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The calculation of molecular Hessians for large-scale multiconfiguration self-consistent-field 
(MCSCF) functions is described. The formalism is based on exponential parametrization of the 
wave function and symmetric orthonormalization of the molecular orbitals. Extensive use is made 
of one-index transformations of the molecular integrals, both to construct the gradient vectors 
that appear in the linear MCSCF response equations, and to perform the multiplication of the trial 
vectors on the electronic Hessian in the iterative, direct solution of the response equations. No 
element of the electronic Hessian is ever calculated explicitly, allowing for use of large 
configuration expansions. Efficient methods are developed for obtaining the solution vectors of 
the linear response equations. The accuracy of the molecular Hessian is analyzed in terms of the 
accuracy of these solution vectors. To allow for large basis sets Fock matrices are used to 
minimize transformations and integrals are recalculated to minimize storage requirements. 
Integ~al derivatives are calculated following the McMurchie-Davidson scheme. A simplified 
algo~thm for calculation of derivatives of integrals involving one-center overlap distributions is 
descnbed. Sample calculations involving several thousand configurations are reported. 

I. INTRODUCTION 

The study of Born-Oppenheimer potential energy sur
faces is an important and challenging task in quantum chem
istry. The systematic study of such surfaces requires the ca
pability to locate and characterize stationary points 
efficiently. Much effort has therefore been directed towards 
the development of efficient algorithms for the evaluation of 
molecular gradients and Hessians using quantum-chemical 
approximate wave functions. 

Early work in this field focused on the calculation of 
gradients 1 (and later Hessians2-4) for single-configuration 
self-consistent-field (SCF) wave functions. However, due to 
the limitations inherent in the Hartree-Fock approxima
t~on, such techniques are mainly useful for studying poten
tial surfaces at or close to the eqUilibrium conformation. An 
adequate description of the electronic structure far from 
eqUilibrium normally requires the use of correlated wave 
functions. Such wave functions are now routinely calculated 
in many laboratories.5

-
7 Consequently there is a need to de

velop efficient techniques for the calculation of molecular 
gradients as well as Hessians for state-of-the art correlated 
wave functions. 

In the pioneering work on molecular gradients by Pu
lay l.8 the theory was worked out in the language of Fock 
operators. This approach was later used in deriving general 
e~pressions for the molecular Hessian of a multiconfigura
bon (MC) SCF wave function.9 A Fock-operator based al
gorithm was also used by Yamaguchi et al. 10 who carried out 
the first MCSCF molecular Hessian calculation using a two
configuration wave function. 

A disadvantage of the Fock-operator technique is that it 

.) Present address: Department of Chemistry, University of Minnesota, 207 
Pleasant Street S. E., Minneapolis, MN 55455. 

requires the MO coefficients to be optimized subject to orth
onormality conditions, a requirement that makes the for
malism rather nontransparent. To avoid this, an exponential 
parametrization 11-13 of the orbital rotations has often been 
used. In this formalism the allowed orbital variations are 
expressed in terms of independent variables and the need for 
a complicated handling of Lagrangian multipliers is elimin
ated. 

The Fock-operator formalism may furthermore be 
cumbersome in the sense that each type of approximate wave 
function must be treated separately. This problem may be 
overcome in the exponential parametrization scheme by 
transferring the geometry dependence of the basis set to the 
Hamiltonian, expressing the geometrical expansion of the 
Hamiltonian in terms of symmetrically orthonormalized or
bitals. 14

•
15 The explicit form of the geometry dependence 

then becomes independent of the wave function, and stan
dard response function theory may be applied to evaluate 
molecular gradients and Hessians l4 as well as higher deriva
tives 16 for any approximate wave function. 

Only a few calculations of MCSCF Hessians, using ei
ther of the above-mentioned approaches, have so far been 
reported. 17

-
19 Our approach differs from earlier attempts 

mainly in the handling of the linear response equations and 
in the treatment of the integral derivatives. 

In our implementation the response equations are 
solved iteratively in a way that permits the use oflarge basis 
sets as well as large configuration expansions. This is accom
plished by performing the multiplication of trial vectors on 
the electronic Hessian in a direct fashion ("direct 
MCSCF,,20), bypassing the calculation of individual ele
ments of the electronic Hessian. The response equations are 
furthermore solved simultaneously, i.e., the solution vectors 
for all independent Cartesian displacements are expanded in 
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a common set of trial vectors. As demonstrated in this paper, 
this implies that the convergence error in the molecular Hes
sian is quadratic in the error of the individual solution vec
tors, greatly reducing the number of iterations needed to 
calculate the molecular Hessian to a given numerical accura
cy. This is especially important for correlated wave func
tions, as in these cases the time spent on the solution of the 
response equations is likely to be considerable. 

The atomic integrals are calculated following the 
scheme devised by McMurchie and Davidson,21 based on 
the earlier work of Boys.22 Certain simplifications have been 
introduced in the calculation of derivative integrals involv
ing one-center overlap distributions, leading to reductions in 
the computer time for small and medium-sized molecules. 
To reduce the requirements on external storage the first de
rivatives of the two-electron integrals are calculated, written 
on disk and processed with respect to three Cartesian displa
cements (one atom) at a time. In this way the disk require
ments for molecular Hessian calculations are not significant
ly larger than for the calculation of the wave function itself. 

Sample calculations presented in this paper indicate 
that the time and effort needed to calculate MCSCF molecu
lar Hessians are comparable to that of obtaining the MCSCF 
wave function in the first place. In other words, the MCSCF 
molecular Hessian may be calculated whenever the elec
tronic structure calculation itself is practical. 

In the following section we outline the mathematical 
formalism and give general expressions for the MCSCF mo
lecular gradient and Hessian. Section III contains a detailed 
description of the actual implementation of those expres
sions and in Sec. IV we report numerical results to demon
strate the potential of the response function approach. The 
last section contains some concluding remarks. 

II. FORMALISM 

Let us first briefly state the purpose of this section. We 
wish to define a reference electronic wave function which is 
variationally optimal at some reference geometry but which 
is also defined at other geometries as an explicit function of 
the geometry. In terms of this wave function we may gener
ate any wave function within the given orbital and configura
tion space by unitary transformations of molecular orbitals 
and configuration states. In particular, we are able to define 
the optimal MCSCF wave function at each molecular geom
etry and hence the optimal electronic energy as an explicit 
function of the nuclear coordinates. 

Consider a molecular system in the neighborhood of 
some reference geometry Xo. At the reference geometry the 
molecular electronic state is described by the reference wave 
function (RWF): 

(1) 

where each electronic configuration l/l) is a Slater determi
nant, 

l/l) = II all.: Ivac) (2) 
p 

which may be projected to ensure correct spin and/or spatial 
symmetry. 

Each determinant is constructed from a finite set of or
thonormal molecular orbitals {t,6p} which are expanded in a 
set of atomic orbitals fixed on the nuclei 

(3) 
II. 

These orbitals may be divided into three groups-inactive, 
active, and secondary. The inactive orbitals are doubly occu
pied in all configurations, while the remaining electrons are 
distributed among the active orbitals, leaving the secondary 
orbitals empty in all configurations. We follow the notation 
of Siegbahn et al.23 and denote inactive orbitals by {i,j, k,f}, 
active by {t, u, v, x}, and secondary by {a, h, c, d}. Orbitals of 
a general or unspecified type are referred to by {p, q, r, s} or 
{a, /3, r, 8}. Finally we use {U, v, A, oJ to denote atomic 
orbitals. 

The R WF is determined to give the variationally best 
approximation to the exact wave function at the reference 
geometry. We may extend its definition to other geometries 
by introducing the symmetrically orthonormalized molecu
lar orbitals15 (OMO's) 

!/Jp(X) = I Tpq (X)t,6q (X) , (4) 

where 
q 

T =(S-I/2) pq- pq (5) 

and 

Spq (X) = (t,6p (X) It,6q (X» 

= I C~II. C~v (XII. (X)lxv(X» (6) 

is the overlap between the unmodified molecular orbitals 
(UMO's) evaluated at X. In terms of these orthonormalized 
orbitals the creation operators and configurations of Eq. (2) 
are defined at all geometries: 

1/l(X» = II all.: (X)lvac) (7) 
p 

and their geometry dependence is such that all inner pro
ducts (j.t(X) Iv(X» are preserved. By the same token all 
(transition) expectation values of strings of creation and 
annihilation operators are preserved. 14,15 In particular the 
configuration interaction (CI) coupling coefficients 

A::; = (j.t(X) IEpq (X) Iv(X» , 

A ::;rs = (j.t(X) IEpq (X)Ers (X) - 8qrEps (X) Iv(X» 

(8) 

are geometry independent. In Eq. (8) we have introduced 
the generators of the unitary group 

(9) 
u 

where (J' labels spin. As the configurations [Eq. (7)] and 
operators [Eq. (9)] in the final equations always occur in 
(transition) expectation value expressions, the geometry de
pendence of the configurations and the operators does not 
enter the computational expressions and may therefore be 
disregarded. We may now extend the definition of the refer
ence wave function [Eq. (I)] to all geometries 

IRWF(X» = ICII.I/l(X» . (10) 
II. 
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Note that although the R WF is defined at all geometries, it is 
variationally optimal at the reference geometry only. At any 
given geometry we are now in a position to express an arbi
trary wave function in terms of unitary operators working on 
the RWF24

: 

IWF) = exp( - K)exp( - S) IRWF(X» . (II) 

In this expression we have introduced the antisymmetric op
erator 

K= L Kpq k~, 
p>q 

E~ =Epq -Eqp (12) 

which describes orthogonal rotations in the orbital space and 
the antisymmetric operator 

S= L SKPK , 
K>O 

PK = I RWF) (K I - IK) (RWFI (13) 

which describes orthogonal rotations in the configuration 
space. In Eq. (13) {IK(X»} is some basis for the orthogo
nal complementto IRWF(X». The operators in Eqs. (12) 
and (13) should only contain nonredundant variations. For 
CASSCF wave functions (full CI within the active space) 
this is easily achieved by including only inactive-active, in
active-secondary, and active-secondary rotations in the or
bital rotation operator. For general MCSCF wave functions 
the redundancy problem is more complicated. 18,24 

The Hamiltonian may be expressed in the OMO repre
sentation as 

H(X) = L h ~MO (X)Epq 
pq 

l~oMO AA A + - ~ gpq,. (X)(EpqE,. - 8rqEps). (14) 
2 pqrs 

The integrals in this Hamiltonian may further be expressed 
in the unmodified molecular orbital basis 

(1Sa) 

~~O (X) = ) ga,8r6(X)Tpa(X)Tqp (X)T,.,,(X)Ts6 (X). 
¥r6 

(1Sb) 

By differentiating Eqs. (ISa) and (ISb) with respect to co
ordinate Xa we obtain (denoting differentiation by super
scripts) : 

~ (h OMO) = (h OMO)a = h a + {P h} dX
a 

pq pq pq , pq' (16a) 

d (OMO) _ (OMO)a ,.,a + {P } dX gpqrs - gpqrs = 5pqrs ,g pqrs , 
a 

(16b) 

where we have introduced the one-index transformations I 5: 

{P,h} pq = L (T;a haq + T:a hpa ) , (17a) 
a 

{P,g} pqrs = L (T~ gaqrs + T:a gpars 
a 

(l7b) 

By generalizing this procedure we may also express higher 
derivatives in terms of UMO-integral derivatives and one
index transformations of these integrals. 16 

We have now defined the wave function and the Hamil
tonian at all geometries and are therefore equipped to study 
the molecular energy at an arbitrary geometry using stan
dard methods. The total energy 

W (X,K,S) = (WFIH(X) IWF) 

= (RWFlexp(S)exp(K)H(X) 

Xexp( -K)exp( -S)IRWF) (18) 

is written as a Baker-Campbell-Hausdorf expansion in the 
antisymmetric operators K and S. After collecting the orbital 
and state variational parameters into a single column vector 
A, we obtain the Taylor expansion24 

W (X,A) = E(X) + r(X)A + !AG(X)A + O(A3
) • 

(19) 

We have here introduced the electronic energy of the RWF 
(the "static" energy) 

E(X) = (RWFIH(X) IRWF) , (20) 

the gradient f(X), and the Hessian G(X). Explicit expres
sions for the MCSCF gradient and the MCSCF Hessian will 
be given later. 

For a fixed geometry X we notice that Eq. (19) is the 
standard Taylor expansion used in second-order MCSCF 
optimization. In accordance with the Born-Oppenheimer 
approximation we require the electronic energy to be sta
tionary with respect to all orbital and state variations at X: 

(aaJW(X,A) = f(X) + G(X)A + O(A2) = o. (21) 

Recall that the RWF was defined to be the optimal MCSCF 
wave function describing the electronic state of interest at 
the reference geometry Xo, that is 

f(Xo) = 0, (22) 

and A = 0 is the desired solution of Eq. (21) for X = Xo. 
Equation (21) thus determines the MCSCF wave function 
and consequently the MCSCF parameters A as functions of 
the geometry X. Using Eq. (21) we can eliminate the depen
dent parameters A from Eq. (19) and obtain the potential 
energy as a function of the free (independent) parameters: 

W(X) = E(X) -! r(X)G-I(X)f(X) + O(n. (23) 

All geometry dependence is now explicit and, as dis
cussed previously, confined to the Hamiltonian integrals 
h ~MO (X) andg~t;:!° (X) ofEq. (14). Because of this explic
it dependence we can now obtain the molecular gradient and 
Hessian by straightforward differentiation of Eq. (23). At 
the reference geometry simplifications occur due to Eq. 
(22), and we obtain 

wa=Ea, 

Wab = E ab _ raG - If b • 

(24a) 

(24b) 

Note that the gradient contains only a static contribution 
while the Hessian contains both a static contribution and a 
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contribution due to the relaxation of the electronic wave 
function, i.e., due to the response of the electrons to changes 
in the nuclear coordinates in accordance with the Born-Op
penheimer approximation. 

III. IMPLEMENTATION 

In the previous section we gave expressions for the mo
lecular gradient and Hessian in a symmetrically orthonor
malized molecular orbital representation. We now consider 
the practical evaluation of these expressions. This section is 
divided into five parts. We first describe the calculation of 
the static contribution to the molecular gradient and Hes
sian. After we have discussed the evaluation of the deriva
tives of the Fock matrix, we treat the relaxation part of the 
HeSsian with emphasis on techniques for solving the linear 
equations involved. We then consider the integral derivative 
evaluation in some detail and finally give a short overview of 
the computer code ABACUS written on the basis of the algor
ithms and formulas given in this work. 

A. The molecular gradient and the static contribution to 
the molecular Hessian 

In the OMO representation the static energy is 

E(X) = (RWFIH(X) IRWF) 

= L Dpq h ~qMO (X) + L Ppqrs g~~O (X) , (25) 
pq pqrs 

where the integrals are given by Eq. (15) and the geometry
independent density matrices are 

Dpq = (RWFIEpqIRWF) , 

P pqrs = i (RWFIEpqErs - oqrEps IRWF) . 

(26a) 

(26b) 

Expressions for the molecular gradient and the static contri
bution to the molecular Hessian are obtained by straightfor
ward differentiation of Eq. (25), keeping in mind that the 
density elements are constant. In Appendix A a detailed der
ivation of these static contributions is carried out. The final 
results may be written as 

E a = Eua + E sa , 

E ab = E uab + E sab . 

(27a) 

(27b) 

Here the superscript u denotes differentiation of the unmodi
fied Hamiltonian integrals while s denotes the remaining 
terms involving the derivatives of the overlap matrices, see 
Eq. (15). 

The first contributions to the static part of the deriva
tives Eq. (27) are 

Eua = L Dpq h ~ + L P pqrs g"pqrs , (28a) 
pq pqrs 

E uab = L Dpq h;! + L Ppqrs g"~rs . (28b) 
pq pqrs 

These expressions are best evaluated in the AO basis by con
tracting the differentiated AO integrals with AO density ele
ments as soon as the integrals have been calculated. I In this 
way one may avoid storing the integrals on disk making this 

part of the program very efficient in terms of I/O. The first 
derivatives of the two-electron integrals will later be recalcu
lated to construct other contributions to the molecular Hes
sian. as discussed in Sec. III E. 

The second contribution to the static part ofthe molecu
lar derivatives may be written as l5 

E sa = - tr saF , 

Esab = _ tr sabF _ tr(Sayb + Sbya) , 

where the generalized Fock matrix23 

Fpq = L DpfJ h ~:m + 2L PpfJr6 g~f3~? 
f3 f3r6 

and the auxiliary matrix 

ya = pa + ! pa _ ! saF 

(29a) 

(29b) 

(30) 

(31) 

have been introduced. The calculation of the individual con
tributions to the derivative of the Fock matrix 

(32) 

will be discussed in Sec. III B. Returning to Eq. (29) we note 
that ga and the first part of gab may be calculated in the 
AO basis at the same time as the one-electron contributions 
to E"a and E"ab are calculated, with overlaps replacing the 
one-electron Hamiltonian integrals and the Fock matrix re
placing the one-electron density matrix. The second contri
bution to gab involves the matrices Sa and ya, both of 
which are readily obtained in the MO basis as by-products 
from the calculation of the relaxation part of the Hessian. 

B. The Fock matrix and its derivatives 

The construction of the Fock matrix and its derivatives 
may be simplified considerably by partitioning the orbital 
space. As shown by Siegbahn et al. 23 the Pock matrix may be 
written as 

F jq = 2(CFjq + vF/q ) , 

F tq· = L Dtu CFqu + Qtq , 
u 

Faq = 0, (33) 

where we have introduced the inactive Pock matrix 

CF = hOMO + ~ (2g0~o _ g~~o) 
pq pq k pqll pit/I' (34) 

j 

the active Pock matrix 

VF ~ D (OMO 1 OMO) 
pq = k tu gpqtu - 2 gptqu , (35) 

tu 

and the auxiliary matrix 

(36) 
uvx 

In terms of the 9 supermatrix25 

9 0MO = gOMO _lgOMO _lgOMO (37) 
pqrs pqrs 4 prqs 4 psrq , 

the inactive and active Pock matrices may be written 

CF =h OMO + 2~ 9°~o pq pq k pqll , 
j 

VFpq = LDtu 9~~o. (38) 
tu 
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These matrices may be evaluated very efficiently in the AO 
basis: 

CFp.v = hp.v + 2: 9 p.v)"u cD)"u , 
)"U 

where the AO density matrices are 

CD)"q = 22: C~ C?u , 
; 

"D)"u = 2: Dtu C~ C~u , 
tv 

(39) 

(40) 

and the MO coefficients {C~n are defined in Eq. (3). The 
final MO matrices are obtained by transforming the Fock 
matrices to the MO basis. Note that the construction of the 
9 supermatrix is advantageous only when the Fock matri
ces are needed several times with different density elements, 
for example in iterative optimization procedures. The Q ma
trix involves the two-electron density matrix and is therefore 
best constructed in the MO basis according to Eq. (36). 
This, of course, requires the transformation of the two-elec
tron integrals to MO basis with one general and three active 
indices. 

We now tum to the evaluation of the derivatives of the 
matrices cF, vF, and Q in Eqs. (34)-( 36). By differentiating 
we obtain 

(41) 

Qa = Qlla + 0"', 

where the u terms involve the derivatives of the UMO Ha
miltonian integrals, and the s terms the derivatives of the 
overlap matrix. The u contributions to these matrices may be 
evaluated in exactly the same way as the undifferentiated 
matrices. However, the use of the 9 supermatrix [Eq. 
(37) ] is no longer advisable as we only need to construct the 
derivative matrices once. For this reason we use a code that 
sets these matrices up in AO basis directly from the deriva
tive AO integrals. 

By differentiating the overlap matrices we find that the s 
contributions to the inactive and active Fock matrices are 

CF~ = L(CFaq T~ + cFpa T;a) 
a 

+ cwa = {P cF} + cwa pq 'pq pq' 
(42) 

"Fsa = "" (VF T a + VF Ta) pq k aq pa pa qa 
a 

where we have introduced 

cwa "" =OMO va 
pq = k ;;r pqri ri , 

ri 

Vwa "" =OMO va 
pq = k v pqn rt , (43) 

rt 

and used 

(44) 

to simplify the expressions. The first contributions to the 
derivative Fock matrices {P, cF} and {p, vF} are easily cal
culated in the MO basis by one-index transforming the cor
responding undifferentiated matrices. The last contributions 
are most easily calculated in AO basis: 

CW;v = 2: 9 p.v)"u cV~u , 
)"u 

VW;v = 2: 9 p.v)"u vV~u , 
)"u 

where 

cnu = L C~)" C?u V~i , 
ri 

VV~u = 2: C~)" C?u V~t , 
rt 

(45) 

(46) 

and then transformed to MO basis. We thus see that it is 
possible to construct the derivatives of the inactive and ac
tive Fock matrices without transforming the two-electron 
integrals to MO basis. The derivatives of the Q matrix, on the 
other hand, are most efficiently calculated in the MO basis. 
Following Eq. (16b) we first calculate the derivatives of the 
UMO integrals ga and the one-index transformed integrals 
{P,g}. Once these elements are available we may construct 
Qua and Q'a in exactly the same way as we construct the 
original matrix Q from the undifferentiated integrals g, see 
Eq. (36). 

c. The relaxation contribution to the molecular Hessian 

The relaxation contribution to the molecular Hessian is 
the second term ofEq. (24b), 

R ab = _ faG-1fb. (47) 

This expression may be written as 

Rab=fbA,0, (48) 

where A,a is the solution vector to the MCSCF response 
equations 

GA,a= _fa. (49) 

These equations are expressed in the basis of the orthogonal 
complementsetofstates{IK)}totheMCSCFstate IRWF). 
A more convenient representation for large CSF spaces is the 
CSF basis {I,u) }. Following Lengsfield and Liu26 we write 

(

CCG cOG) (cA,a) = _ (Cf a
) 

ocG ooG 0A,a °fa ' 

where IS 

and 

'i; = 2( (RWFIHalp) - Cp.1fa) , 

'i~ = 2(F~ -F;p) , 

CCGp.,v = 2( <.uIH Iv) - ~p.v 1f) , 

coGp.,pq = 2(RWFI [E;;,H]l,u) , 
ooGpq,rs = (RWFI[E;;,[E'; .H]]IRWF). 

(50) 

(51a) 

(51b) 

(52a) 

(52b) 

(52c) 
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The superscripts c and 0 are used to denote the CSF and 
orbital parts, respectively, of the differentiated gradient fa 

and the electronic Hessian G. Although not obvious from 
the expression (52c), (lOG is symmetric. This follows from 
the fact that the MCSCF orbital gradient 0 f vanishes at the 
reference geometry [Eq. (22)]. 

The above linear equations (49) and (50) are identical 
in structure to the Newton-Raphson equations used for sec
ond-order optimization of MCSCF wave functionsY In 
fact, the Newton-Raphson equations may be obtained from 
the response equations simply by replacing the differentiated 
gradient f a with the MCSCF gradient f. This means that we 
may use the same techniques-indeed the same computer 
code-to solve both the Newton-Raphson equations and 
the response equations. Accordingly, whenever it is possible 
to calculate the wave function we may also calculate at ap
proximately the same cost the relaxation part of the molecu
lar Hessian. 

The remainder of this section is divided into four parts. 
We first consider the construction of the differentiated gra
dients fa, and then go on to describe how direct MCSCF 
techniques may be used to perform multiplications of trial 
vectors on the electronic Hessian G without constructing the 
individual elements of G. Such techniques are essential 
whenever the dimension ofthe electronic Hessian precludes 
its explicit construction. After this we discuss the modifica
tion of the conjugate gradient (CG) method28 we have used 
for solving the MCSCF response equations. This point re
quires careful consideration as a straightforward implemen
tation of the CG method often leads to slow convergence in 
the orbital part of the solution vectors 0').. a due to large off
diagonal elements in the electronic Hessian. Finally in this 
section we discuss the relationship between the convergence 
error in the individual solution vectors').. a and the error in 
the relaxation part of the molecular Hessian R ab 

• In particu
lar we demonstrate that the error in Rab is quadratic in the 
error ofthe individual vectors ')..a if these vectors are all ex
panded in a common set of trial vectors. 

1. Construction of the dlHerentlated gradients 

The configuration part of the differentiated gradient Cf a 

[Eq. (51a)] is constructed in an integral-driven scheme29•3o 

according to the equation 

(RWFlirl,u) = LB~u cF':u + L B~uvx (g~~o)a + cpr, 
tu tuvx 

(53) 

where 

(54) 

The transition density elements in Eq. (53) are obtained by 
contracting the CI coupling coefficients of Eq. (8) with the 
CSF expansion coefficients 

B~u = LA~:Cv' (55a) 
" 

(55b) 
v 

Equation (53) is identical to the one used in wave function 
optimization except that the derivative of the inactive Fock 
matrix replaces the undifferentiated inactive Fock matrix, and 
the derivatives of the OMO Hamiltonian integrals replace the 
undifferentiated integrals. The derivatives of these integrals are 
calculated according to Eq. (16b), i.e., by adding one-index 
transformed undifferentiated integrals to the differentiated 
UMO integrals. The derivative of the inactive Fock matrix is 
calculated as described in Sec. III B. Note that by contracting 
(RWFlirlp) [Eq. (53)] with the CSF coefficients of the 
MCSCF state, we recover the molecular gradient 'Ca. This is a 
very useful and quick test on the calculation. 

The calculation of the orbital part of the differentiated gra
dient Of a [Eq. (51 b)] is trivial once the derivative of the total 
Fock matrix Fa is available, see Sec. III B. 

2. Direct MCSCF techniques 

The key step in the solution of the response equation is 
the multiplication of trial vectors b on the electronic Hes
sian28

: 

(56) 

In the direct MCSCF scheme this multiplication is per
formed without calculating the elements of the electronic 
Hessian explicitly. After some simple algebra the working 
equations are seen to bes.20 

L cCGI'."cb" = 2( (piH IB) - ChI' 'C) , 

L ocGpq." cb" = 2( (RWFI [Epq,H] IB) 
" 

+ (B I [Epq,H] IRWF», 

L coG,.,,/h,. = 2(p1K I RWF) , 
,>s 

where IB ) is the state vector 

IB)=2:Cb,.~) ,. 
and K is the transformed Hamiltonian operato~l 

p>q 

(57a) 

(57b) 

(57c) 

(58) 

(59) 

Note that K is Hermitian and has the same general structure 
as the original Hamiltonian if. The Hamiltonian integrals of 
K are obtained by one-index transforming the H integrals, 
using °hpq (ordered as an antisymmetric matrix) as transfor
mation matrix. 

We would like to emphasize the simplicity and useful
ness of the above formulas (57). To summarize, a linear 
transformation on a CSF vector requires the construction of 
a CSF gradient with IB) as the reference state [Eq. (57a) 1. 
and the construction of an orbital gradient with a symmetric 
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transition density matrix [Eq. (57b)]. Similarly a linear 
transformation on an orbital vector requires the construc
tion of a CSF gradient [Eq. (57c)] and an orbital gradient 
[Eq. (57d)] with one-index transformed integrals [Eq. 
( 59 ) ]. The calculation of the above expressions in terms of 
Fock matrices has been discussed in detail by Jensen and 
Agren.32 

3. Implementation of a modified conjugate gradient 
algorithm 

As previously mentioned a straightforward implementa
tion of the generalized conjugate gradient (GCG) method,28 
where new trial vectors are generated by dividing the residual 
vectors by the diagonal Hessian elements, will often lead to 
slow convergence in the orbital part of the solution vector. A 
more efficient algorithm is obtained by dividing the trial vec
tors into two classes: Configuration and orbital trial vectors. A 
configuration trial vector ["b,O] is obtained by discarding the 
orbital part of the GCG trial vector ['1l,"b], while an orbital 
trial vector [0, oj)] is obtained by discarding the configuration 
part of the GCG trial vector. This split trial vector procedure 
adds flexibility to the GCG method as in each iteration we may 
generate either a configuration or an orbital trial vector de
pending on which part of the current solution vector has the 
largest residual. Slow convergence in the orbital part of the 
solution vector (a typical situation) means that more orbital 
than configuration trial vectors must be added. When the resid
ual is mainly confined to the orbital space the number of trial 
vectors in a GCG calculation will be roughly equal to the num
ber of orbital trial vectors in a split GCG calculation. The split 
GCG procedure therefore becomes more economical as we can 
save a number of expensive linear transformations of configu
ration trial vectors. We also note that the linear transformation 
of a full trial vector is only slightly faster than the separate 
transformations of a configuration and an orbital trial vector. 
Furthermore, as we shall see later, the splitting also enables us 
to determine orbital trial vectors using a better algorithm than 
the GCG algorithm and at low cost. 

Let us assume that we have performed n split GCG itera
tions. In the course of these iterations we have generated a set of 
orthonormal trial vectors orthogonal to the MCSCF state vec
tor 

and carried out the corresponding linear transformations ac
cording to Eq. (56): 

We may then set up the reduced set of linear equations 

(
CfRO) + (ccGR cOGR 

) (cJ... RO) = (0) 
°fRo oCGR ooGR oJ... Ra 0 

in terms of the above vectors (60) and (61): 

ffo = bif a, 
R -

G ij = biO"j • 

(62) 

(63) 

(64) 

The reduced response equations (62) determine an optimal 
solution vector [eX Ra,oX Ra] in the basis of the trial vectors 
(60). In the split GCG approach outlined above we may 
now calculate either an improved set of configuration coeffi
cients by applying the GCG algorithm to the [epa,O] vec
tor, or an improved set of orbital rotation parameters by 
applying the GCG algorithm to the [O,opa] vector. The 
new trial vector (configuration or orbital) is added to the 
basis (60), and the iterative procedure is continued until the 
norm of the residual vector is smaller than the requested 
threshold. 

To illustrate the convergence characteristics of the split 
GCG approach we report test calculations on ONF (8029 
CSF and 342 orbital parameters) and NH3 (490 CSF and 
191 orbital parameters). The configuration and orbital re
siduals obtained in each iteration are listed in Tables I and II 
(left columns). In these calculations we have generated a 
configuration trial vector whenever the configuration resid
ual is larger than the orbital residual and vice versa, and each 
calculation was converged to a tolerance of 10-2. 

In the ONF calculation little is gained by using the split 
GCG algorithm as configuration and orbital trial vectors are 
added alternately to the trial basis. In each iteration the re
sidual for the type of basis vector added drops by a factor 
0.2-0.5, while the residual for the other basis type is either 
unchanged or slightly increased. Nine trial vectors of either 
type are needed for convergence. 

The calculation on NH3 presents a case where it is essen
tial to use the split GCG approach. After each configuration 
iteration we must typically generate five orbital trial vectors 
to bring the orbital residual down below the configuration 
residual. In the GCG approach these five orbital trial vectors 

TABLE I. Norm of orbital and configuration residual vector when converg-
ing one set of linear equations for ONF to an accuracy of 10-2• 

Split generalized conjugate Optimal orbital trial 
gradient vectors 

Iteration Configuration Orbital Configuration Orbital 
number residual residual residual residual 

1 1.346 3.852" 1.346 3.852" 
2 1.373" 0.936 1.408" 0.124 
3 0.674 1.081" 0.693" 0.452 
4 0.724" 0.443 0.347 0.625" 
5 0.377 0.567" 0.456" 0.028 
6 0.449" 0.160 0.257" 0.146 
7 0.234 0.244" 0.121 0.197" 
8 0.266" 0.082 0.155" 0.010 
9 0.130" 0.118 0.075" 0.036 

10 0.063 0.139" 0.040 0.043" 
II 0.073" 0.058 0.045" 0.004 
12 0.045 0.067" 0.013" 0.013 
13 0.050" 0.029 0.006 0.014" 
14 0.024 0.032" 0.008 0.001 
IS 0.026" 0.012 
16 0.012 0.014" 
17 0.013" 0.007 
18 0.006 0.010" 
19 0.008 0.006 

" A trial vector of this type is added. 
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TABLE II. Norm of orbital and configuration residual vector when con-
verging one set oflinear equations for NH3 to an accuracy of 10-2

• 

Split generalized conjugate Optimal orbital trial 
gradient vectors 

Iteration Configuration Orbital Configuration Orbital 
number residual residual residual residual 

1 0.256 2.964a 0.256 2.964a 

2 0.177 1.161a 0:273 0.31Oa 

3 0.236 0.999a 0.294a 0.111 
4 0.283 0.869a 0.166 0.194a 

5 0.297 0.456a 0.191" 0.058 
6 0.296- 0.228 0.109- 0.078 
7 0.169 0.293" 0.045 0.087-
8 0.186 0.268" 0.057- 0.013 
9 0.192 0.315- 0.029" 0.016 

10 0.200 0.308a 0.011 0.019a 

11 0.196 0.338a 0.015- 0.005 
12 0.192 0.295a 0.006 0.005 
13 0.190- 0.158 
14 0.104 0.158a 

15 0.106 0.111-
16 0.104" 0.077 
17 0.041 0.077" 
18 0.042 0.060" 
19 0.042 0.060" 
20 0.042 0.073" 
21 0.043 0.074a 

22 0.042 0.089a 

23 0.045 0.056a 

24 0.046a 0.032 
25 0.023 0.037a 

26 0.026a 0.022 
27 0.012 0.025a 

28 0.013 0.022" 
29 0.015 0.034" 
30 0.017 0.041" 
31 0.019 0.019" 
32 0.019" 0.010 
33 0.009 0.010" 
34 0.009 0.010" 
35 0.009 0.014" 
36 0.010 0.014" 
37 0.010" 0.007 
38 0.004 0.008 

" A trial vector of this type is added. 

would be replaced by five trial vectors containing both orbi
tal and configuration components. As many as 7 configura
tion and 30 orbital iterations are needed to arrive at the con
verged vector. 

Although the NH3 calculation illustrates the importance 
of splitting the trial vectors into two classes, the large number of 
orbital trial vectors compared to the number of configuration 
trial vectors is disturbing as each of the orbital iterations re
quires the construction of a CSF gradient [Eq. (57c)] with 
one-index transformed integrals. For large configuration ex
pansions construction of CSF gradients is very expensive. For 
this reason we suggest the following alternative procedure: 
Rather than generating each new orbital trial vector "b by ap
plying the GCG algorithm to the current orbital solution °A Ra, 
we generate "b by solving the orbital part of the response equa
tions (50) exactly, keeping the current approximate configura
tion solution cA Ra fixed. The determination of this "optimal" 

orbital trial vector does not require the construction of any CSF 
gradients or any density matrices. To see this we substitute 
[cXRa,"b] in the response equations (50). The second compo
nent ofEq. (50), 

°fa + ocGcARa + ooG"b = 0 (65) 

which determines "b for a given cARa, then becomes a set of 
linear equations 

OF' + ooG"b = 0 (66) 

with a modified gradient 

op = Of" + ocGcARa. (67) 

Equation (66) is easily solved as its dimension is equal to the 
number of orbital rotations. Note that ocGcA Ra in Eq. (67) is 
straightforwardly constructed from the linearly trans
formed vectors (61), which are already available, and thus 
"b may be determined without having to go through the list 
of CI coupling coefficients. Once "b has been determined 
from Eq. (66) it is orthonormalized to the basis (60) and 
appended to the basis. 

To illustrate the efficiency of this scheme we have repeated 
the above calculations on ONF and NH3 using the optimal 
orbital trial vectors rather than the GCG orbital vectors. In the 
ONF case (Table I) only a slight improvement is observed. 
This is not surprising as the orbital and configuration compo
nents converge equally well and very little can therefore be 
gained by improving the convergence in just the orbital part of 
the solution vector. The total of nine configuration and nine 
orbital split GCG iterations is reduced to eight and five, respec
tively, when optimal orbital trial vectors are used. Note that 
whenever a new optimal orbital trial vector is generated the 
orbital residual drops significantly below the configuration re
sidual and occasionally two configuration iterations have to be 
carried out before the configuration residual is smaller than the 
orbital residual. In the NH3 case (Table II) we observe a dras
tic improvement when the optimal orbital trial vectors are 
used. The total of 7 configuration and 30 orbital vectors is 
reduced to 6 and 5, respectively, clearly a major improvement 
on the original scheme. 

In conclusion we note that the split GCG algorithm and 
the optimal orbital algorithm both require approximately the 
same number of configuration trial vectors-they differ mainly 
in the number of orbital trial vectors. The optimal algorithm 
depends mainly on the relative timings for construction of the 
CSF gradient Eq. (57c) and for solving the linear equations 
(66). Note that it will often be advantageous to calculate the 
orbital Hessian ooG (or even its inverse ooG - 1) explicitly in 
optimal orbital trial vector calculations as the same matrix ooG 
is used in all iterations and for all atomic displacements. 

4. Simultaneous solution of the linear equations 

To calculate the molecular Hessian we must solve 

GAb = _fb (49) 

for each of the 3N - 6 (3N - 5) independent nuclear distor
tions. As iterative methods are used, the solution vectors Abare 
only determined to a specified accuracy. However, we are not 
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interested in the accuracy of the individual solution vectors}.. b 

themselves. Rather it is the accuracy of the relaxation contribu
tion written as 

(68) 

which determines the overall accuracy of the calculation. In 
Appendix B we demonstrate that if we solve all Eqs. (49) 
simultaneously (expanding the approximate solutions).. b in 
the same set of trial vectors), the error in R ab becomes qua
dratic in the errors of the individual solution vectors}.. b • In 
addition the approximate relaxation matrix R ab is automati
cally symmetric. Conversely, when each perturbation is 
treated separately the matrix R ab becomes nonsymmetric 
and the errors in the off-diagonal elements are linear in the 
errors of the solution vectors }.. b • 

To illustrate the importance of simultaneous solutions we 
have carried out some test calculations on the water molecule. 
Tables III and IV give the absolute errors in R ab obtained by 
one-by-one solution and simultaneous solution, respectively, 
(both converged to 10-2 in).. b). The errors in R ab obtained by 
simultaneous solution is 10-5, which is less than 10-2 squared, 
and the matrix is symmetric to machine accuracy. Conversely, 
the one-by-one solution gives errors of the order 10-5 in diag
onal elements only, while the off-diagonal elements are correct 
to 10-3. Also the matrix is symmetric to 10-3 only. Note that 
all diagonal deviations are positive, reflecting the fact that G is 
positive definite. [See Eq. (B9).] Additional benefits provided 
by simultaneous solutions are reduction of overhead and possi
bly faster convergence to a given accuracy in}.. b • The reason for 
this faster convergence is simply that the reduced space gener
ated by a given vector f" is shared by all other vectors as well. 

D. Integral evaluation 

A new code has been written to calculate first and second 
derivative Gaussian integrals. The program follows the 
McMurchie-Davidson scheme21.33 by expanding the Cartesian 
integrals in Hermitian integrals, which are evaluated following 
the scheme originally devised by Boys.22 For a description of 
the McMurchie-Davidson scheme and for comparisons with 
other algorithms see Refs. 33 and 34. 

The ABACUS integral code has been vectorized with inner 
loops over primitive Gaussian functions. To maximize vector 
lengths we have chosen to treat all primitive functions on the 
same atom and with the same angular quantum number simul
taneously, whether or not these primitive functions contribute 
to the same final contracted orbital. In the final step of the 
calculation the primitive Cartesian integrals are transformed to 

TABLE III. The deviation from the exact relaxation contribution in a H20 
calculation when the linear set of equations are solved one by one to a toler
ance of 10-2• 

I 
2 
3 

0.000031 
- 0.001185 

0.000 349 

2 

- 0.000015 
0.000034 

-0.000797 

3 

0.000224 
- 0.000 112 

0.000055 

TABLE IV. The deviation from the exact relaxation contribution in a H 20 
calculation when the linear set of equations are solved simultaneously to a 
tolerance of 10 - 2. 

2 
3 

0.000026 
- 0.000013 

0.000 016 

2 

- 0.000013 
0.000014 

-0.000007 

3 

0.000016 
-0.000007 

0.000026 

contracted Cartesian integrals.' This approach is well suited for 
general contraction schemes35 but at the moment we have only 
implemented the simpler segmented contractions. 

An important feature of the McMurchie-Davidson 
scheme is that it allows us to treat the two overlap distribu
tions in the electron repulsion integrals separately as illus
trated below: 

(Herm.' Herm. )_(Herm.' Cart. )_( Cart., Cart.) . 

Following McMurchie and Davidson21 we take advantage of 
this fact by transforming the potentially large number of 
primitive Cartesian components from the first "half-calcula
tion" to the less numerous contracted Cartesian elements 
before the final integrals are calculated in the second half
calculation. As noted by Saunders,33 for asymmetric overlap 
distributions it is not unimportant (in terms of efficiency) 
which distribution is treated first. Especially in derivative 
calculations where the differentiation of the orbitals often 
leads to highly asymmetric overlap distributions care must 
be taken as to which distribution is treated first. ABACUS has 
the ability to treat either overlap distribution first, yielding 
considerable savings in computer time. 

It is often advantageous to calculate the integral deriva
tives directly, without recourse to intermediate undifferentiat
ed integrals.36 This is achieved by combining the appropriate 
Hermitian-to-Cartesian expansion coefficients before these co
efficients are contracted with the Hermitian integrals. How
ever, we shall see below that in many cases the derivative inte
grals may be calculated both simpler and more efficiently by 
taking advantage of the derivative properties of the Hermitian 
functions used to expand the overlap distributions. To show 
this we restrict ourselves to the one-dimensional case and con
sider the overlap distribution of two Cartesian orbitals fixed on 
nuclei with coordinates A and B, 

n1B =X~ X~ exp( -aX~) exp( -/3X1) , (69) 

where we have used the notationXA = X-A. Introducing the 
coordinates: 

P = (aA + /3B)/(a + {3) , 

Q=A-B (70) 

this overlap distribution may be written as a finite linear 
combination of Hermitian functions 

At(P) =(:PY exp[ - (a+/3)X;] (71) 

as described by McMurchie and Davidson.21 This gives us 
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I+} 

OijB =K(Q) L E~j (Q)A,(P) , 
,=0 

where we have introduced the factor 

K(Q) = exp[ - a/3Q 2j(a + /3)] 

(72) 

(73) 

and the expansion coefficients E:} (Q) which may be evalu
ated recursively. For later use we note that for a fixed set of 
exponents a and/3 the coefficients E :j( Q) are functions of Q 
only. 

We now determine the derivatives of the overlap distribu
tions and note that these may be obtained by differentiating Eq. 
( 69) directly or alternatively by differentiating the Hermitian 
expansion (72). By direct differentiation ofEq. (69) with re
spect to A we find 

(a) Oi} _ 2a Oi+ I.} I·Oi-I.} - AB- AB - AB . aA 
(74) 

If we substitute the Hermitian expansion (72) in this expres
sion and collect terms to the same order in t, we obtain the 
final result 

(a) " i+}+ I 
aA O'iB =K(Q) ,~o F:}(Q)A,(P) , (75) 

where 

F:} (Q) = 2a E:+ I.} (Q) - iE:_ I ,} (Q) . (76) 

The expansion (75) is similar to Eq. (72) exceptthatthesum
mation of Hermitian functions now contains an extra term 
t = i + j + 1. This is computationally significant as this sum
mation is the time-consuming step in the McMurchie-David
son algorithm. 

If we now tum to the sum of the derivatives with respect to 
A and B, it would seem that we have to calculate the individual 
derivatives first using Eq. (75) and then add the results. How
ever, this is not necessary. This can be seen by noting that 

(.!...- + '!"'-)K(Q) = 0, aA aB 

(.!...-+.!...-)E~. (Q) =0 (77) aA aB IJ 

because K (Q) and E: j (Q) are functions of Q only, and further 
that 

(.!...- + '!"'-)At (P) = At + 1 (P) aA aB 
(78) 

from the definition Eq. (71). Differentiating expansion (72) 
instead of the expression (69), we find 

(a a)n.. i+j t - + - O'iB = K(Q) L E Ij (Q)At+ n (P) aA aB t=O 

(79) 

which is identical to the original expansion (72) except that 
the index t has been incremented by n in the Hermitian func
tion. This implies that the sum of the derivatives may be 
calculated almost as fast as the undifferentiated integrals 
themselves. This is very useful when both orbitals are cen
tered on the same nucleus (a common situation in small and 
medium sized molecules) as we are then only interested in 
the sum of the derivatives. This feature has been implemen
ted in the ABACUS code. Even in cases where the individual 

derivatives are needed (i.e., two-center overlap distribu
tions) it might be faster to calculate the sum of those deriva
tives and only one ofthe individual derivatives, especially in 
highly vectorized codes where overhead has been mini
mized. 

E. Program overview 

Before closing this section we will discuss some general 
features of the ABACUS program. For this purpose it is useful to 
describe the main points of the program structure: 

(A) Calculate contributions from the nuclear-nuclear 
part of the Hamiltonian. 

(B) Calculate the static contributions 

E ua (1) - tr saF , 

E uab( 1) - tr sabF , 

where E( 1) denotes contributions from the one-electron part 
of the Hamiltonian. Write first derivatives of the one-electron 
Hamiltonian and overlap integrals on disk. 

(C) Transform the two-electron density matrix to AO ba
sis. Calculate the two-electron static contributions £Ua (2) and 
£Uab (2). 

(D) To calculate yo and fa loop over atoms a. 
( 1) Recalculate first derivatives of two-electron inte

grals with respect to the coordinates of atom a and 
write these on disk. 

(2) Construct cpa and "Fua . 

(3) Transform the differentiated two-electron integrals 
to MO basis (1 general and 3 active indices) and 
construct Qua. 

( 4) Construct reorthonormalization matrices cpa and 
"Fsa. 

(5) One-index transform the undifferentiated two
electron MO integrals. Add these to the differenti
ated two-electron integrals and construct osa . 

( 6) Construct matrices yo . 
(7) Construct gradients fa. 

(E) Calculate the remaining static reorthonormalization 
contribution - tr (sayb + Sbya) . 

(F) Solve the response equations and calculate the relaxa
tion contributions faAb • 

( G) Use translational and rotational symmetries to deter
mine the remaining elements in the molecular Hessian. 

As can be seen from the above scheme all first derivatives of 
the two-electron integrals are calculated twice. First we calcu
late them in step (C) simultaneously with the second deriva
tives, taking full advantage of translational symmetry. 37 (Rota
tional symmetry has not been implemented in this part of the 
program.) The calculated integrals are immediately combined 
with AO density elements and added to the appropriate com
ponents of £Ua and £Uab . No integrals are written on disk in this 
step. The first derivatives are later needed in step (D) to calcu
late the Fock matrix contributions cpa,"pa, and Qua and also 
the differentiated two-electron MO integrals. These derivatives 
are therefore recalculated in this step, one atom at a time, writ
ten on disk and processed completely before the next atom is 
considered. In this way the disk requirements are reduced. 
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The response equations are solved in step (F). Note that at 
this point all necessary gradients f a have been calculated. This 
means that we may treat simultaneously as many gradients as 
the computer memory allows in this part of the calculation. As 
described above, this greatly increases the efficiency of this 
time-consuming step. 

In steps (D), (E), and (F) we make full use of transla
tional and rotational symmetries to reduce the computational 
costs. First the program detennines the maximum number of 
independent external directions (5 or 6), then it picks out 5 ( 6 ) 
nuclear coordinates that describe these external directions. 
Finally in step (G) the as yet undetermined elements of the 
Hessian matrix are calculated using the procedure of Page et 
01.38 

IV. SAMPLE CALCULATIONS 

To demonstrate the potential of the presented formalism 
as implemented in the ABACUS program we report sample cal
culations on the water and nitrosyl fluoride (ONF) molecules. 
All calculations were carried out at the experimental equilibri
um geometries. The wave functions were determined using the 
SIRIUS MCSCF program32 together with the MOLECULE inte
gral code39 and Siegbahn's CASSCF GUGA code. 30

(a) In calcu
lating the molecular Hessians the response equations were con
verged to 10-2 or better in the solution vectors which implies 
that the molecular Hessians are accurate to 10-4 a.u. 

A. Application to the water molecule 

We used Tatewaki's MAXI-3 basis set40 on oxygen aug
mented with a diffuse p shell41 with exponent 0.059 and two d
type polarization functions42 with exponents 2.704 and 0.535. 
On hydrogen Huzinaga's 4s basis43 was contracted to 3s44 and 
augmented with one diffuse s function and two p shells (basis 
setD of Ref. 45). The entire basis set-(O/1O,7,2/4,5,2) and 
(H/5,3/4,2)-thus consisted of 71 primitive functions con
tracted to 51. The active space was chosen to give a balanced 
treatment of the correlation effects as described by ROOS46

: 

Each of the four valence orbitals (excluding Is) was correlated 
with a weakly occupied orbital of same symmetry, and an addi
tional weakly occupied orbital of A2 symmetry was included to 
give angular correlation to the 1b1 lone-pair orbital. The distri
bution of 8 valence electrons among 9 active orbitals gives rise 
to 2688 singlet CSF's belonging to theA I representation of the 
Cs group (5292 CSF's without symmetry). 

The calculated total energy is - 76.191 725 a.u. and the 
calculated forces and force constants are presented in Table V. 
Assuming a perfectly harmonic energy surface the predicted 
MCSCF equilibrium geometry is 0.9637 A and 104.50", which 
may be compared with the experimental values47

(a) 0.9578 A 
and 104.48°. The MCSCF force constants are in close agree
ment with the experimental data with a maximum deviation 
from the experiment of5%. The average deviation from experi
ment is less than 3%. 

B. Application to the nitrosyl fluoride molecule 

In order to investigate the program performance for a fair
ly large configuration space we carried out a calculation on 
ONF, using Dunning's double zeta (9s5pl4s2p) basis44 aug-

TABLE V. Forces and force constants for H 20. Units are aJ A -" . Theo
retical values are calculated at the experimental geometry using the coordi
nates given in Ref. 47(b). The calculated force constants are corrected for 
nonequilibrium geometry effects as described by Pulay (Ref. I). Experi
mental force constants are from Ref. 47(a). 

MCSCF Experimental 

f/lr 0.0544 0.0 

f/I. 0.0034 0.0 

Fr 8.555 8.454 
Fa 0.741 0.761 
Frr -0.099 -0.101 
Fra 0.259 0.248 

mented with two d-type polarization functions with expo
nents42 (2.704,0.535), (1.986,0.412), and (3.559,0.682) on 
oxygen, nitrogen, and fluorine, respectively. The basis thus 
contained a total of 108 primitive functions contracted to 66. 
The configuration space chosen consisted of a full-valence ac
tive set. Distributing the 18 valence electrons among the 12 
active orbitals resulted in 8029 configurations of A I symmetry 
in the Cs point group (15 730 without symmetry). 

The total MCSCF energy obtained for ONF is 
- 228.849 630a.u. and the forces and force constants are sum

marized in Table VI. The overall agreement with experiment is 
not as good as one might expect for a calculation of this size, the 
harmonic force constants being off by 6%-28% from the ex
perimental values.48 The theoretical equilibrium geometry pre
dicted assuming a perfectly harmonic energy surface is 1.1536 
A (ON), 1.5165 A (NF), and 110.04°. The corresponding ex
perimental values are 1.1316 A, 1.5166 A, and 109.92° and the 

predicted ON distance is thus seen to be 0.02 A longer than the 
experimental value. The above discrepancies may partly be a 
basis set effect as the basis set used is known to perform poorly 
for polar molecules.49 An improved agreement with experi
mental values may also be obtained with a better choice of 
active space where each strongly occupied orbital has a weakly 
occupied counterpart as in the water calculation. In our ONF 

TABLE VI. Forces and force constants for ONF. Units are aJ A - n • The 
calculation is performed at experimental geometry (Ref. 48) and force con
stants are corrected for nonequilibrium geometry as described by Pulay 
(Ref. I). Experimental force constants are from Ref. 48. 

MCSCF Experimental 

'PON 0.3952 0.0 
'PNF 0.0365 0.0 
'Pa 0.0119 0.0 

FON 17.934 15.912 
FNF 2.441 2.133 
Fa 1.958 1.841 
FON/NF 1.627 1.902 
F ON/a 0.414 0.323 
F NF/a 0.283 0.236 
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calculation the active space is too crowded and the weakly 
occupied orbitals are used to correlate lone pairs at the expense 
ofleft-right correlation of bond oribtals. 

c. Timings 

The timings on a VAX 111780 for the H 20 and ONF 
MCSCF calculations are given in Table VII. The time-consum
ing part of the calculations is the solution of the linear equa
tions, which is seen to account for 60%-80% of the total com
puter time used in the calculation of the Hessian. However, as 
much as 40% of the time spent on these equations was used to 
obtain optimal trial vectors according to Eq. (66). If we had 
constructed the orbital part of the Hessian explicitly the time 
spent on obtaining the orbital trial vectors would be drastically 
reduced. In fact, the total time for the molecular Hessian may 
be reduced by almost 25%. 

It is interesting to compare the time spent on the calcula
tion of the differentiated integrals with the time it takes to cal
culate the undifferentiated integrals. Using the MOLECULE in
tegral code,39 66 min were spent on the calculation of the 
two-electron integrals for ONF (excluding the construction of 
the 9 -supermatrix integrals). This may be compared to the 
298 min used to calculate both the first and the second deriva
tive integrals using the ABACUS integral code. Although this 
comparison is not strictly applicable as different codes are used 
in the two calculations it is nevertheless indicative of the effi
ciency of the McMurchie-Davidson scheme.21 For larger mo-

TABLE VII. Timings for the MCSCF sample calculations on a V AX 11/780. 

Number of basis functions 
primitive/contracted 

Number of configurations 

MCSCF CALCULATIONS 
Integrals 

MCSCF /No. of iterations 

Sum MCSCF: 

MOLECULAR HESSIAN CALCULATIONS 
A. Static Hessian 
Integrals ( I and 2 el. ) 
Density transformation 

Sum static part: 

B. Relaxation Hessian (three directions) 
Integrals 
Integral transformations 
Construction of 3 f" 
Linear equations 

Sum relaxation part: 

Sum molecular Hessian: 

H2O 

71/51 

2688 

13 min 

370min/l0 

383 min 

2+64min 
7 min 

73 min 

lecular systems involving four-center integrals the proportion 
of the time spent on the calculation of derivative integrals will 
increase. 

v. DISCUSSION 

We have shown how MCSCF molecular gradients and 
Hessians may be calculated for state of the art MCSCF wave 
functions using a response function approach. By transferring 
the geometry dependence of the basis set to the Hamiltonian 
integrals the evaluation of the matrix elements appearing in the 
molecular Hessian is simplified. Reorthonormalization effects 
are, for example, straightforwardly accounted for by means of 
one-index transformations on the molecular integrals. 

To evaluate the relaxation contribution to the molecular 
Hessian 3N - 6 sets of linear equations must be solved. These 
equations have the same structure as the Newton-Raphson 
equations used for second-order MCSCF wave function opti
mization. The same computer code can therefore be used both 
for wave function optimization and for calculation of relaxa
tion contributions to second-order properties. We have used a 
direct MCSCF computer code,32 which makes calculations 
with highly correlated MCSCF wave functions practical. An
other important feature of our relaxation code is the simulta
neous solution of wave function responses for all independent 
nuclear distortions. In this way the errors in the relaxation part 
of the Hessian become quadratic in the errors of the solutions to 
the individual wave function responses, reducing the computa-

ONF 

108/66 

8029 

66 min 

11OOmin/8 

1166 min 

4 + 298 min 
23 min 

325 min 

24 min 121 min 
36 min 209 min" 
12 min 59 min 

543 min 1217 min 

615 min 1606 min 

688 min 1931 min 

a 140 min of the 209 min used in AO sort because of inefficient sort in the program when the ONF calculation 
was done. 
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tional effort needed for the calculation of the relaxation contri
butions to a given accuracy. 

To further reduce the computational burden in molecular 
Hessian calculations we have made extensive use of the Fock 
matrix formulation of Siegbahn et 01.23 This reduces the time 
spent in integral transformations-in fact only differentiated 
molecular orbital integrals involving one general and three ac
tive orbital indices need to be calculated. In the limit of single
configuration SCF calculations no integrals at all (differentiat
ed or undifferentiated) are transformed to the molecular 
orbital basis. This corresponds to the SCF formulation of Bacs
kay,50 where the coupled Hartr~Fock equations are solved 
completely in the AO basis. 

The use of Fock matrices also makes the program more 
flexible with respect to the size of the molecular basis sets. To 
further reduce the constraints on basis sets the full set of differ
entiated two-electron integrals is never stored on disk simulta
neously. Rather the differentiated integrals are calculated with 
respect to three perturbations (one atom) at a time, making the 
external storage requirements not substantially higher than for 
the wave function determination itself. 

The time required for evaluating the MCSCF molecular 
Hessian is in general of the same order of magnitude as the time 
required for carrying out a second-order optimization of the 
wave function. We may therefore expect that in the near future 
MCSCF molecular Hessians will be routinely used to study 
molecular potential surfaces and serve as an important tool for 
improving our understanding of the electronic structure of mo
lecular systems. 
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APPENDIX A: STATIC ENERGY DERIVATIVES IN TERMS 
OF FOCK MATRICES 

The static energy derivatives E" and E"b are in Sec. III A 
expressed in terms ofFock matrices. We now show how these 
expressions may be derived. From Eq. (16) we see that 

(hOMO)a = ha _ ~ {sa,h} , 

(gOMO)a = ga _ ~ {sa,g} , (AI) 

where we have used the notation of Eq. (17) for one-index 
transformations. The molecular gradient E" is obtained by 
contracting the Hamiltonian integrals (AI) with the one- and 
two-electron density matrices. This is a straightforward task 
once we note that for any matrix A, 

r Dpq {A,h}pq + r P pqrJA,g} pqrs = 2 tr AF , (A2) 
pq pqrs 

where F is the Fock matrix (30). This means that contracting 
the density matrices with one-index transformed integrals is 
equivalent to contracting the transformation matrix with the 

Fock matrix. Using Eqs. (Al) and (A2) we immediately see 
that 

E a = E ua - tr SaF (A3) 

which is the expression for the molecular gradient. 
To obtain the second derivatives E"b we first express the 

second derivatives of the OMO integrals in terms of one-index 
transformations, then contract these derivatives with the den
sity matrices and finally rewrite the expressions in terms of 
Fock matrices using Eq. (A2). The second (and higher) de
rivatives of the OMO integrals may be determined using the 
techniques given by Simons et 01.

16 We find 

(hOMO)ab = hab _ ! {sab,h} 

_ ~ {saN} -! {sa, { _ ! Sb,h} } + ! {saSb,h} 

- ~ {SbN} - HSb, { - ! sa,h}} + ! {Sbsa,h} 

(A4) 

and similarly in the two-electron case. Contracting these ex
pressions with the density matrices we obtain 

E ab = E uab _ tr sabF _ tr sapb - ! tr sapb + ! tr saSbF 

- tr SbFua - ! tr SbFsa + ! tr SbsaF 

= E uab _ tr sahF _ tr( sayb + Sbya) , 

where we have used the matrix 

ya = pa + ! pa _ ! saF , 

(A5) 

(A6) 

introduced in Sec. III A. Higher order static contributions such 
as E"bc may of course be determined using the same technique. 

APPENDIX B: ERROR ANALYSIS FOR SIMULTANEOUS 
SOLUTION OF LINEAR EQUATIONS 

An important reason for expanding all 3N - 6 (3N - 5) 
independent solution vectors ofEq. (49) in the same set of trial 
vectors is that the errors in the relaxation contribution Rab to 
the molecular Hessian then become quadratic in the errors in 
the individual solution vectors. A proof is given in this Appen
dix. 

The response equations (49) are solved by projecting them 
onto the space spanned by the orthonormal trial vectors 
B = {b; Ii = I,n}: 

GR }.. Ra = _ fRa , 

where 

GR=OGO, 

fRa = Of a, 

and 0 is the projector onto B, 
n 

0= r b/b;. 
;= 1 

As a measure of the error in }.. Ra we use the residual 

(Bl) 

(B2) 

(B3) 

(B4) 

8Ra = G}..Ra + fa (B5) 

which is orthogonal to B since 

08Ra = O(G}..Ra + f') = GR}..Ra + fRa = O. (B6) 

This means that 8Ra is orthogonal to all approximate solution 

J. Chern. Phys., Vol. 84, No. 11,1 June 1986 

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



Helgaker et al. : Molecular Hessians for MCSCF wave functions 6279 

vectors }.. Rb as}.. Rb E B for all b. 
To obtain an expression for the exact solution}..a in terms 

of the approximate solution}.. Ra and the residualaRa , we mul
tiply Eq. (B5) by G - I from the left and use Eq. (49): 

(B7) 

We may now determine the error t::.ab in the relaxation part of 
the molecular Hessian [seeEq. (47)] by using Eq. (B7) twice: 

t::.ab =R Rab _ R ab= ra(}..Rb _ }..b) 

= raG-1aRb = _ i.,aaRb 

= _ i.,RaaRb + 8RaG-laRb. (BS) 

Since the approximate solution vectors }.. Ra and the residual 
vectors aRb are orthogonal, we obtain the final result 

(B9) 

This shows that t::. ab is quadratic in the residuals, for example if 
all residuals are brought below 10-2 t::.ab will be of order 10-4 

and we have quadratic accuracy in the approximate RRab com
pared to the accuracy of the individual response vectors }.. Ra • 

Furthermore, t::.ab in Eq. (B9) is symmetric in a and b and we 
gain the additional benefit that the approximate solution has 
the correct symmetric structure. 

Ifwe had used different trial vectors for}.. Ra and}.. Rb then 
i., RaaRb in Eq. (BS) would be different from zero; the error t::. ab 

would be linear in the residuals and the approximate solution 
would only be symmetric to the same order. 
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