
Research paper

Explicitly-correlated non-born-oppenheimer calculations of the HD
molecule in a strong magnetic field

Ludwik Adamowicz a,b,⇑, Monika Stanke c, Erik Tellgren d, Trygve Helgaker d
aDepartment of Chemistry and Biochemistry, University of Arizona, Tucson, AZ 85721, USA
b Interdisciplinary Center for Modern Technologies, Nicolaus Copernicus University, ul. Wileńska 4, Toruń PL 87-100, Poland
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Explicitly correlated all-particle Gaussian functions with shifted centers (ECGs) are implemented within
the earlier proposed effective variational non-Born-Oppenheimer method for calculating bound states of
molecular systems in magnetic field (Adamowicz et al., 2015). The Hamiltonian used in the calculations is
obtained by subtracting the operator representing the kinetic energy of the center-of-mass motion from
the total laboratory-frame Hamiltonian. Test ECG calculations are performed for the HD molecule.
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1. Introduction

There has been increasing interest in the elucidation of the
interaction of atoms and molecules with an external magnetic field
[1–10]. Most studies have been performed with the assumption of
the Born-Oppenheimer (BO) approximation, but there have been
also studies where bound states of atoms and molecules were con-
sidered without the BO approximation [11–19]. In the non-
relativistic model, where the Hamiltonian describing a molecular
system consists of operators describing the kinetic energy and
the Coulombic interactions of the particles forming the system,
the motion of the center of mass can be rigorously separated from
the internal motion of the system. When the magnetic field is
turned on a rigorous separation of the two types of motion is not
possible. Schmelcher and Cederbaum [20] used the so-called
pseudo-momentum to perform a pseudoseparation of the two
motions. The properties of the total pseudo-momentum expressed
in terms of relative coordinates were also exploited to partition the
Hamiltonian operator of the system into an electronic part and a
nuclear part. Although the modification to the nuclear Hamiltonian
due to the presence of magnetic field and the electronic-nuclear
coupling in the presence of the field have not been investigated
in detail, there have been reports on the validity of the BO approx-
imation for the hydrogen atom [12] and a diatomic molecule

[13,17]. Also the effect of magnetic field on the rotations and vibra-
tions of neutral diatomic molecules was studied [18]. To our
knowledge, there have been no practical applications of a direct
non-BO approach involving separation of the canter-of-mass
motion from the internal motion in calculations of ground and
excited states of molecular systems in the presence of magnetic
field.

An alternative approach to study the interaction of the mag-
netic field with molecular systems without assuming the BO
approximation was recently proposed the present authors [21].
The Hamiltonian operator used in the approach was obtained by
subtracting the operator representing the motion of the center of
mass expressed in a Cartesian laboratory coordinate system from
the total laboratory-frame non-relativistic Hamiltonian of the sys-
tem. As such a procedure is approximate, the approach should be
considered as an effective method for studying the behavior of a
molecule in magnetic field. In Ref. [21] the approach was used to
perform calculations for the HD molecule in the ground electronic
state. The basis functions used in the calculations were products of
proton, deuteron, and electron orbitals. As such a basis set is rather
inefficient in representing coupled, strongly correlated motion of
particles with different charges and masses, in the present work
we derive and implement a new version of the method where
explicitly correlated all-particle Gaussian functions are employed
as basis functions. To illustrate the performance of the method cal-
culations are again performed for the HD molecule in a static mag-
netic field, as such results can be directly compared with the
results obtained with the non-BO approach.
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2. The method

In the present calculations, we employ the effective non-
Born–Oppenheimer (non-BO) molecular method introduced by
Kozlowski and Adamowicz [22]. The inclusion of the interaction
of the magnetic field with the molecule to the method was
described in our previous work [21]. In brief, the starting point is
the total nonrelativistic Hamiltonian of the system without a mag-
netic field written in terms of the laboratory Cartesian coordinates,
Rl; l ¼ 1; . . . ;N, where N is the number of particles forming the sys-
tem (the number of the nuclei plus the number of the electrons). In
atomic units, the Hamiltonian is:

bH ¼ bT þ bV ¼ #
XN

l

1
2Ml

r2
Rl
þ
XN

k>l

QkQl

Rkl
; ð1Þ

where bT and bV are the kinetic-energy and potential-energy opera-
tors, respectively. In (1), Ml and Ql are the mass and the charge of
particle l, respectively, and Rkl is the distance between particle k
and particle l.

Using the laboratory coordinates of the center of mass of the

system, Rcm ¼
PN

l
MlRi

M , where M ¼
PN

l Ml is the total system’s mass,

the operator, bTcm, representing the kinetic energy of the center-of-
mass motion is: bT cm ¼ # 1

2Mr2
Rcm

. The effective Hamiltonian repre-

senting the internal energy of the system, bHint , is obtained as the
difference between the laboratory-frame Hamiltonian, bH and bT cm:

bHint ¼ bH # bT cm: ð2Þ

Note that, as bTcm ¼ 1
2M P̂2

cm, where bPcm is the canonical momen-
tum operator associated with the motion of the center of mass.
bPcm is a sum of the operators representing the canonical momenta

p̂l of all particles forming the system: bT cm ¼
PN

l
p̂l

! "2

2M . bHint is used in
this work to calculate internal bound states of the system.

As one notices, in the effective non-BO method, a separation of
the laboratory-frame total Hamiltonian into an internal Hamilto-
nian and a center-of-mass kinetic-energy Hamiltonian is not
explicitly performed. Instead, an effective internal Hamiltonian is
constructed as a difference of the former and the latter. Note that
the effective internal Hamiltonian directly depends on the labora-
tory coordinates of all particles forming the system. Thus the wave
function is also a function of all these coordinates.

The wave function in the effective non-BO method, which
depends on the laboratory coordinates of the particles (nuclei
and electrons) forming the system and on their spins, has to be
properly symmetrized (for bosons) and anti-symmetrized (for fer-
mions) with respect to the permutations within each group of
identical particles. For the HDmolecule, which is the model system
used in this work for testing, the wave function has to be antisym-
metric with respect to the permutation of the labels of the two
electrons. For the ground state of a two-electron system, like HD,
the wave function is a product of a symmetric spatial function
and an antisymmetric spin function. Thus the spatial wave func-
tion representing the ground state of the HD molecule in the pre-
sent approach is: ð1þ bPð1;2ÞÞWðRd;Rp;R1;R2Þ, where indices
d; p;1, and 2 denote the coordinates of the deuteron, the proton,
and the two electrons, respectively. To obtain the total wave func-
tion, the above spatial function is multiplied by the product of the
spin functions for the deuteron, the proton, and an antisymmetric
spin function for the two electrons.

For higher accuracy in the non-BO calculations of bound states
of a system with Coulombic interactions the wave function should
be expanded in basis functions that explicitly depend on the dis-

tances between particles. Such functions are known as explicitly
correlated basis functions [23,24]. In the first implementation of
the effective non-BO method [21], which is employed in the pre-
sent work [21], we used simple basis functions consisting of prod-
ucts of orbitals representing the particles forming the system. For
HD each basis function was a product of a deuteron orbital,
wd

i ðRdÞ, a proton orbital, wp
j ðRpÞ, and two orbitals for the electrons,

we
kðR1Þ and we

l ðR2Þ:

wd
i ðRdÞwp

j ðRpÞð1þ bPð1;2ÞÞ we
kðR1Þwe

l ðR2Þ
# $

: ð3Þ

In this work we implement a basis set consisting of all-particle
explicitly correlate Gaussian functions with shifted centers:

/k ¼ exp #ðR # skÞ0AkðR # skÞ
# $

; ð4Þ

where R is a vector with the length of 3N built from the Ri vectors,
sk is a vector containing N Gaussian shift vectors, Ak is a 3N & 3N
dimensional, symmetric, positive definite matrix of Gaussian expo-
nential factors defined as:

Ak ¼ Ak ' I3; ð5Þ

with I3 being a 3& 3 identity matrix, ' denoting the Kronecker pro-
duct, and Ak being a N & N symmetric matrix. In (4) prime denotes
transposition of the vector. The product, ðR # skÞ0AkðR # skÞ, in Eq.
(4) involves multiplication of the transposed ðR # skÞ vector 3N in
length by the 3N & 3N Ak matrix and by the 3N ðR # skÞ vector.
The result, the Gaussian exponential factor, is scalar.

For Gaussian Eq. (4) to be square integrable, as a basis function
used for expanding the wave function of a bound electronic state
should be, Ak has to be positive definite. This automatically hap-
pens if Ak is represented in the Cholesky-factored form as LkL0

k with
Lk being a lower triangular N & N matrix whose elements range
from #1 to þ1. This feature is particularly important in the vari-
ational optimization of the Gaussians, as it allows to perform this
optimization in terms of the Lk matrix elements without any
restrictions, i.e. in the (#1;þ1) range.

If Ak is diagonal with first three diagonal elements equal to each
other, the next three elements equal to each other, and so on, and if
only the z coordinates of sk are non-zero, then /k (4) becomes
equivalent to a product of orbitals, which was the type of basis
functions used in the calculations in Ref. [21]. Thus, by allowing
the Ak matrix to have non-zero off-diagonal matrix elements and
by allowing the Gaussian centers to move away from the z axis, a
generalized explicitly-correlated form of the basis function is
obtained. Naturally, Gaussians (4) should be more effective in
describing the state of the molecule under influence of a static
magnetic field in the approach where all particles forming the sys-
tem are treated on equal footing (the non-BO approach).

In the HD calculations the R vector has the dimension of
12, Lk is a 4& 4 matrix, and sk is a 12 dimensional vector. As in
our previous calculations with orbital-type basis functions [21],
here also the Gaussian centers are aligned with the field axis (the
z-axis).

As described in our previous work [21], the interaction with a
static magnetic field is now introduced into the effective internal
Hamiltonian, bHint . In doing this, we distinguish between the canon-
ical momentum operator p̂l ¼ #i!hrl and the gauge-invariant
kinetic momentum operator, p̂l ¼ #i!hrl # QlAðrlÞ, where Ql is
the charge of particle l. The magnetic vector potential AðrÞ repre-
sents an external magnetic field B ¼ r& AðrÞ. In the present work,
we restrict the consideration to uniform magnetic fields and to
vector potentials in the form:

AðrlÞ ¼
1
2
B& ðrl # gÞ; ð6Þ
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where g is the gauge origin. The total kinetic energy operator in the
presence of a static magnetic field is then given by:

bT ¼
XN

l

p̂2
l

2Ml

¼
XN

l

#!h2r2
l # i!hqlB ( ððrl # gÞ &rlÞ þ q2

l jAðrlÞj
2

h i
=2Ml; ð7Þ

where we omit the spin Zeeman interactions.
We limit the present consideration to states with zero total

angular momentum. We also take the origin of the coordinate sys-
tem to coincide with the gauge origin and the z-axis to coincide
with the magnetic field direction (g ¼ 0; B ¼ Bez ¼ ð0;0;BzÞ)
and, as shown in our previous work [21] we obtain the following
form of the external potential acting on the l-th particle in the
system:

Vlðxl; yl; zlÞ ¼
q2
l

2Ml
jAðrlÞj2 ¼

q2
l

8Ml
B2
z ðx

2
l þ y2l Þ; ð8Þ

where rl ¼ ðxl; yl; zlÞ.
The term bHint includes subtraction of the operator representing

the kinetic energy of the center-of-mass motion. In the presence of
the magnetic field, the canonical momentum operators p̂l in bTcm

are replaced by the kinetic momentum operators p̂l,

bT cm ¼ ð
PN

l p̂lÞ
2

2M
: ð9Þ

In the spirit of the effective character of the present method we
here make an approximation and represent bTcm in the presence of
the field as:

bT cm ¼
P̂2

2M
)

bP þ Q totAðRcmÞ
h i2

2M
; ð10Þ

where Qtot ¼
PN

l Q l is the total charge of the system and P̂ ¼
PN

l p̂l.
Since Qtot is zero for a neutral system, like HD, the second term in
Eq. (10) vanishes. The approximation made in Eq. (10) was dis-
cussed in more detail in Ref. [21].

In the absence of a magnetic field, bHint is isotropic, i.e., spheri-
cally symmetric. Its eigenfunctions are therefore ‘atom-like’, trans-
forming according to the irreducible representations of the SO(3)
rotation group-in particular, the ground state of HD is represented
by a spherically symmetric wave function. When a uniform
magnetic field with B ¼ ð0;0;BzÞ is applied, the rotational
motion of the molecule becomes ‘polarized’. With increasing field
strength, HD becomes increasingly more aligned along the z-axis,
as its ground-state non-BO wave function becomes more
cylindrical. This justifies placing the Gaussian centers of ECGs (4)
on the z-axis.

In the present calculations, we use the standard variational
method. The ground-state wave function and its energy are
obtained by energy minimization with respect to the linear expan-
sion coefficients of the wave function in terms of the basis func-
tions, the matrix elements of Lk, and the z coordinates of sk. The
subtraction of bTcm in (2) effectively eliminates the translational

motion from the description and prevents the center of mass of
the system to diffuse in space. Such a diffusion would happen in
the variational minimization of the wave function if the lab-
frame Hamiltonian (1) is used in the calculations, as any localiza-
tion of the center of mass of the system in space would cause the
total energy of the system to rise.

3. Results

The all-particle explicitly correlated Gaussian functions with
shifted centers are implemented within the effective non-BO
method proposed before [21] to study neutral molecular systems
placed in static magnetic field. The approach is employed in test
calculations of the HD molecule in the ground electronic state with
and without a magnetic field.

The starting basis sets in the present calculations are con-
structed using the previously generated orbital-type basis sets
[21]. The formulas for the Hamiltonian and overlap matrix ele-
ments over ECGs implemented in the present work are shown in
Supplementary Materials. The matrix elements with ECGs are
tested against the matrix elements calculated with orbital-type
basis functions. Two basis sets containing 21 and 40 ECGs, respec-
tively, are generated. The ECG non-linear parameters are indepen-
dently optimized first for HD in the magnetic field with the Bz

equal to 0.15 a.u. This value of Bz is chosen to enable direct com-
parison of the present ECG results with the results obtained using
the orbital-product basis sets [21]. Next Bz is set to zero and the
parameters are reoptimized. The wave functions obtained in the
calculations are used to calculate the expectation value of the
deuteron-proton distance, rpd. The results are shown in Table 1
where they are compared with our previous orbital-type non-
Born-Oppenheimer calculations [21], as well as the rigorous
high-accuracy ECG calculations performed without magnetic field
[25].

The energies obtained in the present calculations are consistent
with the results obtained previously. As expected, the ECG energies
obtained in the calculations with and without the field are signifi-
cantly lower than respective energies obtained in the basis of 1248
products of orbitals representing the deuteron, the proton, and the
two electrons -the largest basis set generated in the previous calcu-
lations. This is mainly due to the inability of the orbital basis to
describe the electrons closely following the nuclei, as this effect
can only be adequately described if the non-BO wave function
explicitly depends on the nucleus-electron distances. On the other
hand, the field-free ECG energies are close to the non-BO energy
obtained with a large ECG basis set in a calculation where the
center-of-mass motion was rigorously separated from the internal
Hamiltonian [25]. We should note that, as the present approach
deals with separating out the center-of-mass motion effectively
and not rigorously, the energies obtained in the calculations are
not strict upper bounds to the exact non-BO energies of the system.

Both ECG and orbital non-BO calculations show that the
deuteron-proton average distance decreases when the HD mole-
cule is exposed to magnetic filed. This predicted decrease of about
0.01 a.u. is very similar for the ECGs and for the orbital basis set.

Table 1
Total energies (E) calculated for the HD molecule with and without the magnetic field in hartrees. The magnetic field B is oriented along the bond of the molecule (the z axis) and
has the length of 0.15 a.u. The expectation value of the deuteron-proton distance, hrdpi, are also shown. The energies and hrdpi are in a.u.

Basis set No. of basis functions E with field of 0.15 a.u. hrdpi E without the field hrdpi

ECGs 21 #1.14970894 1.4249 #1.15849302 1.4343
ECGs 40 #1.15084361 1.4198 #1.15966868 1.4285

Orbitals 1248 #1.11007365 1.4504 #1.08459719 1.4605
Exact [25] #1.16547192 1.4422
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4. Summary

The present implementation of ECGs in calculations of a dia-
tomic molecule exposed to a magnetic field is a first step towards
a more general approach of determining the behavior of molecular
systems in strong magnetic fields. In the continuation of this work
the present effective non-BO ECG model will be generalized to
study larger non-linear molecular systems. Also, the certain simpli-
fying assumptions/approximations made in the present approach
will be removed to create a more complete model that includes
all aspects of the molecule-magnetic-field interaction. This partic-
ularly applies to the approximation made in Eq. (10). Larger-scale
ECG calculations of ground and excited states of molecular systems
in magnetic field will also require implementation of the analytical
energy gradient in the optimization of the ECG non-linear
parameters.

Acknowledgement

This work was supported by the Norwegian Research Council
through the CoE Centre for Theoretical and Computational Chem-
istry (CTCC) Grant Nos. 179568/V30 and the 171185/V30 and
through the European Research Council under the European Union
Seventh Framework Program through the Advanced Grant ABA-
CUS, ERC Grant Agreement No. 267683. This work was also sup-
ported in part by the Polish National Science Centre, Grant No.
DEC-2013/10/E/ST4/00033, and by the National Science Founda-
tion, Grant No. IIA-1444127. LA thanks CTCC for supporting his vis-
its to Oslo.

Appendix A. Supplementary material

Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.cplett.2017.06.
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