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ABSTRACT. In this paper we consider the geometry dependence of the mo-
lecular Hamiltonian. The Hamiltonian is constructed in a geometry-de-
pendent orbital representation. Orbital connections are introduced to 
link such representations at different geometries, and it is shown how 
orthogonal connections lead to geometry-independent density elements. 
Derivative expressions of the Hamiltonian are given in terms of one-in-
dex transformations of the integrals. It is illustrated how the 
Hellmann-Feynman theorem may be applied directly to SCF and limited CI 
wave functions once the right orbital connections have been chosen. 
Some computational aspects are considered and finally the relation to 
covariant derivatives in differential geometry is discussed. 

INTRODUCTION 

One of the more troublesome aspects of quantum chemistry is the 
use of incomplete molecular basis sets. Apart from the interpretational 
difficulties connected with the use of such basis sets, many technical 
problems arise from the fact that finite basis sets usually depend ex-
plicitly on the nuclear configuration of the molecule [1]. In the pres-
ent article the specific problems that arise from the use of such or-
bital bases (notably finite basis sets fixed on the atomic centres) are 
analyzed. The aim is twofold: (1) to present a formalism which treats 
both constant and variable orbital bases on the same footing - the 
basic equations should always "look" the same; (2) to indicate how this 
formalism points the way to efficient computational schemes. 

In the following some familiarity with the second-quantization 
formalism is assumed. A good exposition at the level assumed here has 
been given by McWeeny and Pickup [2], while more comprehensive accounts 
with quantum chemical applications will be found in the monographs by 

P. J¢rgensen and J. Simons (eds.), Geometrical Derivatives of Energy Surface
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J;rqensen and Simons [3] and by Linderberq and ohrn [4]. The present 
article contains only a brief outline of the method, mainly to 
establish a notation. 

2 THE STRUCTURE OF THE HAMILTONIAN 

Before we can discuss the structure of the molecular Hamiltonian 
we have to decide upon the quantum mechanical representation to be 
used. As noted in the introduction we will have to use qeometry-depend-
ent basis sets, and it then appears advantaqeous to work with a repre-
sentation where this dependence can be incorporated in the Hamiltonian 
rather than in the wave function. In this way we may be able to reduce 
our problem to that of constant (qeometry-independent) basis sets at 
the price of some additional complications in the Hamiltonian. Further-
more, this approach is certainly wise in those cases where we want to 
work on a larqe number of wave functions (states or confiqurations) but 
only one Hamiltonian. 

2.1 Variable Orbital Representations 

To pinpoint the complications that arise in connection with 
variable orbital bases it is instructive to compare the coordinate and 
orbital representations of the molecular Hamiltonian. 

The basic elements of the second-quantization formalism are the 
annihilation and creation operators [4]. In the coordinate representa-
tion the operators (fee)} annihilate an electron at E, while the corre-
sponding operators in the orbital representation {a } annihilate an 
electron in orbital p. Let the functional form the coordinate re-
presentation) of orbital p be , (E;x). The set of orbitals is assumed 
to be complete and orthonormal But their functional form may vary with 
x, the nuclear coordinates of the molecular system. [To be specific we 
may assume that the orbitals are linear combinations of atomic orbitals 
(LCAO) fixed on the nuclei, althouqh this is not important for the 
present arqument.] The annihilation operators are then related accord-
inq to the equation 

feE) = r , (E;x)a . p p p ( 1 ) 

By takinq the adjoint of this expression we obtain the correspondinq 
equation for the creation operators (f+(E)} and {a+ •. Note that Eq. (1) 
and its adjoint hold exactly only for complete expansions. 

The Hamiltonian may now be constructed in the above representa-
tions. If the usual "first-quantization" Hamiltonian in the coordinate 
representation is written as 
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;x) = + (1/2)C n 1 1 1J 1 J 
(2) 

the corresponding second-quantization operator becomes 

H(x) = + 

+ (3) 

To determine the orbital representation of this operator we simply sub-
stitute Eq.(1) and its adjoint in the above expression and obtain 

(4) 

where the one- and two-electron matrix elements are given as 

hpq(X) = 

qpqrs(X) = ;x) (5) 

(assuming real orbitals). It is easily seen that the geometry depend-
ence of the Hamiltonian is more complicated in the orbital representa-
tion as the orbitals (i.e. the representation itself) depend on the nu-
clear geometry. In fact, in this representation the geometry-dependence 
extends even to the two-electron part of the Hamiltonian. No such de-
pendence is found, of course, in the coordinate representation.' 

In the above equations we have assumed complete orbital bases. 
Truncation of these orbital bases presents by itself nothing new except 
that our description is no longer complete. [To be more specific Eq.(1) 
no longer holds exactly so that the Hamiltonians (3) and (4) are no 
longer equivalent.] In practice, however, basis set truncation is inti-
mately connected to geometry dependence because an incomplete basis 
must be allowed to change with geometry to give a fairly uniform de-
scription of the molecular system. In the LCAO approximation (as as-
sumed here) this is traditionally achieved by fixing the atomic orbit-
als on the nuclei, although in some cases the orbital centres have been 
determined variationally [5]. Conversely there is no need to introduce 
geometry variation into complete orbital bases as such sets obviously 
describe the molecular system completely at all geometries. 

2.2 Orbital Connections 

In Section 2.1 the Hamiltonian was set up in a variable but ortho-
normal orbital representation. To study the geometry dependence of this 
Hamiltonian in any detail we must first find a way to relate or 
·connect· orbitals at neighbouring points x, i.e. we must establish a 
one-to-one correspondence between orbitals at neighbouring points. 
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Rules that accomplish this will be called orbital connections. 
In the LCAO approach the situation .ay be pictured as follows: At 

each geometry we have a set of atomic orbitals from which an infinite 
set of unitarily equivalent orbital bases can be constructed. As the 
geometry changes we must pick out exactly one of these orbital bases 
(orbital representations) at each point x. In this wayan orthogonal 
orbital connection is established. (A connection will be called orthog-
onal if it preserves orthonormality between orbitals.) As a further re-
quirement this connection must be continuous. 

In many cases it does not matter what particular basis is chosen 
at each geometry as long as the above requirements are fulfilled. In 
such cases we can let our choice of orbitals be dictated by convenience 
alone - a good choice being the symmetric orthonormalization described 
below. However, in certain cases (notably limited CI) the wave function 
is not constructed from an optimal set of molecular orbitals at each 
point. Rather the orbitals are defined by some procedure independent of 
the actual wave function determination, and our connection should then 
connect these predefined orbitals. In the following we will therefore 
consider a more general connection than the simple symmetric ortho-
normalization. 

First x = x is chosen as the reference geometry and at this point 
a set of orthonoimal molecular orbitals (MO's) are determined as a lin-
ear combination of atomic orbitals (AD's). In the coordinate represen-
tation we have 

(6) 

and orthonormality implies 

Spq(xo ) = = r CO CO SAO(X ) = 6 (7) qv 0 pq 

As the geometry changes the orbitals are no longer orthonormal: 

(8) 

However, provided the overlap matrix is non-singular we can define 
a new set of orthonormal orbitals (OMO's) [6] 

(9) 

where Q(x) is a continuous and differentiable unitary matrix. By set-
ting Q(x) _ 1 we obtain the simpler symmetric orthonormalization 

( 10) 
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Note that in this case the orthonormal orbitals are defined explicitly 
in terms of the unmodified molecular orbitals (UMO's) determined at the 
reference qeometry. 

The symmetrical orthonormalization (10) has several well-known and 
important properties, as discussed by Lowdin [6]. First of all it is 
simple (analytic), as opposed to procedures such the successive Gram-
Schmidt orthonormalization. It further provides the closest possible 
resemblance between the orbitals before and after the orthonormal-
ization, and finally it does not destroy the symmetry of the initial 
MO's. 

Equation (9) obviously defines an orthoqonal and continuous con-
nection. The explicit form of the matrix elements {h } and {g } en-
terinq the Hamiltonian (4) may therefore be determingS. using we 
find [7] 

hpq(X) = [ijhij(x)Vpi(X)Vqj(x) 

9pqrs (X) = [ijklqijkl(x)Vpi(x)Vqj(x)Vrk(x)Vsl(x) 

where we have introduced the connection matrix 

= Y.(x)I(x) 

I(x) = (x) 

( 11) 

(12) 

The UMO-integrals in the above expressions (11) are qiven as (compare 
the expression for the overlap matrix (8»: 

(13) 

The qeometry derivatives of this Hamiltonian will be discussed in later 
sections. 

A scheme closely related to the symmetric connection described 
above is obtained by symmetric orthonormalization of the atoaic orbit-
als (OAO's) (8). In this approach the orthonormal orbitals are con-
structed accordinq to the equations 

OAO _AO = r y- (x)x 
II PII 1.1 

(14) 

5 
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However, the MO-based connection is a better choice as it expresses the 
integrals directly in the MO-representation used in the calculation. 

2.3 properties of ortbogonal Connections 

Before studying the OMO-Hamiltonian in greater detail, we shall 
briefly look at some of the properties shared by all orthogonal connec-
tions. Though simple, they are nevertheless important and worth men-
tioning. 

An arbitrary wave function at a given geometry may be written as a 
normalized linear combination of electronic configurations 

10> = r c IJJ> JJ JJ 
(15) 

where each configuration is a (space- and/or spin-symmetrized) ordered 
product of creation operators working on the vacuum state. In the sim-
plest case we have 

(16) 

where the vacuum state is characterized by 

(17 ) 

The first thing to note about orthogonal connections is that although 
the above wave function has been determined at a particular geometry 
(e.g. the reference geometry), it is also a valid wave function at 
other geometries because orthogonal connections preserve the ortho-
normality of the orbitals and hence the normalization of the wave 
function. 

Similarly density matrices are preserved: In the second-quantiza-
tion formalism density matrices are simply expectation values of the 
creation and annihilation operators. For example, the one-electron den-
sity matrix of 10> is <Ola·a 10>. Using Eq.(15) all density matrices 
may therefore be reduced tB sum over transition densities involving 
only simple configurations (16). Each of these transition densities may 
then be evaluated algebraically by using (17) and the well-known anti-
commutation properties of the creation and annihilation operators: 

[ap,aq]+ = 0, 

= 0, 

= 6pq ( 18) 
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For orthogonal connections Eqs.(17) and (18) are automatically satis-
fied at all geometries. As these equations alone determine the density 
elements, this implies that the density elements (and by the same token 
transition density elements) are independent of the geometry (provided 
the wave function is a fixed linear combination of OMO configurations). 

The above properties make the orthogonal connections very con-
venient to work with. We may simply neglect any geometry variation in 
the creation and annihilation operators as they always enter the final 
equations through expectation values. This implies that variable orbit-
al representations with orthogonal connections may be treated as 
constant representations with modified Hamiltonian integrals. In a 
manner of speaking the geometry dependence of the representation has 
been "hidden" in the Hamiltonian integrals. 

3 DERIVATIVES OF THE HAMILTONIAN 

In Section 2 the Hamiltonian was constructed in a variable but ex-
plicitly orthonormal basis. We will now discuss the geometry dependence 
of this Hamiltonian more closely by studying the derivatives of the 
Hamiltonian integrals at the reference geometry. 

3.1 The General Structure of the Deriyatives 

To motivate later work we will first consider some general fea-
tures of the derivatives. By differentiating Eq.(11) we find [7] 

where we have used superscripts to denote total derivatives with re-
spect to cartesian coordinates. (We have omitted the geometry arguments 
and will continue to do so whenever convenient.) The first thing to 
note about these expressions is that the integral derivatives consist 
of two distinct parts: (1) the derivative of the corresponding UMO-
integral; (2) a correction term involving the corresponding undifferen-
tiated integral and the derivative of the connection matrix In 
this correction term each index of the undifferentiated integral is in 
turn transformed by the differentiated connection matrix - i.e. a one-
index transformation of the integrals. 
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The above expressions have also been obtained by Page et al. [9] 
in connection with CI molecular qradients and MCSCF molecular Hessians. 
Their approach is different from ours in that they have to 
work on the expectation value level and obtained the above transforma-
tions by rearranginq terms in the final derivative expressions. Similar 
one-index transformations have further appeared in connection with 
(HC)SCF energy optimizations for calculatinq quadratic and cubic con-
tributions to the enerqy expansion [10,11]. 

Second and hiqher derivatives may of course be obtained by further 
straightforward differentiation of the above expressions. However, this 
will quickly lead to quite unwieldy More convenient ex-
pressions are obtained by insistinq on usinq one-index transformations 
to all orders [12]. Such generalizations will be described in Section 
3.2. Finally in Sections 3.3 and 3.4 we will consider the calculation 
of the various differentiated matrices which appear in the inteqral de-
rivative expressions. 

3.2 One-Index Txansforlltioos 

We shall now see how the expressions (19) may be qeneralized to 
hiqher derivatives. This is desirable as the one-index transformations 
involved in these expressions collect the derivative terms in a very 
convenient way. The reason for this is that such transformations treat 
all inteqral indices on an equal basis, i.e. with no reference individ-
ual indices. 

In matrix form Eq.(19) may be written 

a a g = g + {Y ,g} (20) 

where we have introduced the notation 

(A,h}pq = [i(Apihiq + Aqihpi) 

(A,g}pqrs = [i(Apiqiqrs+ Aq1qpirs+ Ariqpqis+ Asiqpqri) (21) 

for one-index transformations. The above equations (20) are suqqestive 
of the Baker-Campbell-Hausdorf (BCH) expansion. To determine such an 
expansion for the OMO-inteqrals we first introduce the functions 

hpq(t) = [ijhij[exp(tA)]pi[exp(tA)]qj' 

gpqrs(t) = [ijklgijkl[exp(tA)]pi ... [exp(tA)]sl (22) 
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and determine their derivatives with respect to t 

h' (t) = [. . {A,b} .. [exp(tA)] . [exp(tA)] ., pq 1) 1) P1 q) 

[exp(tA)]sl (23) 

with obvious extensions to higher derivatives. Expanding these func-
tions around t = 0 and setting t = 1 we obtain 

(24) 

where I stands for either the one-electron or the two-electron integral 
matrices. We have here introduced the notation 

= (1/n!)p(1,2, ... ... )} 
(25) 

where P(1,2, ... ,n) is a permutation operator which produces the n! per-
mutations of the indices 1,2, ... ,n. 

To arrive at the final BCH expansion we must now express the con-
nection matrix in terms of exponentiated matrices. If we introduce the 
symmetric matrix R(x) 

R(x) = In[I(x)] = (26) 

and the anti symmetric matrix K(x) 

y(x) = exp[K(x)], (27) 

the connection matrix may be written 

y(x) = exp[K(x)]exp[R(x)]. (28) 

By applying Eq.(24) twice we obtain the double expansion 

I = I + {K + R,I} + (1/2){K,K,I} + 

+ (1/2){R,R,I} + {K, {R,It} + O(y3,ll. (29) 

The derivatives are now obtained by straightforward differentiation of 
this expression. At the reference geometry the first and second deriva-
tives become [12] 

9 
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lab = lab + (Ia+ Ra,lb. + (Ib+ Bb,Ia • + (Kab+ Bab,I. + 

+ (la,lb,I. + (Ba,Rb,I. + (la,(Rb,I •• + (lb,(Ra,I •• (30) 

where we have used 

(31) 

to simplify the final expressions. Higher derivatives may easily be ob-
tained by further differentiation. It now only remains to consider the 
evaluation of the various differentiated matrices entering these ex-
pressions. 

3.3 Deriyatiyes of the connection latrix 

As described in the Section 3.2 the rotation part of the connec-
tion matrix is conveniently expressed by exponentiation of the antisym-
metric matrix lex) [Eq.(27)] which further enters the final Hamiltonian 
expression (29). The derivatives of I(x) are determined by solving the 
appropriate response equations, which is outside the scope of the pres-
ent article. Note, however, that in some cases the direct evaluation of 
these derivatives may be avoided in favour of a smaller number of simi-
lar equations as described by Handy and Schaefer [13]. 

The differentiation of the orthonormalization matrices I(x) and 
R(x) will be treated in greater detail. Let us first consider the de-
rivatives of I(x), which are easily expressed in terms of derivatives 
of the overlap matrix. This is done by Taylor-expanding I(x) around the 
reference geometry and differentiating this series. If we introduce 

as 

= 1 + A(x) , (32) 

the matrix I may be written 

(33) 

By differentiating this expression at the reference geometry we find 

I a= _ (1/2)§ a 

lab = _ + + (34) 

where we have used = Q and = in the final expressions. 
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In most cases, however, the derivatives of the matrix R(x) are 
more convenient to use. Its derivatives may be expressed either in 
terms of the differentiated or in terms of the differenti-
ated I(x)-matrix, see Eq.(26). By using Eq.(32) and the relation 

I(x) = 1 + .§.(x) (35) 

we obtain the two expansions 

R = .§. - (1/2).§.2 + (1/3).§.3 + O(.§.4) 

= - + (1/4)A2 - + O(A4) (36) 

from which the derivatives of R may be determined 

Rab = I ab _ (1/2)IaI b _ (1/2)IbI a 

= _ + + (37) 

at the reference geometry. It might seem that the two expansions given 
above are equivalent. However, in some cases more compact expressions 
are obtained from the I expansion [12]. This is seen by considering the 
one-electron part of Eq.(ll) written as 

+ hex) = I(x)h(x)I (x) (38) 

where we have neglected the rotation part of the connection. By 
straightforward differentiation of this equation it is clear that no 
more than two differentiated I(x)-matrices will ever occur in the de-
rivatives. Consequently all factors containing more than two such terms 
may be omitted from the differentiated BCH expansion (29). Such simpli-
fications obviously occur only in third and higher order derivatives. 
By the same token similar simplifications are found in fifth and higher 
order derivatives of the two-electron Hamiltonian integrals. 

3.4 Derivatives of UMQ-Inteqrals 

We will finally consider the calculation of the derivatives of the 
UMO overlap and Hamiltonian integral matrices. These are obtained by 
differentiation of Eqs.(8) and (13) keeping in mind that the MO-
coefficients are fixed: 
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(39) 

with obvious extensions to hiqher orders. The differentiation of the 
AO-inteqrals enterinq these expressions has been described many times 
and will not be discussed here. We only note that in the one-electron 
case both the orbitals (usually fixed linear combinations of Gaussians) 
and the operator depend on the nuclear coordinates, while the two-
electron inteqrals show only orbital dependence as indicated in Eq.(5). 

4 DISCUSSION 

The discussion is divided into three parts. First we apply the 
Hellmann-Feynman theorem to enerqy expectation values to illustrate the 
importance of the orbital connections. Next some computational aspects 
are discussed, and finally we briefly consider the relation of the 
above formalism to differential qeometry. 

4.1 The Hellaann-FeYnaan Theorel 

In our notation the Hellmann-Feynman theorem states that 

(40) 

provided the wave function is stable with respect to all variational 
parameters. It should be clear that we can always choose our orbital 
connections so that the above condition is fulfilled. For example, in 
the SCF or MCSCF cases we may use any orthoqonal connection to link 
orthonormal representations at different points. In the case of limited 
CI our connection is restricted to linkinq SCF orbitals at different 
qeometries. Once these connections have been chosen we can apply the 
Hellmann-Feynman theorem directly as illustrated below. 

By substitutinq Eq.(4) in the above expression (40) we obtain 

(41) 

where we have used the Einstein summation convention and an obvious no-
tation for density elements. From Eq.(30) we find 
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Ea = D ha + P ga pq pq pqrs pqrs 

+ Dpq{Xa + Ra,h}pq + Ppqrs{Ka + Ra,g}pqrs (42) 

which may be rearranged to give 

Ea = E + 2(Ka + Ra )F a pq pq pq (43) 

In this equation we have introduced the Fock matrix [14] 

(44) 

and denoted the integral force [the first two terms in Eq.(42)] by Ea' 
Using Eq.(37) the above expression may be written as 

Ea = E - sa F + 2Ka F a pq pq pq pq (45) 

In the SCF and MCSCF cases the last term in this expression disappears 
because the rotation part of the connection is absent. Alternatively, 
even if some rotation y(x) had been introduced in the connection its 
contribution to the derivative (45) would have been zero as K (x ) is 
antisymmetric while rex ) is symmetric. In the case of limited ci such 
rotations cannot be negiected and the Fock matrix is no longer sym-
metric. 

It has been stated that the value of the Hellmann-Feynman theorem 
in quantum chemistry is largely conceptual and of little use in actual 
calculations [15]. However, as illustrated above this is not entirely 
true - or at least it depends on the way you look at it. The essence of 
the Hellmann-Feynman theorem is that we need not know the response of 
the wave function to calculate first-order response properties of the 
molecular system. This is reflected in the computationally important 
fact that no linear equations involving our wave function 10> must be 
solved to calculate the forces that this wave function gives rise to. 

However, notwithstanding this simplification the calculation of 
forces in quantum chemistry remains a labourious task. For example, in 
the case of limited CI we will still have to solve a set of linear 
equations - even if this involves a simpler wave function than 10> 
itself. (As noted above, Handy and Schaefer [13] have described how the 
number of such equations in some cases may be reduced. These simplifi-
cations do not appear explicitly in our formalism as they can be ap-
plied only at the expectation value level and not to the Hamiltonian 
itself.) In the case of SCF and MCSCF wave functions no such equations 
have to be solved at all, but even this does not reduce the calcula-
tions to negligible proportions. 
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4.2 Computational Aspects 

The above connection approach is not only conceptually convenient. 
It has computational siqnificance as well because it allows us to per-
form many of the differentiations on the inteqrals (i.e. the Hamiltoni-
an) directly. This is important in cases where the number of states or 
confiqurations is larqe. It is then obviously better to work on a sin-
qleHamiltonian than on a larqe set of molecular confiqurations, i.e. 
to use an inteqral-driven scheme [16]. 

As an example the evaluation of CI second derivatives involves the 
calculation of the quantities 

(46) 

for a potentially larqe number of confiqurations. It is then better to 
calculate the inteqral derivatives (19) first and then use an inteqral-
driven technique to set up the qradients (46). The alternative proce-
dure would be to calculate transition Fock matrices [Eq.(44) with obvi-
ous modifications] and then construct the qradients accordinq to 
Eq.(45) for each confiquration involved. 

Also note that the calculation of the differentiated inteqrals is 
simplified somewhat by the fact that derivatives (30) to a qiven order 
can be constructed from contributions to lower order derivatives. Such 
savinqs will be important when hiqher order derivatives are considered. 

4.3 Relation to Differential Geometry 

Let us restrict ourselves to the simple symmetric orthonormal-
ization and introduce the operator 

(47) 

By successive application of this operator to the uDlodified MO-inte-
qrals it is possible to qenerate the Hamiltonian derivatives to any or-
der, for example 

iab = V V T 
- a bS 

This means that we have been able to isolate the orthonormality re-
quirements in the differentiation operator itself. 

(48) 
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These derivatives are in fact reminiscent of the covariant deriva-
tives which appear in tensor theory and more generally in differential 
geometry [17]. This is no coincidence. The purpose of correction terms 
in covariant derivatives is always to preserve some property of the 
space they work on: On Riemannian manifolds the correction terms pre-
serve parallelism between vectors, in gauge theories the corrections 
preserve the gradient of the wave function under a gauge transforma-
tion. As seen from the relation 

v = Q a (49) 

our differentiation operator preserves orthonormality between orbitals. 
The underlying reason for this analogy is that our orbital basis 

has the structure of a fiber bundle [17]. Roughly speaking, a fiber 
bundle consists of a base space (here: the set of nuclear con-
figurations) and a fiber (here: the NO vector space) attached to each 
point on the base space. In fact, Newtonian spacetime has the same 
structure, time being the base space and space the fiber. Note that 
there is no natural relation between points on different fibers: In 
spacetime observers moving with respect to each other will disagree on 
what constitutes a fixed point. In the same way there is no natural re-
lation between orbitals on different fibers. We have to define such a 
relation by setting up a connection, and this connection later appears 
as a correction to the derivatives, ensuring that we pick out the right 
orbitals as we take the derivatives. 

5 COHCLUSIQtf 

We have seen how the concept of orbital connections makes it pos-
sible to treat variable and constant orbital representations on an 
equal basis. This is achieved by introducing corrections to the molecu-
lar Hamiltonian. When derivatives of the Hamiltonian are taken, these 
corrections appear as one-index transformations of the (differentiated) 
molecular integrals. In integral-driven schemes such derivatives may be 
used directly in the calculations, while some rearrangements of the 
terms will be necessary when expectation values are calculated in the 
AO-representation. 
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