coordinate system. The
approach is implemented and used in model calculations of the HD
molecule.

2. The method

In the present calculations, we employ the effective non-
Born–Oppenheimer (non-BO) method introduced by Kozlowski
and Adamowicz [23]. The starting point is the total nonrelativis-
tic Hamiltonian of the system without a magnetic field written in
terms of the laboratory Cartesian coordinates, Rl, l = 1, . . .,  N, where
N is the number of particles forming the system (the number of
the nuclei plus the number of the electrons). In atomic units, the
Hamiltonian is:

Ĥ = −
N!

l

1
2Ml

∇2
Rl

+
N!

k>l

QkQl
Rkl

. (1)

In (1), Ml and Ql are the mass and the charge of particle l, respec-
tively, and Rkl is the distance between particle k and particle l. In
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the next step, the coordinates of the center of mass of the system
are defined:

Rcm =
"N

l MlRi
M

, (2)

where M =
"N

l Ml is the total mass of the system, and used to write
the operator, T̂cm, representing the kinetic energy of the center-of-
mass motion:

T̂cm = − 1
2M

∇2
Rcm . (3)

The effective Hamiltonian representing the internal energy of
the system, Ĥint, is the difference between the laboratory-frame
Hamiltonian, Ĥ and T̂cm:

Ĥint = Ĥ − T̂cm. (4)

Note that, as T̂cm = 1
2M P̂

2
cm, where P̂cm is the canonical momen-

tum operator associated with the motion of the center of mass,

T̂cm =
(
"N

l p̂l)
2

2M
, (5)

where p̂l is the operator representing the canonical momentum of
particle l. Ĥint is used in the calculation of the internal bound states
of the system.

As one notices, in the effective non-BO method, a separation
of the laboratory-frame total Hamiltonian into an internal Hamil-
tonian and a center-of-mass kinetic-energy Hamiltonian is not
explicitly performed. Instead, an effective internal Hamiltonian is
constructed as is the difference of the former and the latter. Note
that the effective internal Hamiltonian depends on the laboratory
coordinates of all particles forming the system. The wave function
therefore also depends on these coordinates.

The wave function in the effective non-BO method, which
depends on the laboratory coordinates of the particles (nuclei and
electrons) forming the system and on their spins, has to be properly
symmetrized (for bosons) and antisymmetrized (for fermions) with
respect to the permutations within each group of identical particles.
For example, the wave function representing the HD molecule has
to be antisymmetric with respect to the permutation of the elec-
tron labels. Moreover, the wave function representing the ground
state has to be a product of a spatial function that is symmetric with
respect to the permutation of the electrons and a spin function that
is an antisymmetric function with respect to this permutation. The
spatial wave function representing the ground-state HD molecule
is: (1 + P̂(1, 2))!(Rd, Rp, R1, R2), where indices d, p, 1, and 2 indi-
cate the deuteron, the proton, and the two electrons, respectively.
To obtain the total wave function, the above spatial function is mul-
tiplied by the product of a spin function for the deuteron, a spin
function for the proton, and an antisymmetric spin function for the
two electrons.

For high accuracy in non-BO calculations of bound states of a
system with Coulombic interactions, the wave function should be
expanded in basis functions that explicitly depend on the distances
between particles, known as explicitly correlated basis functions
[24,25]. However, in this first model for non-BO calculations of
a molecule in a magnetic field, we use an expansion in products
of one-particle functions (orbitals). A similar orbital approach for
describing the nuclear motion was used before by, for example,
Nakai et al. [26] and Nakatsuji et al. [27]. Three different sets of such
functions are used for the HD molecule, the system considered in
this initial model application. The first set contain the orbitals,  di ,
used to expand the component of the total wave function describ-
ing the state of the deuteron, the second set contain the orbitals,
 pi , describing the state of the proton, and the third set contain
the orbitals,  ei , describing the state of the two electrons. Thus, the

total spatial ground-state wave function for the HD molecule is a
superposition of products of the orbitals belonging to the three sets:

(1 + P̂(1,  2))!(Rd, Rp, R1, R2)

=
!

i

!

j

!

k≥l

cijkl 
d
i (Rd) 

p
j (Rp)(1 + P̂(1, 2))

#
 ek(R1) el (R2)

$
, (6)

where cijkl are the linear expansion coefficients.
We now introduce the interaction with a static magnetic field

into the effective internal Hamiltonian, Ĥint. In doing this, we distin-
guish between the canonical momentum operator p̂l = −i!∇ l and
the gauge-invariant kinetic momentum operator

"̂l = −i!∇ l − QlA(rl), (7)

where Ql is the charge of particle l. The magnetic vector poten-
tial A(r) represents an external magnetic field B = ∇ × A(r). In the
present work, we restrict attention to uniform magnetic fields and
vector potentials of the form

A(rl) = 1
2

B × (rl − g), (8)

where g is the gauge origin. The total kinetic energy operator in the
presence of a static magnetic field is then given by

T̂ =
N!

l

"̂2
l

2Ml

=
N!

l

#
−!2∇2

l − i!qlB · ((rl − g) × ∇ l) + q2
l |A(rl)|2

$
/2Ml, (9)

where we have omitted the spin Zeeman interactions. The sec-
ond term in the parenthesis can be identified as B · L̂g;l , with L̂g;l =
(rl − g) × p̂l denoting the canonical momentum relative to g. This
term represents the orbital Zeeman effect and vanishes for states
with zero angular momentum. For time-reversal symmetric states,
represented by real-valued wave functions, this term is zero. The
term is also trivial for states that are related to a time-reversal sym-
metric state by a gauge transformation, which introduces the same
single-valued phase factor into all particle coordinates.

Using the vector identity |u × v|2 = u2v2 − (u · v)2, we obtain for
the diamagnetic contribution in the Hamiltonian

q2
l |A(rl)|2 =

q2
l

4
B2|rl − g|2 −

q2
l

4
[B · (rl − g)]2 (10)

Taking the origin of the coordinate system to coincide with the
gauge origin and the z-axis to coincide with the magnetic field
direction, we obtain

g = 0, B = Bez = (0,  0, Bz); (11)

hence, Bx = By = 0. Effectively, the particles are then subject to an
external potential of the form

Vl(xl, yl, zl) =
q2
l

2Ml
|A(rl)|2 =

q2
l

8Ml
B2
z (x2

l + y2
l ), (12)

where rl = (xl, yl, zl). The potential places each particle in a quadratic
(harmonic) well that is proportional to the squared particle charge,
the squared field strength, and the inverse particle mass. More-
over, the potential acting on particle l depends only on its x and
y coordinates, being independent of its z coordinate. The non-BO
Hamiltonian representing a molecule placed in the magnetic field

along the z axis is a sum of Ĥint and B2
z

"N
l

q2
l

8ml
(x2
l + y2

l ). The orbital
Zeeman terms may  be omitted because our choice of basis set effec-
tively targets states for which they vanish.
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The term Ĥint includes subtraction of the operator representing
the kinetic energy of the center-of-mass motion (5). In the presence
of the magnetic field, the canonical momentum operators p̂l in T̂cm
are replaced by the kinetic momentum operators "̂l (7),

T̂cm =
(
"N

l "̂l)
2

2M
. (13)

In the spirit of the effective character of the present method, we
here make an approximation, representing T̂cm in the presence of
the field as:

T̂cm = #̂2

2M
≈ [P̂ + QtotA(Rcm)]

2

2M
(14)

where Qtot =
"N

l Ql is the total charge of the system and #̂ ="N
l "̂l . Since Qtot is zero for a neutral system, the second term in Eq.

(14) vanishes. The approximation in (14) is based on the fact that,
classically speaking, the center-of-mass motion of the system in the
presence of the magnetic field is a combination of system’s transla-
tional motion and the motion induced by the interaction of the field
with the total charge of the system; the approximation somewhat
modifies the coupling between the motions of the individual par-
ticles and the center-of-mass motion that appears in the magnetic
field [9]. Specifically, a term proportional to the cross product of the
magnetic field and total dipole moment is missing in the parenthe-
sis on the right-hand side. In the absence of a field, the coupling
vanishes and the total nonrelativistic laboratory-frame Hamilto-
nian can be rigorously separated into an operator representing the
center-of-mass motion and an internal Hamiltonian independent
on Rcm.

In the absence of a magnetic field, Ĥint is isotropic, i.e., spher-
ically symmetric). Its eigenfunctions are therefore ‘atom-like’,
transforming according to the irreducible representations of the
SO(3) rotation group – in particular, the ground state of HD is
represented by a spherically symmetric wave function. When a
uniform magnetic field B = (0, 0, Bz) is applied, the rotational
motion of the molecule becomes ‘polarized’. With increasing field
strength, HD becomes increasingly more aligned along the z-
axis, as its ground-state non-BO wave function becomes more
cylindrical.

To describe the cylindrical symmetry in the orbital approxi-
mation adopted here (6), the orbitals representing the deuteron,
 di (Rd), the proton,  pj (Rp), and the electrons,  ek(Ri), must have
a definite symmetry with respect to rotation about the z axis. The
most general such states would acquire phase shifts under small
rotations about the z axis and have multivalued phase functions
(compare spherical harmonics). The orbitals used in the present
calculations are spherically symmetric Gaussian functions with
centers shifted along the z axis: gk(r) = exp [− ˛k(r − sk)2], where
s is the shift vector (in the HD calculations skx = sky = 0 and skz /= 0).
As a consequence, only states of zero canonical angular momentum
L̂g;l can be described.

In the present calculations, we use the standard variational
method. The ground-state wave function and its energy are

obtained by energy minimization with respect to the linear
expansion coefficients, cijkl, the orbital exponents, ˛k, and the z
coordinates of the Gaussian shift vectors, sk. Since the subtrac-
tion of T̂cm in (4) effectively eliminates the translational motion
from the description, optimization of the nonlinear parameters of
the orbitals representing the deuteron, the proton, and the elec-
trons, does not delocalize the system by ‘diffusing’ it in space. Such
a diffusing would have occurred if the kinetic energy had been
part of the energy that is minimized because the minimum energy
(zero) would then represent a situation with the center of mass
completely delocalized in space.

In presenting the results, we  use the notation (e/p/d) to denote
the numbers of the electron orbitals (e), the proton orbitals (p),
and the deuteron orbitals (d), respectively. The initial values of the
orbital exponents are chosen using the STO-3G basis set for the
electron in the hydrogen atom, the exponential parameters for the
nuclei derived from molecular non-BO calculations performed with
explicitly correlated Gaussian functions by the Adamowicz group
[28], and the average ground-state HD internuclear distance from
the same calculations. In the initial basis set, the proton orbitals
are distributed over a relatively short interval of the z axis. The
deuteron orbitals are distributed in a similar way such that their
location on the z axis is on average equal to the average internu-
clear distance in the ground vibrational state of the HD molecule.
We emphasize that the present calculations are preliminary, being
performed to test the possibility of describing a molecule in a
static magnetic field without assuming the BO approximation.
More accurate calculations with explicitly correlated Gaussians are
forthcoming.

3. Results

In Table 1, the total non-BO energies of HD calculated in a zero
magnetic field and in the magnetic field with the strengths of 0.15
and 0.30 atomic units along the z-axis are shown, using basis sets
ranging from the small set (6/1/1/) with a total of 8 orbitals to
the larger set (12/4/4) with 20 orbitals. As the number of orbitals
increases, the zero-field energy decreases but is still significantly
higher than the non-BO ground-state energy obtained using a large
basis of explicitly correlated Gaussians,  with the center-of-mass
motion explicitly separated from the Hamiltonian by a coordinate
transformation [28]. A large number of deuteron, proton, and elec-
tron orbitals would be needed to obtain a non-BO energy close to
that obtained using explicitly correlated Gaussians or other explic-
itly correlated functions. We note that orbitals aligned along the
field direction correctly describe the non-spherical symmetry of
the molecule in the presence of a field. In the absence of a field,
however, the total molecular non-BO wave function is spherically
symmetric and the use of Gaussians distributed along z-axis is for-
mally not correct, although the error introduced in this manner is
much smaller than other errors introduced in the present calcula-
tions.

Even though the non-BO orbital-based wave functions obtained
here are highly approximate, the expectation values characterizing

Table 1
Total energies (E) calculated for the HD molecule with and without the magnetic field in hartrees. The magnetic field B is oriented along the bond of the molecule (the z
axis)  and has the lengths of 0.15 and 0.30 a.u. The notation (e/p/d) indicates how many orbitals are used for the electrons (e), for the proton (p), and for the deuteron (d). The
energies are in a.u.

No. of orbitals (e/p/d) E without field E with field 0.15 a.u. E with field 0.30 a.u.

6/1/1 −1.1037636163 −1.0947683818 −1.0690340166
8/2/2  −1.1136166947 −1.1046585541 −1.0791143507
10/3/3 −1.1174273356 −1.1083813961 −1.0830439178
12/4/4 −1.1189995965 −1.1100736458 −1.0845971917

Exact  [28] −1.1654719220
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Table 2
Some expectation values calculated for the HD molecule with and without the magnetic field in hartrees using the non-BO wave functions. The field B is oriented along the
bond  of the molecule (the z axis) and has the lengths of Bz = 0.15 a.u. and Bz = 0.30 a.u. The expectation values shown include: the average distance between the deuteron and
the  proton, (|⟨rd − rp⟩|), and the squares of the average displacements of the deuteron and the proton from the z axis (i.e. from the axis along which the B vector is not zero),
⟨x2
d
⟩ and ⟨x2

p⟩, respectively. The notation (e/p/d) indicates how many orbitals are used for the electrons (e), for the proton (p), and for the deuteron (d). The results are in a.u.

No. of FSGOs (e/p/d) Bz |⟨rd − rp⟩| ⟨x2
d
⟩ ⟨x2

p⟩

6/1/1 0.0 1.4627 0.0043 0.0091
0.15  1.4526 0.0043 0.0090
0.30  1.4273 0.0042 0.0088

8/2/2  0.0 1.4557 0.0044 0.0095
0.15 1.4464 0.0044 0.0094
0.30  1.4224 0.0043 0.0092

10/3/3 0.0 1.4586 0.0044 0.0097
0.15  1.4442 0.0043 0.0094
0.30  1.4252 0.0043 0.0093

12/4/4 0.0 1.4606 0.0045 0.0098
0.15  1.4504 0.0044 0.0095
0.30  1.4272 0.0043 0.0093

the ground state of HD with and without the magnetic field
provide interesting insight into the behavior of the molecule in
the field, see Table 2. The first expectation value is the aver-
age deuteron–proton distance. With increasing field strength, the
average distance noticeably decreases, as expected from the obser-
vation that the confinement potential is proportional to the square
of the field strength. The second type of the expectation values
shown in Table 2 corresponds to the average values of the squares
of the x coordinates for the proton and the deuteron. As the x axis
is perpendicular to the field vector B, the expectation value of x2

describes the degree of the alignment of the molecule with the field
axis (the z axis). Both ⟨x2

d⟩ and ⟨x2
p⟩ decrease with increasing field

strength, indicating that the molecule becomes increasingly more
aligned with the field vector. One point to note is that the ⟨x2

d⟩ expec-
tation value is significantly smaller than the value of ⟨x2

p⟩ which
indicates that the deuteron is more localized in space than the pro-
ton. This is an expected behavior resulting from the mass difference
of these two particles.

4. Summary

An effective method for describing the behavior a neutral
molecule in the presence of a magnetic field without assum-
ing the BO approximation is proposed and implemented. The
method employs orbitals to represent the states of the nuclei
and the electrons forming the molecule. The method is applied
to study the non-BO behavior of the HD molecule in the mag-
netic field. The orbital method only allows for obtaining qualitative
results concerning the behavior. The results show that, when
the field is turned on, the molecule shrinks along both paral-
lel and perpendicular directions relative to the bond axis and
becomes increasingly aligned along the field vector. The parallel
shrinking manifests itself in the noticeable decrease of the bond
length.

The continuation of this work will involve implementation of
explicitly correlated Gaussian functions for describing the behavior
of small molecules in a magnetic field with much higher accu-
racy. As such an implementation involves extended optimization
of the non-linear parameters of the Gaussians,  the analytical gradi-
ent of the field-dependent energy determined with respect to these
parameters will be implemented. Moreover, the explicitly corre-
lated Gaussians used in the field-dependent implementation will
have to possess sufficient flexibility to describe the deformation
of the wave function in the field. Such flexibility is only partially
achieved with the orbital Gaussians employed in the present cal-
culations.

The correlated Gaussians that can be considered for calculations
on molecules in magnetic fields are the following functions:

$k = exp
#
−(R − sk)

′Ak(R − sk)
$
, (15)

where R is a vector with the length of 3N built from the Ri vec-
tors, sk is a vector containing N Gaussians shift vectors, Ak is a
3N × 3N dimensional, symmetric, positive definite matrix of Gauss-
ians exponential factors, and prime denotes transposition of the
vector. If Ak is diagonal with first three diagonal elements equal
to each other, the next three elements equal to each other, and
so on, and if only the z coordinates of sk are non-zero, then $k
becomes equivalent to a product of orbitals, which is the type of the
basis functions used in the present calculations. Thus, by allowing
the A matrix to have non-zero off-diagonal matrix elements and
by allowing the Gaussians centers to move away from the z axis,
a generalized explicitly-correlated form of the basis functions is
obtained. Such functions can much more effectively describe the
state of the molecule under influence of a static magnetic field. An
even more general form of the correlated Gaussians can be obtained
by allowing for the exponential factors to be complex numbers:

$k = exp
#
−(R − sk)

′(Ak + iCk)(R − sk)
$
, (16)

where Ck is a symmetric matrix and i =
%

(−1).
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