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Abstract

We report the implementation and application of linear response density-functional theory (DFT) based on the 4-component
relativistic Dirac–Coulomb Hamiltonian. The theory is cast in the language of second quantization and is based on the quasienergy
formalism (Floquet theory), replacing the initial state dependence of the Runge–Gross theorem by periodic boundary conditions.
Contradictions in causality and symmetry of the time arguments are thereby avoided and the exchange-correlation potential and
kernel can be expressed as functional derivatives of the quasienergy. We critically review the derivation of the quasienergy analogues
of the Hohenberg–Kohn theorem and the Kohn–Sham formalism and discuss the nature of the quasienergy exchange-correlation
functional. Structure is imposed on the response equations in terms of Hermiticity and time-reversal symmetry. It is observed that
functionals of spin and current densities, corresponding to time-antisymmetric operators, contribute to frequency-dependent and
not static electric properties. Physically, this follows from the fact that only a time-dependent electric field creates a magnetic field.
It is furthermore observed that hybrid functionals enhance spin polarization since only exact exchange contributes to anti-Hermitian
trial vectors.

We apply 4-component relativistic linear response DFT to the calculation of the frequency-dependent polarizability of the iso-
electronic series Hg, AuH and PtH2. Unlike for the molecules, the effect of electron correlation on the polarizability of the mercury
atom is very large, about 25%. We observe a remarkable performance of the local-density approximation (LDA) functional in repro-
ducing the experimental frequency-dependent polarizability of this atom, clearly superior to that of the BLYP and B3LYP function-
als. This allows us to extract Cauchy moments (S(�4) = 382.82 and S(�6) = 6090.89 a.u.) that we believe are superior to experiment
since we go to higher order in the Cauchy moment expansion.
� 2004 Elsevier B.V. All rights reserved.
1. Introduction

The marriage of density-functional theory (DFT) and
response theory is a happy one in the sense that both
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theories focus on observables. In DFT, the wavefunc-
tion is replaced by the observable and mathematically
simpler electron density; in response theory, the difficult
direct calculation of intermediate states is avoided and
attention focuses on the modification of observables
(i.e., expectation values) by external perturbations.

The efficient treatment of electron correlation offered
by DFT becomes particularly important for the heavy
elements, where correlation effects can be even more
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important than relativistic effects. It is therefore perhaps
somewhat surprising that most of the development and
benchmarking of exchange-correlation functionals take
place in the realm of the lighter elements; the heaviest
element of the widely used G2 set of molecules is
chlorine [1].

In previous papers [2–4], we have reported the imple-
mentation and application of 4-component relativistic
DFT for the calculation of spectroscopic constants. In
this paper, we extend the formalism to linear response,
i.e., to the calculation of generally time-dependent sec-
ond-order molecular properties. There are a number of
good recent reviews of time-dependent density-func-
tional theory (TD-DFT) in the literature [5–10]. The rig-
orous foundation of TD-DFT is provided by the
Runge–Gross theorem [11]. Our work is based on the
quasienergy formalism and cast in the language of sec-
ond quantization. In quasienergy DFT, the initial state
dependence of the Runge–Gross theorem is replaced
by periodic boundary conditions. Contradictions in cau-
sality and symmetry of the time arguments [12] are
thereby avoided and the exchange-correlation potential
and kernel can be expressed as functional derivatives
of the quasienergy. Our choice of formalism has been
dictated by our insistence on generality – that is, we seek
a unified framework for the calculation of time-depend-
ent molecular properties, applicable to wavefunction
methods as well as to DFT and furthermore to both var-
iational and non-variational methods.

Our paper is organized as follows: In Section 2.1, we
introduce the quasienergy formalism for the calculation
of time-dependent molecular properties. In Section 2.2,
we critically review the extension of this formalism to
DFT and discuss the nature of the quasienergy ex-
change-correlation functional. In Section 2.3, we develop
linear response DFT using second quantization. In Sec-
tion 2.4, we discuss the solution of the response equation,
in particular consequences of imposing structure on the
equations in terms of Hermiticity and time reversal sym-
metry. In Section 3, we apply the formalism to the calcu-
lation of frequency-dependent dipole polarizabilities of
the isoelectronic series Hg, AuH and PtH2. Finally, con-
clusions and perspectives are given in Section 4.
2. Theory

The DFT implementation reported in this paper is
based on the 4-component relativistic Dirac–Coulomb
Hamiltonian. However, most of the theory can be devel-
oped from the generic form of the electronic
HamiltonianbH ¼ hpqaypaq þ 1

4
Lpq;rsaypa

y
rasaq þ V NN ;

Lpq;rs ¼ ðpqjrsÞ � ðpsjrqÞ ð1Þ
valid in both the relativistic and non-relativistic do-
mains. Here and in the following, the Einstein summa-
tion convention and SI-based atomic units are
adopted. The scalar operator VNN represents the classi-
cal repulsion of clamped nuclei. The matrix elements of
the one-electron operator

hpq ¼ h/pjbT þ bV j/qi

are over the free-particle operator bT and external poten-
tial bV . In non-relativistic theory, bT is the kinetic-energy
operator, whereas, in the relativistic domain, it is the 4-
component free-particle operator

bT ¼ b0mc2 þ cða � pÞ ¼
02 cðr � pÞ

cðr � pÞ �2I2mc2

� �
; ð2Þ

where the Dirac b matrix has been replaced by
b 0 = b � mc2 to align the non-relativistic and relativistic
energy scales. In the following, the potential is split into
two parts bV ¼ bV 0 þ bV 1ðtÞ, where the time-independent
operator bV 0 describes the interaction of the electrons
with the molecular field (i.e., the electrostatic potential
of clamped nuclei); the time-dependent perturbation
operator bV 1 is discussed in greater detail later. The ma-
trix elements of the two-electron Hamiltonian

ðpqjrsÞ ¼
Z Z

/y
pðr1Þ/qðr1Þbgðr1; r2Þ/y

rðr2Þ/sðr2Þ dr1 dr2

ð3Þ

are over the two-electron operator bgðr1; r2Þ. One may
note that integration is only over spatial coordinates
and not over spin; we will assume that we use 2- or 4-
component spinors in both the relativistic and non-rela-
tivistic framework (thus the use of � and not * in the
above integrals); spin integration is then automatically
built into the formalism. In the Dirac–Coulomb Hamil-
tonian, the two-electron operator is given by the Cou-
lomb term, representing the instantaneous Coulomb
interaction with respect to the reference frame. Higher-
order corrections, representing magnetic interactions
and the effects of retardation, can be added but intro-
duce current–current interactions and possible modifica-
tions of standard DFT [2].
2.1. Molecular properties

A standard quantum chemical calculation usually
considers an isolated molecule within the Born–Oppen-
heimer approximation at 0 K. However, a more realistic
situation is a molecule in some environment at finite
temperature. To a first approximation, the effect of these
surroundings can be accounted for by perturbation the-
ory. Molecular properties may then be defined as the
expansion coefficients of a Taylor series of the energy
in the perturbation strengths ei – that is, as energy deriv-
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atives at zero perturbation strength [13]. Note that this
approach allows us to separate the properties of an indi-
vidual molecule from those of the bulk. The response of
the molecule to the external perturbations may be
gauged by measuring the changes in the observables.
An alternative definition of molecular properties is thus
obtained from a perturbation expansion of expectation
values. In the exact and fully variational approximate
cases, the two approaches are straightforwardly con-
nected through the Hellmann–Feynman theorem

dE
dei

¼ h0j o
bH

oei
j0i ð4Þ

(see [14] for a discussion of its range of validity). The en-
ergy derivative approach is the more general one in that
it allows the extension to non-variational wavefunctions
through the introduction of Lagrange multipliers [15].
However, it is restricted to static perturbations. One
route to a definition of molecular properties that also in-
cludes time-dependent perturbations and yet retains all
the virtues of the energy derivative approach is the qua-
sienergy formalism or Floquet theory. Being restricted
to periodic perturbations, it is less general than the
standard TD-DFT based on the Runge–Gross theorem
[11] but it allows the definition of time-dependent ex-
change-correlation potentials and kernels in a simple
manner.

We consider the time-dependent Schrödinger
equation

bH � i
o

ot

� �
j0ðtÞi ¼ 0; bH ¼ bH 0 þ bV 1ðtÞ ð5Þ

with a time-independent zeroth-order Hamiltonian bH 0

and where restrictions on the time-dependent perturba-
tion operator bV 1ðtÞ are introduced later. When the exact
solutions of bH 0 are available, perturbation theory can be
developed through a generalization of Rayleigh–Schrö-
dinger theory; more generally, variational perturbation
theory can be used.

We introduce the perturbation ansatz [16,17]

j0ðtÞi ¼ e�iF ðtÞje0ðtÞi; ð6Þ

where F is a purely time-dependent function. We use the
notation of Christiansen et al. [17], where j0i represents
the complete wavefunction and je0i its phase-isolated
part. The time-dependent Schrödinger equation can
now be re-expressed as

Ĥ � i
o

ot

� �
je0i ¼ QðtÞje0i; ð7Þ

where QðtÞ ¼ _F ðtÞ is the time-dependent quasi-energy.
The phase-isolated wavefunction je0i corresponds to
the normalized regular function introduced by Langhoff
et al. [18]. Since it is normalized to unity at all times, the
time-dependent quasienergy can be expressed as

QðtÞ ¼ he0jĤ � i
o

ot
je0i: ð8Þ

The time-dependent quasienergy is real since the time-
dependent Schrödinger equation conserves the norm of
the wavefunction. Using Eq. (8), we obtain the time-de-
pendent Hellmann–Feynman theorem

dQðtÞ
dei

¼ he0j oĤ
oei

je0i � i
o

ot
h~0j o

~0

oei
i; ð9Þ

which reduces to the time-independent Hellmann–Feyn-
man theorem (4) in the static limit. However, a complete
analogy with the static case is precluded by the second
term on the right-hand side of the equation. This term
can be eliminated by time-averaging provided that the
perturbation operator is periodic: V̂ 1ðtÞ ¼ V̂ 1ðt þ T Þ.
The Fourier transformation of V̂ 1ðtÞ can then be written
as a finite sum

V̂ 1ðtÞ ¼
XN
k¼�N

exp �ixkt½ �V̂ 1ðxkÞ; V̂ 1ðxkÞ ¼
X
X

eX ðxkÞĤX ;

ð10Þ
where all frequencies xk are multiples of the fundamen-
tal frequency xT = 2p/T. As pointed out by Christian-
sen et al. [17], the requirement of periodicity is not
very restrictive; it implies that any frequency xk in (10)
is an integer times xT but this integer can be arbitrarily
large. We now introduce time-averaging using the
notation

ff ðtÞgT ¼ 1

T

Z þT=2

�T=2
f ðtÞ dt ð11Þ

and formally define the (time-independent) quasienergy
as

Q ¼ fQðtÞgT :
This quasienergy is identical to that in Floquet theory,
whereas the Floquet state j�0ðtÞi is given by the normal-
ized regular function times that part of the phase factor
that vanishes upon time-averaging:

j0ðtÞi ¼ e�iF ðtÞje0ðtÞi ¼ e�iQtj�0ðtÞi: ð12Þ
With a periodic Hamiltonian and time-averaging, the

time-dependent Hellmann–Feynman theorem reduces to

dQ
deX ðxkÞ

¼ he0j oĤ
oeX ðxkÞ

je0i� �
T

¼ he0jĤX je0i exp �ixkt½ �
n o

T
; ð13Þ

where we have used the explicit form (10) of the pertur-
bation V̂ 1ðtÞ. The expectation value on the right-hand
side can be formally expanded in the perturbation
strengths by invoking the Kubo relation [19]
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he0jĤX je0i ¼ h0jĤX j0i þ
XþN

k1¼�N

ĤX ; V̂ 1ðxk1Þ
� �� �

xk1
exp �ixk1 t½ �

þ 1

2

XþN

k1 ;k2¼�N

ĤX ; V̂ 1ðxk1Þ; V̂ 1ðxk2Þ
� �� �

xk1
;xk2

� exp �i xk1 þ xk2ð Þt½ � þOðe3Þ: ð14Þ

Inserting the Kubo relation into the Hellmann–Feyn-
man quasienergy expression (13) and averaging over
time, we obtain

dQ
deX ðxÞ

¼ h0jĤX j0idðxÞ þ
XþN

k1¼�N

X
Y

ĤX ; Ĥ Y

� �� �
xk1

� eY ðxk1Þd xþ xk1ð Þ

þ 1

2

XþN

k1;k2¼�N

X
Y ;Z

ĤX ; Ĥ Y ; ĤZ

� �� �
xk1

;xk2

� eY ðxk1ÞeZðxk2Þd xþ xk1 þ xk2ð Þ þOðe3Þ;
ð15Þ

where for example dðxþ xk1Þ is non-zero and equal to
unity only for xþ xk1 ¼ 0. Time averaging thus elimi-
nates all frequency combinations except those that
sum to zero. The Fourier coefficients in these expansions
are referred to as response functions [20]. For example,
hhĤX ; ĤY iixy

and hhĤX ; Ĥ Y ; ĤZiixy ;xz
constitute linear

and quadratic response functions, respectively.
Molecular properties can now quite generally be de-

fined as derivatives of the time-independent quasienergy
at zero perturbation strength

dnQ
dej1ðxk1Þdej2ðxk2Þ � � � dejnðxknÞ

				
e¼0

¼ Ĥ j1 ; Ĥ j2 ; . . . ; Ĥ jn

� �� �
xk2

;...;xkn
;

Xn

i¼1

xki ¼ 0: ð16Þ

Alternatively, molecular properties can be defined from
perturbation expansions of the expectation values (using
the Kubo relation). The quasienergy formalism is more
general, however, in that it can be straightforwardly ex-
tended to non-variational wavefunctions by the introduc-
tion of a variational Lagrangian. Another advantage of
the quasienergy formalism is that it is manifestly symmet-
ric with respect to interchanges of perturbation strengths
and associated frequencies.

2.2. The quasienergy formalism in DFT

We adopt the quasienergy formalism for the theoret-
ical description of molecular properties since it can be
applied quite generally to all wavefunction methods.
In this section, we discuss its extension to DFT.
Although this approach has been pursued by a number
of authors [21–24], it has also been criticized [25] and
therefore deserves a critical review.
The route to the construction of a DFT for quasien-
ergies proceeds in two steps: First, the quasienergy is
established as a functional of the density by analogy
with the Hohenberg–Kohn theorem [26]. Then, for prac-
tical calculations, a Kohn–Sham (KS) formalism [27] is
developed by invoking the adiabatic connection [28]. In
a seminal paper, Sambe [29] extended the inner product
of standard Hilbert space to include time-averaging (11),
thus defining an extended Hilbert space adapted to the
treatment of Hamiltonians periodic in time. An analogy
is thereby established between energies and stationary
states on the one hand and quasienergies and what
Sambe calls steady states on the other hand, enabling
him to formulate the quasienergy Hellmann–Feynman
theorem (13) as well as a variation principle [17]

dQ ¼ 0: ð17Þ
Using this variation principle, the quasienergy can be
established as a functional of the density in perfect anal-
ogy with the Hohenberg–Kohn theorem [21,24]:

Q½q� ¼ he0jĤ � i
o

ot
je0i� �

T

¼ T ½q� þ V ½q� þ J ½q� þ Qncl½q� � S½q�: ð18Þ

The non-classical quasienergy Qncl[q] is implicitly de-
fined by this expression and includes the effects of ex-
change and correlation, whereas J[q] and S[q] are
formally given as

J ½q� ¼ 1

2

Z Z
qðr1Þqðr2Þ

r12
dr1 dr2

� �
T

;

S q½ � ¼ he0ji o
ot
je0i� �

T

: ð19Þ

A possible restriction on this theory is the range of
validity of the quasienergy variation principle. Various
authors have pointed out that a quasienergy minimum
only exists below the first transition frequency,
whereas one would like to apply DFT to identify a
manifold of excited states [18,23]. Perturbation theory
clearly breaks down at resonances but this does not
necessarily imply a failure of the variation principle
and further investigation is needed. It should also be
noted that the singularities at resonances can be re-
moved by introducing damping terms related to the
lifetimes of the excited states – for an implementation,
see [30]. A fundamental difficulty arises in the relativ-
istic domain since the conventional 4-component rela-
tivistic theory employs a minmax principle [31]. A
relativistic extension of the Hohenberg–Kohn theorem
can be obtained invoking the full machinery of quan-
tum electrodynamics [32,33] or, simpler, by the varia-
tional inclusion of vacuum polarization [34]. The latter
effect is quite minute, so one may safely use DFT also
in the framework of conventional 4-component rela-
tivistic theory.
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We now turn our attention to the Kohn–Sham quasi-
energy expression, which will be used to derive molecu-
lar properties in general and the linear response function
in particular. It can be obtained by means of the adia-
batic connection, as already discussed by Aiga et al.
[24]. The end result is in our notation

Q½q� ¼ T s½q� þ V ½q� þ J ½q� þ Qxc½q� � Ss½q�; ð20Þ
where Ts[q] and Ss[q] are defined in terms of the determi-
nant je0si of the fictitious, non-interacting Kohn–Sham
reference system:

T s½q� ¼ he0sjbT je0si
n o

T
; Ss½q� ¼ he0sji

o

ot
je0si

� �
T

: ð21Þ

The time-dependent Kohn–Sham equations can now be
obtained from the stationarity condition (17). The qua-
sienergy exchange-correlation functional is formally gi-
ven by

Qxc ¼
1

2

Z Z
qðr1Þhxcðr2; r1Þbgðr1; r2Þ dr1 dr2� �

T

;

hxc ¼
Z 1

0

hkxc dk; ð22Þ

where hxc is the coupling-strength integrated exchange-
correlation hole. Although, its mathematical form is
identical to that of the exchange-correlation functional
in time-independent theory, a comparison of (20) and
(22) shows that its physical content is different:

Qxc½q� ¼ Qncl½q� þ T ½q� � T s½q�ð Þ þ S½q� � Ss½q�ð Þ: ð23Þ
In particular, the time-dependent quasienergy functional
not only contains a correction to the kinetic energy but
two time-derivative terms as well. Following the deriva-
tion of the linear response theory by Fadda et al. [35],
one would conclude that this correction is zero. How-
ever, there is a flaw in their argument in that the partial
integration in equation (A.14) of their paper assumes
that the correction to the unperturbed wavefunction
goes to zero as t ! 1.

In general TD-DFT, the adiabatic approximation
[36] is normally invoked – that is, the time-dependent ex-
change-correlation functionals are approximated by
their time-independent counterparts. Within the quasi-
energy formalism, the adiabatic approximation corre-
sponds to the substitution

Qxc½q� ! Exc½q�f gT : ð24Þ

It is important to realize that, in contrast to general TD-
DFT, the time interval in quasienergy DFT is restricted
to the period of the Hamiltonian. There is therefore no
need to introduce a switch function in the potential since
it may be assumed converged at the time of study. Fur-
thermore, whereas the Runge–Gross theorem [11] re-
quires a specification of the initial state to establish a
one-to-one mapping of potentials and densities, this is
not needed in the quasienergy formalism, where the ini-
tial conditions are replaced by periodic boundary condi-
tions. The stationarity principle (17) determines the time
evolution of the phase-isolated wavefunction je0i and
thereby the density, as discussed by Christiansen et al.
[17] and illustrated for the Hartree–Fock method by
Saue [37]. An initial-state dependence does enter in the
determination of the time-dependent function F by inte-
gration of Eq. (8). However, this function is not needed
for the determination of the density or for any property
not associated with an operator involving time deriva-
tives. With a periodic Hamiltonian, times in the past
are completely equivalent to times in the future. Contra-
dictions between causality and symmetry in time argu-
ments, as pointed out for general TD-DFT by van
Leeuwen [12], therefore do not occur in quasienergy
DFT. Nevertheless, this does not imply, as suggested
by Aiga et al. [24], that the exchange-correlation quasi-
energy functional is instantaneous so that the adiabatic
approximation (24) is automatically satisfied and stand-
ard exchange-correlation functionals can be used.

Maitra and Burke [25] have criticized the Floquet
formulation of DFT, pointing out that the quasien-
ergy is only unique modulo xT = 2p/T – that is, if
fQ; j�0ðtÞigT is a valid solution, then so is
fQþ nxT ; e

inxT tj�0ðtÞigT , where n is an integer. No un-
ique �ground Floquet state� can therefore be identified
and the quasienergy Hohenberg–Kohn theorem fails.
However, as pointed out by Sambe [29], the wavefunc-
tions obtained from the two solutions are the same.
Physically different Floquet states can be associated
by unique reduced quasienergies by a particular choice
of �zone�. In our case, the unique choice of quasien-
ergy is established by requiring the zeroth-order nor-
malized regular function to be time-independent.
Maitra and Burke next cleverly give an example of
two different wavefunctions obtained from two differ-
ent potentials with the same density. However, since
one of the wavefunctions is manifestly an excited state
of its associated Hamiltonian, it cannot be used in a
reductio ad absurdum proof along the lines of the
Hohenberg–Kohn theorem, which requires the two
wavefunctions in question to be ground states of their
respective Hamiltonians. Once the theorem has been
established, working equations can be defined using
the adiabatic connection as done above, and here
the external potentials appear explicitly so that the
two systems discussed by Maitre and Burke are clearly
distinguished. Although the criticism of Maitra and
Burke is therefore not strictly justified, it has pointed
out possible weaknesses in the quasienergy formula-
tion of DFT that warrant further investigation.

2.3. The linear response function

In this section, we outline the derivation of the linear
response function. We first parameterize the quasienergy
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and then evaluate its second derivative with respect to
perturbation strengths at zero perturbation ei = 0.

The fundamental variable in DFT is the electron den-
sity q. In the second quantization formalism, the corre-
sponding operator is expressed asbq ¼ Xpq rð Þaypaq; Xpq rð Þ ¼ /y

p/q; ð25Þ

where Xpq(r) is an orbital distribution. We parameterize
the Kohn–Sham determinant using a unitary exponen-
tial orbital-rotation operator [2,24,38]

je0si ¼ exp �bjðtÞ½ �j0si; bjðtÞ ¼ jpqaypaq; jpq ¼ �j�
qp:

ð26Þ
where the summations over p and q are over the full set
of orthonormal Kohn–Sham orbitals. Following stand-
ard convention, we reserve indices i, j, k and l for occu-
pied orbitals and indices a, b, c and d for virtual orbitals,
whereas p, q, r and s are general indices. The advantage
of this parameterization is that redundant parameters
are easily identified and that it allows the use of uncon-
strained optimization techniques since the unitary oper-
ator conserves orthonormality of orbitals [39].

The orbital-rotation parameters carry the response of
the system. They inherit the periodicity of the Hamilto-
nian such that their Fourier transform is given by

jpqðtÞ ¼
XþN

k¼�N

jpq xkð Þ exp �ixkt½ �: ð27Þ

We furthermore assume that j = 0 corresponds to the
(in general) complex Kohn–Sham orbitals optimized
with respect to the zeroth-order Hamiltonian. Note that
j = 0 implies e = 0 and vice versa. We can accordingly
make use of the stationarity condition

oQ
ojpq

				
e¼0

¼ 0; 8jpq: ð28Þ

With the chosen parameterization, the electron density
can be expressed as

q r; jð Þ ¼ Dpq jð ÞXpq rð Þ; ð29Þ
where the elements of the density matrix are given by

DpqðjÞ ¼ he0sjaypaqje0si: ð30Þ

In this manner, the time-dependence of the system and
in particular its response to the periodic perturbations
are contained in the density matrix.

The quasienergy can now be expressed as [40]

Q½qðjÞ� ¼ Q0 þ
XþN

k¼�N

X
X

eX xkð ÞQX ðxkÞ; ð31Þ

where

Q0 ¼ h0;pqDpqðjÞ



þ 1
2
ðpqjrsÞDpqðjÞDrsðjÞ þ Qxc½qðjÞ�

þV NN � Ss½qðjÞ�gT ð32Þ
and

QX xkð Þ ¼
Z bHXqðjÞ dr exp �ixkt½ �

� �
T

: ð33Þ

We now invoke the adiabatic approximation (24) and
write the exchange-correlation energy functional as

Exc q½ � ¼ EGGA½qðjÞ� � 1
2
cðpqjrsÞDps jð ÞDrq jð Þ;

where c is the proportion of exact exchange. This form is
sufficiently general to encompass hybrid theories (c 5 0)
as well as the LDA and the generalized gradient approx-
imation (GGA). The GGA exchange-correlation func-
tional is written as

EGGA
xc ½q� ¼

Z
eGGA
xc ðq; fÞ dr; ð34Þ

where the f variable is related to the gradient of the den-
sity in the following manner [2]

fðr; jÞ ¼ rqðr; jÞ � rqðr; jÞ;
rqðr; jÞ ¼ DpqðjÞrXpqðrÞ:

The linear response function can now be written as
[37,40]

d2Q
deAðxaÞ deBðxbÞ

				
e¼0

¼ o2Q0

ojpqojrs

ojpq

oeAðxaÞ
ojrs

oeBðxbÞ

�
þ oQAðxaÞ

ojpq

ojpq

oeBðxbÞ
þ oQBðxbÞ

ojpq

� ojpq

oeAðxaÞ

�
e¼0

d xa þ xbð Þ ð35Þ

where the stationarity condition (28) has been invoked
to simplify the expression. The derivatives of the compo-
nents of the quasienergy are identified by a three-step
procedure, as described in [2]. We first perform a Ba-
ker–Campbell–Hausdorff expansion of the density
matrix

DpqðjÞ ¼ h0sjaypaqj0si þ h0sj bj; aypaqh i
j0si

þ 1
2
h0sj bj; bj; aypaqh ih i

j0si þ � � � ð36Þ

Next, this expansion is inserted into the parameterized
expansion for the quasi-energy (31). Finally, the quasi-
energy derivatives are identified by comparing terms to
a given order in jpq with terms of the same order in
the quasienergy expansion. The contributions from the
exchange-correlation energy (34) are obtained by
expanding the integrand – that is, the energy density
eGGA
xc ðq; fÞ.
A considerable simplification is achieved by realizing

that the fundamental variables q and f can be expanded
as a hierarchy of one-index transformed quantities and
that derivatives can be taken in a recursive manner.
Consider the expansion of the electron density (29).
The zeroth-order term is the expectation value of the
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density operator with respect to the unperturbed Kohn–
Sham determinant

q0 ¼ h0sjbqj0si ¼ Xii ¼ XjkDkj; Dkj ¼ ckic�ji; ð37Þ
where we have expanded the orbitals in a basis of real
atomic orbitals (AOs) as indicated by the use of Greek
subscripts. The higher-order terms involve nested com-
mutators of bq and bj but all reduce to expectation values
of effective one-electron operators. The first-order term
is given by

h0sj bj; bq½ �j0si ¼ X 1f g
ii ¼ jiaXai � Xiajai ð38Þ

where we have introduced the one-index transformed
overlap distribution Xf1g

ii . Note that the orbital-rotation
parameters {jij} and {jab} are absent from the first-or-
der term; they are thereby identified as redundant
parameters and the bj operator can be written asbj ¼ jaiayaai � j�

aia
y
i aa: ð39Þ

In the relativistic case, it is convenient to distinguish two
classes bjþ and bj� of orbital rotations, involving virtual
orbitals of positive and negative energy, respectively.
The expansion of the density can now be written as

q ¼ q0 þ Xf1g
ii þ 1

2
Xf2g

ii þ � � � ¼
X1
n¼0

1

n!
Xfng; ð40Þ

where

Xfng
pq ¼ jptX

fn�1g
tq � Xfn�1g

pt jtq: ð41Þ

Likewise, the f variable can be expanded as

f ¼ rq0 � rq0 þ 2rq0 � rXf1g
ii þrXf1g

ii � rXf1g
jj

þrq0 � rXf2g
ii þ � � � ð42Þ

Note that Xfng
pq is an n-fold one-index transformed over-

lap distribution and is at the same time of order n in j.
The recursive structure of (41) means that derivatives
can be taken in a recursive manner:

o
2q

oj�
aiojbj

				
j¼0

¼ � o
2q

ojiaojbj

				
j¼0

¼ � o

ojbj

o

ojia
Xf2g

ii

� �
¼ � o

ojbj
Xf1g

ai ¼ djiXab � dabXji: ð43Þ

Eq. (35) shows that the first-order response of the den-
sity is also needed to determine the linear response func-
tion. This can be achieved by insisting that the
stationarity condition (28) holds at all perturbation
strengths, establishing the variational parameters as
functions of the perturbation strengths k = k(e). In par-
ticular, we have the condition

d

deAðxkÞ
oQ
ojpq

				
e¼0

¼ 0; 8jpq; eAðxkÞ

from which the first-order response can be obtained.
The full derivation of the linear response function fol-
lows closely the derivation given by Saue and Jensen
[40], giving the expression

d2Q
deA xað Þ deB xbð Þ

				
e¼0

¼ d xa þ xbð Þ
2

bHA; bHB

D ED E
xa

�
þ bHB; bHA

D ED E
xb

�
; ð44Þ

wherebHA; bHB

D ED E
x
¼ �E

½1�y
A E

½2�
0 � xS½2�

� �
E

½1�
B

¼ bHB; bHA

D ED E�

x
: ð45Þ

Here E½1�
A and E

½1�
B are property gradients of the perturba-

tion operators bHA and bHB, respectively,

E½1�
X ¼

gX

g�X

� �
; gX ;ai ¼ �

Z bHXXai dr ð46Þ

and the electronic Hessian of the unperturbed reference
state is given by

E
½2�
0 ¼

A B

B� A�

� �
; Aai;bj ¼ dijF ab�dabF jiþLc

ai;jbþW GGA
xc;ai;jb;

Bai;bj ¼Lc
ai;bjþW GGA

xc;ai;bj; ð47Þ

where we have introduced the Kohn–Sham matrix

F pq ¼ hpq þLc
pq;jj þ V GGA

xc;pq ; Lc
pq;rs ¼ ðpqjrsÞ � cðpsjrqÞ:

ð48Þ
The integrals over the exchange-correlation potential
and kernel that appear here are given by

V GGA
xc;pq ¼

Z
oexc
oq

				
0

Xpq þ 2
oexc
of

				
0

rq0 � rXpq

� �
dr; ð49Þ

W GGA
xc;pq;rs ¼

Z
o
2exc
oq2

				
0

XpqXrs þ 2
o
2exc

oqof

				
0

rq0 � rXpq

 �
Xrs

��
þXpq rq0 � rXrsð Þ

�
þ 4

o2exc
of2

				
0

rq0 � rXpq

 �
� rq0 � rXrsð Þ þ 2

oexc
of

				
0

rXpq � rXrs

� ��
dr:

ð50Þ

Note that, in these expressions, the exchange-correlation
potential and kernel do not appear explicitly. Their ex-
plicit forms can be recovered by partial integration but
this leads to computationally more expensive expres-
sions. Finally, the generalized metric S[2] has the form

S½2� ¼
R D

�D� �R�

� �
; Rai;bj ¼ �dabdij; Dai;bj ¼ 0:

ð51Þ
In the next section, we show that

bHA; bHB

D ED E
x
¼ bHA; bHB

D ED E�

�x
ð52Þ
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so that the linear response function can be expressed as

d2Q
deA xð Þ deB �xð Þ

				
e¼0

¼ bHA; bHB

D ED E
x
: ð53Þ

However, as pointed out by Sellers [41], the use of (53)
leads to a loss of precision relative to the symmetric
form in (44).
2.4. Response equations and symmetries

The electronic Hessian is generally computationally
too expensive and too large to be explicitly constructed.
The linear response function is therefore generally ob-
tained via the solution of the response equations

E
½2�
0 � xS½2�

� �
XBðxÞ ¼ �E

½1�
B ð54Þ

followed by the contraction of the solution vector XB(x)
with the property gradient E½1�

A . The frequency-depend-
ent linear response function has poles at the resonance
frequencies. Although these poles signal the breakdown
of the underlying perturbation theory, they also allow
the extraction of excitation energies. The closely related
eigenvalue equation

E
½2�
0 � xS½2�

� �
X0ðxÞ ¼ 0 ð55Þ

allows the direct determination of excitation energies as
well as the associated transition moments [42]. In a sub-
sequent paper, we report our relativistic DFT implemen-
tation of this equation.

The response equations (54) are normally solved by
expanding the solution vector XB(x) in a set of trial vec-
tors {bi}:

XBðxÞ ¼
Xn

i¼1

biaB;iðxÞ; B ¼ b1 b2 � � � bn½ �; ð56Þ

followed by the solution of the n-dimensional reduced
response equationseE½2�

0 � xeS½2�� �
aBðxÞ ¼ �eE½1�

B ð57Þ

in terms of the reduced Hessian eE½2�
0 ¼ ByE

½2�
0 B, the re-

duced metric eS½2�
¼ ByS½2�B, and the reduced property

gradient eE½1�
B ¼ ByE

½1�
B . The trial vector space is succes-

sively augmented until convergence, as measured by
the relative norm of the residual vector [40].

Whereas the contraction of the generalized metric S[2]

with a trial vector is trivial, the contraction involving the
electronic Hessian E

½2�
0 determines the cost of a linear re-

sponse calculation. As will be shown shortly, it can be
formulated as the construction of modified Kohn–Sham
matrices. In previous work on linear response at the
relativistic Hartree–Fock level, the trial vectors were
chosen such that the resulting matrices acquired a
well-defined structure with respect to Hermiticity and
time-reversal symmetry [37,40]. This approach also
makes the reduced response equations real. As we now
demonstrate, this approach has further distinct advan-
tages in DFT.

The solution vector XB(x) contains the first-order re-
sponse of the density:

XBðxÞ ¼
z

y�

� �
; zai ¼

ojaiðxÞ
oeBðxÞ

				
e¼0

; y�ai ¼
oj�

aið�xÞ
oeBðxÞ

				
e¼0

:

ð58Þ

From the structure of the electronic Hessian E
½2�
0 in (47),

the metric S[2] in (51), and the property gradient E½1�
B in

(46), we can show that, if XB(x) is a solution to the re-
sponse equations (54), then a second solution is given by

E
½2�
0 þ xS½2�

� �
XBð�xÞ ¼ �E

½1�
B ; XBð�xÞ ¼

y

z�

� �
:

ð59Þ
Indeed, it is this property of the response equations that
gives the relation (52) of the preceding section. In the
iterative solution of the response equations, it is impor-
tant to preserve this property of paired solution vectors.

The elements of the solution vector are two-index
quantities, just like the elements of the property gradient
(46). However, whereas the elements of the upper and
lower blocks of the property gradients are related by
the Hermiticity of the corresponding property matrix,
there is no such relation between the upper and lower
blocks z and y* of the solution vectors; their elements
constitute a general matrix. On the other hand, the plus
and minus combinations of the pair of solution vectors
XB(x) and XB(�x) do give vector structures that corre-
spond to matrices of specific Hermiticity

XBðxÞ þ hXBð�xÞ ¼
x

hx�

� �
; h ¼ �1: ð60Þ

Therefore, just like a general matrix, each solution vec-
tor can be split into Hermitian and anti-Hermitian parts

XBðxÞ ¼ X
ðþÞ
B ðxÞ þ X

ð�Þ
B ðxÞ: ð61Þ

From (60), we deduce the relations

X
ðþÞ
B ðxÞ ¼ X

ðþÞ
B ð�xÞ; X

ð�Þ
B ðxÞ ¼ �X

ð�Þ
B ð�xÞ ð62Þ

showing, for instance, that the anti-Hermitian contribu-
tion to the solution vectors vanishes in the static limit
x = 0. Further structure can be imposed on the trial vec-
tors by considerations of time-reversal symmetry, to
which we now turn our attention.

In the present formulation, we have restricted our
attention to multiplicative one-electron property opera-
tors. In the non-relativistic domain, such operators may
be classified as singlet or triplet operators; in the relativ-
istic domain, spin symmetry is lost but can, to some ex-
tent, be replaced by time-reversal symmetry. To see the
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difference between these symmetries, we consider the
matrix of an operator bX in a Kramers-paired basis
f/p;/p ¼ K/pg [43,44] – that is, in a basis of functions
paired by the time-reversal operator K:

KbXK�1 ¼ tbX ) X ¼
A B

�tB� tA�

" #
;

Apq ¼ /pjbXj/q

D E
¼ hA�

qp; Bpq ¼ /pjbXj/q

D E
¼ �thBqp:

ð63Þ
We assume that the operator bX is Hermitian (h = +1)
and either symmetric (t = +1) or antisymmetric
(t = �1) with respect to time reversal. The above struc-
ture may be compared with the matrix structure in a
spin-orbital basis f/p ¼ wpa;/p ¼ wpbg. In the case of
a scalar (singlet) operator such as the non-relativistic
Hamiltonian, we have a structure corresponding to
t = +1. However, the matrix can be chosen real and is
automatically block diagonalized since B = 0 upon spin
integration. This may be compared with the relativistic
case, where the matrix is in general complex and only
the diagonal elements of the block B are zero. A triplet
operator such as the spin Zeeman operator gives a ma-
trix structure corresponding to t = �1 with B = 0, pro-
vided that the magnetic field is parallel to the spin
quantization axis.

Electric and magnetic properties are generally de-
scribed by time-reversal symmetric and antisymmetric
operators, respectively. Matrices of time-symmetric
structure can be block diagonalized by a unitary quater-
nion transformation and this forms the basis of a sym-
metry scheme that automatically provides maximum
point-group and time-reversal symmetry reduction of
the computational effort [45]. The quaternion block
diagonalization does not apply to matrices of time-
reversal antisymmetric operators. However, such opera-
tors can be incorporated in the quaternion symmetry
scheme by extracting a purely imaginary phase, thereby
making them time-symmetric and anti-Hermitian [40].
The latter feature poses no problem since the linear re-
sponse algorithm can be set up to handle both Hermit-
ian and anti-Hermitian trial vectors.

We now consider the explicit expression for the con-
struction of the r vector – that is, the contraction of the
electronic Hessian E[2] with a trial vector b. From the
structure of the electronic Hessian (47), we immediately
obtain

rai ¼ Aai;bjbbj þ Bai;bjbjb ¼ � F f1g
ai þ Gai

� �
; ð64Þ

where F{1} is a one-index transformed Kohn–Sham ma-
trix analogous to (41):

F f1g
pq ¼ W ptF tq � F ptW tq; W ij ¼ 0; W ia ¼ �bia;

W ai ¼ bai; W ab ¼ 0 ð65Þ
and where the elements of G can be expressed as:
Gpq ¼ Lc
pq;rsbsr þ W GGA

xc;pq;rsbsr: ð66Þ

The second term on the right-hand side of this expres-
sion can be written as

W LDA
xc;pq;rsbsr ¼

Z
o2exc
oq2

				
0

Xpqq
ð1Þ dr;

qð1Þ ¼ Xrsbsr ¼ XjkD
ð1Þ
kj ; Dð1Þ

kj ¼ cksbsrc�jr; ð67Þ

where, for simplicity, we give only the LDA contribu-
tion. Expansion in the AO basis and comparison with
(37) show that the quantity q(1) has the form of a per-
turbed density. An analogous expansion of Lc

pq;rsbsr
shows that it corresponds to the two-electron part of a
Fock matrix constructed from a modified AO density
matrix D(1) [37,40].

While the Hessian conserves both the Hermiticity and
the time-reversal symmetry of the generating trial vec-
tor, the reduced metric conserves time-reversal symme-
try but reverses Hermiticity [37]. It follows that, in the
static limit, only trial vectors of the same Hermiticity
and time-reversalsymmetry as the property gradient
contribute. By contrast, in the frequency-dependent
case, trial vectors of both Hermiticities must be in-
cluded. To take advantage of quaternion symmetry,
we require all property gradients to be time-symmetric.
For time-antisymmetric property operators, this symme-
try is imposed by the extraction of an imaginary phase
as described above, making the operator anti-Hermit-
ian. The phase is reintroduced in the final construction
of the linear response function.

For a time-symmetric anti-Hermitian trial vector,
the modified density q(1) vanishes. The pure DFT con-
tribution to the G matrix (66) therefore vanishes for
functionals based on the total charge density, which
is a time-symmetric operator. Non-zero contributions
are obtained by the introduction of functionals that
also depend on spin or current densities, which have
time-antisymmetric operators. Both quantities can be
thought to signal the presence of magnetic interactions.
The current density does so in an explicit manner since
it couples to vector potentials through the principle of
minimal electromagnetic coupling. For an electric
property such as the dipole polarizability, there are
no contributions to G from spin or current densities
in the static limit, only at finite frequencies. Physically,
this can be understood from the fact that a time-
dependent electric field sets up a magnetic field. For
magnetic properties, the situation is reversed – there
are then contributions to the G matrix from the total
density only at finite frequencies, reflecting the fact
that a time-dependent magnetic field creates an electric
field.

In the case of a time-symmetric anti-Hermitian trial
vector, also the direct contribution to the term involving
Lc

pq;rs is zero. At the LDA and GGA levels of theory, the
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G matrix is accordingly zero for such trial vectors. For
hybrid functionals, there is a non-zero contribution
from exact exchange, strongly suggesting that the intro-
duction of exact exchange enhances spin polarization
[46]. In practice, this contribution leads to convergence
problems and we have eliminated it. It seems more rea-
sonable that the contribution from exact exchange to the
G matrix for time-symmetric anti-Hermitian trial vec-
tors is included only when spin or current density
dependence is added to the hybrid functional.
3. Frequency-dependent dipole polarizabilities of the

isoelectronic series Hg, AuH, and PtH2

3.1. Introduction

As a first application of our implementation of 4-
component relativistic DFT linear response, we have
chosen to study the dipole polarizability of the mer-
cury atom. This property is special in that it shows
very large effects of correlation and relativity. Kunz
et al. calculated the static value using different Hamil-
tonians and methods, reporting a static value of 81.20
a.u. obtained by numerical, non-relativistic Hartree–
Fock calculations [47], far from the value of 33.919
a.u. derived by Goebel and Hohm from interferometric
measurements of the frequency dependence of the
refractive index of the mercury vapor [48]. Inclusion
of relativity through the scalar second-order Doug-
las–Kroll Hamiltonian (sDK2) reduces the value to
45.26 a.u. At the second-order Møller–Plesset (MP2)
level of theory, the inclusion of electron correlation
overshoots the experimental value somewhat, giving a
static value of 28.56 a.u. Better agreement with exper-
iment was obtained by Schwerdtfeger et al. (33.44 a.u.)
using quadratic configuration-interaction singles-and-
doubles theory with a perturbative triples correction
(QCISD(T)) and relativistic pseudopotentials [49], and
by Kellö et al. (33.79 a.u.) using the sDK2-CCSD(T)
method [50].

To demonstrate the applicability of our method to
molecular systems, we have also calculated the frequen-
cy-dependent dipole polarizabilities of the isoelectronic
molecules AuH and PtH2.

3.2. Computational details

All calculations have been carried out using a devel-
opment version of the DIRACDIRAC code [51]. All calculations
are based on the Dirac–Coulomb Hamiltonian and were
carried out with Gaussian nuclear charge distributions
[52]. We have employed the exchange–correlation func-
tionals LDA (SVWN5) [53,54], BLYP [55,56] and
B3LYP [57,58] in their spin-independent forms, in a
self-consistent manner during the optimization of the
Kohn–Sham orbitals and with their proper potentials
and kernels in the linear response calculations. The adi-
abatic approximation (24) was invoked in the response
calculations. Further details of the DFT implementation
in DIRACDIRAC is found in [2].

For the metal atoms, we have used the relativistic fi-
nite nucleus XZ (X = D,T,Q) Gaussian basis sets devel-
oped for the 5d elements Hf to Hg by Dyall [59]. For the
hydrogen atoms, we used the Dunning aug-cc-pVXZ
sets [60] of corresponding cardinal number X. All basis
sets were used in their uncontracted form. For the metal
atoms, we tested the effect of adding p and f polarization
functions to the basis set. Whereas the addition of a p
function in an even-tempered manner had only a minor
effect, increasing the static polarizability by no more
than 0.05 a.u., the inclusion of an optimized f function
had a significant effect, increasing the static dipole
polarizability by up to 1 a.u. Only the f functions were
therefore used in the calculations, giving the final
large-component basis sets 22s19p12d9f, 29s24p15d11f,
and 34s30p19d13f, which we denote uncDZ*, uncTZ*
and uncQZ*, respectively. The small component basis
sets were generated by unrestricted kinetic balance
(UKB), although restricted kinetic balance was imposed
in the course of the calculations [61].

For the AuH molecule, we used the experimental
bond length of 152.385 pm [62]. Since no experimental
geometry was available for the PtH2 molecule, we used
the geometry optimized at the B3LYP/uncTZ* level,
with a bond distance of 151.83 pm and a bond angle
of 87.58� (the corresponding values at the B3LYP/
uncDZ* level are 152.02 pm and 88.26�). In the geome-
try optimization, we used a numerical molecular gradi-
ent and a simple Coulombic correction that eliminates
the contribution from the (SS|SS) integrals in the calcu-
lation of spectroscopic constants [63]. Since the dipole
polarizability is very much a (outer) valence property,
these integrals were also eliminated in the response cal-
culations, as were the j� orbital rotations. These sim-
plifications correspond to the approximation E of [40].

3.3. Results and discussion

A recent review of the performance of non-relativistic
DFT for the calculation of molecular polarizabilities has
been given by Koch and Holthausen [64], whereas a gen-
eral review on polarizabilities with emphasis on experi-
ment has recently been given by Hohm [65]. Although
the number of systems studied by us is too small to draw
overall conclusions regarding the performance of the
implemented 4-component relativistic linear response
DFT, some observations can be made.

The dispersion of the mean dipole polarizability of
the mercury atom in the frequency interval 0.00–0.30
a.u., calculated at the LDA/uncTZ* level of theory, is
displayed in Fig. 1. Two poles corresponding two elec-
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Fig. 1. LDA/uncTZ* mean polarizability of the mercury atom as a
function of frequency. All values in atomic units.
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tronic excitations may be discerned. The first, rather
narrow pole can be attributed to the spin-forbidden
transition 1S0 ! 3P1; the second, broader pole corre-
sponds to the transition 1S0 ! 1P1. In Table 1, we pre-
sent the static dipole polarizability of the mercury
atom calculated at different levels of theory and com-
pared with experiment. We have furthermore directly
calculated the first two electric dipole-allowed excited
states of Hg (i.e., 3P1 and

1P1) using the response eigen-
value equation (55).

For all methods, we find that the dipole polarizability
increases as we improve the quality of the basis set, in
agreement with previous studies – see, for example,
[66]. If we assume that this trend holds upon further
improvement of the basis sets, then clearly LDA shows
the best agreement with the value derived from experi-
ment. This is in clear contrast with the general trend
Table 1
Static mean polarizability and the two first excitation energies for the
mercury atom

a 3P1
1P1

Exp. 33.92 [48] 0.1796[76] 0.2464[76]

HF
uncDZ* 43.95 0.1056 0.2080
uncTZ* 44.63 0.1048 0.2056
uncQZ* 44.81 0.1047 0.2054

LDA
uncDZ* 32.61 0.2038 0.2422
uncTZ* 33.42 0.2041 0.2410
uncQZ* 33.72 0.2042 0.2408

BLYP
uncDZ* 33.69 0.1971 0.2357
uncTZ* 34.50 0.1974 0.2327
uncQZ* 34.77 0.1975 0.2320

B3LYP
uncDZ* 34.80 0.2166 0.2550
uncTZ* 35.53 0.2166 0.2511
uncQZ* 35.75 0.2166 0.2502

Atomic units are used.
of LDA overestimating polarizabilities, as first observed
by Guan et al. [67].

The results of Schwerdtfeger et al. [49] and of Kellö
et al. [50] given in the introduction are of the same qual-
ity, but have been obtained with methods that are for-
mally more expensive. These authors can furthermore
not describe the dispersion correctly, having obtained
the polarizability by finite-field calculations. However,
even an analytical approach would not be completely
satisfactory since scalar relativistic methods are used; a
perturbational inclusion of the spin-orbit interaction
would not improve the situation since the poles in the
dispersion are determined by the unperturbed ground
state [40].

The effect of correlation on the static polarizability of
the mercury atom is of the order of 10 a.u. and is quite
striking. An analysis of the solution vectors [40] in the
uncQZ* basis shows that the contribution of excitations
from the 6s1/2 orbital to the squared norm of the solu-
tion vector is 97.6%, 91.8%, 92.3% and 93.7% at the
Hartree–Fock, LDA, BLYP and B3LYP levels of the-
ory, respectively, demonstrating that excitations from
the 5d manifold become more important in DFT. This
observation fits well with the relative sizes and energies
of the 5d and 6s mercury orbitals found in [2].

The excitation energies appear less sensitive than the
polarizability to the basis chosen and the overall basis-
set trends are less clear. Whereas Hartree–Fock theory
underestimates both excitation energies, all three DFT
functionals show a rather good agreement with the
experimental value for the 1S0 ! 1P1 transition, with
B3LYP coming out best. All three functionals overesti-
mate the 1S0 ! 3P1 transition. The larger deviation ob-
served for this transition may perhaps be understood
from the observation that contributions from spin and
current densities should be more important for spin-for-
bidden transitions.

The experimental value of the static polarizability of
mercury has been obtained by fitting frequency-depend-
ent values to a three-term Cauchy expansion

aðxÞ ¼
Xn

k¼0

S �2k � 2ð Þx2k: ð68Þ

As will be discussed shortly, this fitting procedure may
introduce errors and it is therefore better to compare di-
rectly with the experimental frequency-dependent polar-
izabilities – see Table 2. The performance of the LDA
functional is remarkable, with the uncTZ* and uncQZ*
bracketing the experimental values, never exceeding an
error of 0.25 a.u. The BLYP and B3LYP functionals
fare considerably worse, with errors in the range 1.14–
2.54 a.u.

The very good, possibly fortuitous performance of the
LDA functional prompted us to fit 16 evenly spaced
polarizabilities in the frequency range 0.00–0.15 a.u. to



Table 2
Direct comparison of experimental [48] and calculated values of the polarizability (in atomic units) at three wavelengths

k (nm) Exp. HF/uncTZ* LDA/uncTZ* LDA/uncQZ* BLYP/uncTZ* B3LYP/uncTZ*

632.99 35.75 49.84 35.58 35.88 36.89 37.66
543.516 36.63 52.44 36.45 36.75 37.86 38.51
325.13 44.64 70.47 44.58 44.87 47.18 46.15

Table 4
Basis set study of the static dipole polarizability of AuH

Method X a ak a?

HF D 35.50 37.06 34.72
T 36.42 37.45 35.91
Q 36.72 37.61 36.27

LDA D 34.97 37.91 33.49
T 36.36 38.53 35.28
Q 36.86 38.73 35.92

BLYP D 35.99 38.97 34.50
T 37.15 39.32 36.07
Q 37.64 39.47 36.72

B3LYP D 35.67 38.63 34.19
T 36.76 38.99 35.64
Q 37.18 39.14 36.20

The basis sets used for the gold and hydrogen atom are uncXZ* and
uncontracted aug-cc-pVXZ, respectively, where X is the cardinal
number. The mean polarizability a as well as the parallel ak and per-
pendicular a? components are given.

Table 5
Basis set study of the static dipole polarizability of PtH2

Method X a azz axx ayy

HF D 37.62 35.20 40.29 37.36
T 38.78 36.10 40.90 39.32
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Cauchy formulas of different orders n – see Table 3.
Although the values obtained from the three-term fit
agree reasonably well with the values Sð�2Þ ¼ að0Þ ¼
33:919 a.u., S(�4) = 279.8 a.u. and S(�6) = 14,064 a.u.
obtained by Goebel and Hohm, our sequence of fits
clearly show that the Cauchy moments, even the static
polarizability, are not converged. In fact, the S(�6) term
has converged only with a eight-term Cauchy expansion.
The sensitivity of the fits to the order of theCauchy expan-
sion (and the number of points) was reported in a previous
study of themercury atom [68] and certainly requires care-
ful attention, in both experimental and theoretical stud-
ies. In calculations, polynomial fits can be avoided
altogether by a direct calculation of Cauchy moments
[69]. At the LDA/uncTZ* level, we obtain S(�4) =
381.5 and S(�6) = 6513 a.u., thus illustrating the basis-
set sensitivity of the Cauchy moments.

The calculated mean polarizabilities and individual
components of the polarizability tensor of AuH and
PtH2 are listed in Tables 4 and 5, respectively. These re-
sults confirm the basis-set trends observed for the mer-
cury atom, whereas the correlation effect is significantly
smaller. There are no experimental dipole polarizabilities
to compare with and, for PtH2, even an experimental
geometry is not available.

Avramopoulos et al. [70] have reported scalar second-
order Douglas–Kroll finite-field calculations of the static
dipole polarizability of AuH in connection with a study
of the HF� � �AuH dimer. At the Hartree–Fock and
CCSD(T) levels of theory, they obtain 36.21 and 39.12
a.u., respectively, for the parallel component, and
34.48 and 34.76 a.u., respectively, for the perpendicular
component. Even though they use a polarized basis set
specially designed for the calculation of electric proper-
ties, its overall quality is at the double-zeta level, as can
Table 3
Cauchy moments S(�2), S(�4) and S(�6) in atomic units of the
mercury atom obtained by fitting 16 polarizabilities calculated at the
LDA/uncQZ* level and evenly distributed in the frequency interva
0.00–0.15 a.u. to a n-term Cauchy expansion

n S(�2) S(�4) S(�6)

3 33.78375 323.4215 12467.84
4 33.70665 397.8091 2911.67
5 33.71737 379.4130 7311.32
6 33.71587 383.4995 5742.65
7 33.71608 382.6668 6213.82
8 33.71605 382.8226 6090.81
9 33.71605 382.8225 6090.89

Q 39.07 36.31 40.98 39.91

LDA D 39.74 38.76 40.83 39.62
T 41.51 39.93 41.85 42.74
Q 42.12 40.30 42.07 43.98

BLYP D 40.73 40.00 41.50 40.69
T 42.24 40.86 42.35 43.51
Q 42.85 41.17 42.52 44.86

B3LYP D 39.69 38.67 40.89 39.50
T 41.09 39.54 41.67 42.08
Q 41.60 39.83 41.81 43.17

The basis sets used for the platinum and hydrogen atom are uncXZ*
and uncontracted aug-cc-pVXZ, respectively, where X is the cardinal
number. The molecule lies in the xz plane with the C2 axis along the z
axis.
l

be inferred by comparing with our Hartree–Fock results
of Table 4. In fact, using their basis set in an uncon-
tracted form, we obtain ak = 36.83 a.u. and a? = 35.20
a.u.; the corresponding values at the LDA level are
38.11 and 35.23 a.u. In another study, Avramopoulos
et al. have investigated the vibrational corrections to
the polarizability of the AuH molecule [71]. At the
sDK2-CCSD(T) level of theory, the zero-point vibra-
tional correction is of the order of 1%, whereas the pure
vibrational correction is zero.
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The dispersion curves for AuH and PtH2 are not
completely resolved with respect to resonances and are
not shown here. On the other hand, we have extracted
Cauchy moments at the LDA/uncTZ* level. For AuH,
we find S(�4) = 535.80 a.u. and S(�6) = 22369 a.u.
For PtH2, we obtained a stable value only for
S(�4) = 968.45 a.u. due to low-lying excitations.
4. Conclusion

In this paper, we have reported the implementation
and application of DFT linear response theory based
on the 4-component relativistic Dirac–Coulomb Hamil-
tonian. Due to the separability of Hamiltonians and
methods, the theory can be developed with little refer-
ence to relativity. We have based the theory on the qua-
sienergy formalism or Floquet theory, which can be
applied quite generally to both variational and non-var-
iational wavefunction methods as well as DFT using var-
iational perturbation theory. In quasienergy DFT, the
dependence of the initial state in the Runge–Gross theo-
rem is replaced by periodic boundary conditions. The
stationarity condition (17) on the (time-averaged) quasi-
energy is sufficient to determine the time-evolution of the
phase-isolated wavefunction je0i and thereby the density.
The time-dependent function F that appears in the com-
plete wave function j0i in (6) can then be determined by
integration of (8) and does have an initial-state depend-
ence. However, knowledge of F is not needed for the con-
struction of the density or for the determination of any
property associated with an operator involving time der-
ivation. The theory is cast in the language of second
quantization, using an exponential parameterization of
the Kohn–Sham determinant. The resulting response
equations are essentially identical to the ones obtained
from Kohn–Sham linear response theory based on the
Runge–Gross theorem. However, through their alterna-
tive derivation we avoid contradictions in causality and
time-symmetry arguments, as has been observed by van
Leeuwen [12] for general TD-DFT, and can express the
exchange–correlation potential and kernel as functional
derivatives of the quasienergy. We discuss the nature of
the exchange–correlation quasienergy and the recent
criticism of DFT Floquet theory by Maitra and Burke
[25]. We conclude that this criticism is not justified. On
the other hand, the frequency range of validity of the
quasienergy variational principle (17) requires further
study.

In our calculations, we impose structure on the
response equations in terms of Hermiticity and time-
reversal symmetry. Furthermore, we impose a time-
reversal symmetric structure on all property gradients,
enabling the use of a quaternion symmetry scheme that
automatically provides maximum point-group and time-
reversal symmetry reduction of the computational effort
[45]. For time-reversal antisymmetric operators, this is
obtained by extracting a purely imaginary phase, thus
making the operator anti-Hermitian.

From the structure of the response equations, we ob-
serve that frequency-dependent electric properties re-
ceive contributions from DFT functionals based on
spin or current densities that vanish in the static limit.
These quantities indicate the presence of magnetic inter-
actions and their appearance can be understood from the
fact that time-dependent electric fields generate magnetic
fields. We employ DFT functionals of the total density
only; for these functionals, there is no contribution from
the exchange–correlation kernel to the time-reversal
symmetric anti-Hermitian trial vectors appearing for fre-
quency-dependent electric properties.

For hybrid functionals, the exact exchange contribu-
tion survives, but we have chosen to eliminate these con-
tributions. First, the hybrid functionals have been
constructed by interpolation between the exchange–cor-
relation hole of the fictitious non-interacting Kohn–
Sham system and that of the real interacting system in
the adiabatic connection. When the pure DFT contribu-
tion vanishes, it seems reasonable to eliminate the exact
exchange contribution as well. Second, we find that the
presence of the exact exchange contribution for anti-
Hermitian trial vectors leads to convergence problems.

From our analysis of the response equations, it ap-
pears that the introduction of current or spin density
DFT functionals should be considered not only for mag-
netic properties, but for the calculation of excitation
energies and frequency-dependent electric properties as
well. The introduction of spin density in a relativistic
context is not straightforward [72] since spin is no longer
a good quantum number. On the other hand, it may be
argued that the introduction of current density in a rel-
ativistic context is simpler than in the non-relativistic
domain since the mathematical form of the current den-
sity operator is simpler and also because magnetic inter-
actions vanish in the non-relativistic limit [37].

We have applied our implementation of relativistic
DFT linear response to the calculation of the frequen-
cy-dependent dipole polarizability of the isoelectronic
series Hg, AuH, and PtH2. For the mercury atom, the
performance of the LDA functional is superior to that
of the BLYP and B3LYP functionals and in remarkable
agreement with experiment. This allows us to extract
Cauchy moments that are superior to the experimentally
derived values since we go to higher order in the Cauchy
moment expansion. The excellent performance of the
LDA functional warrants further study. Benchmark
studies on molecules containing both light (see for in-
stance [73]) and heavy elements [3,74] show that the
LDA functional generally delivers good geometries
and harmonic frequencies. The LDA, on the other hand,
fails rather miserably with respect to bond energies.
This situation has therefore prompted the search for
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empirical energy corrections to the LDA [75]. For light
elements LDA is known to overestimate dipole polariz-
abilities [67]. Although the first results for heavier
elements are very promising, more work is clearly neces-
sary to assess the performance of 4-component linear re-
sponse DFT for the calculation of electric and magnetic
second-order properties.
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