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The analytical calculation of molecular dipole-moment derivatives for MCSCF wave functions is 
described. The formalism is based on exponential unitary transformation of the wave function 
and symmetric orthonormalization of the molecular orbitals. The response equations are solved 
using an iterative, direct technique to allow for large configuration expansions. Translational and 
rotational symmetries of the dipole moment are used to minimize computational costs. Sample 
calculations involving several thousand configurations are presented for HzO and ONF. 

I. INTRODUCTION 

In order to reproduce the intensities of infrared spectra 
by ab initio quantum chemical methods one must be able to 
calculate the geometrical derivatives of the molecular dipole 
moment. I,Z Such derivatives are at present usually calculat
ed by numerical differentiation3 or techniques involving 
both numerical and analytical differentiation, notably the 
finite field approach advocated by Komornicki and 
Mclver.4 However, recent advances in techniques for analy
tical calculation of molecular properties have made it com
putationally favorable to evaluate these derivatives using a 
fully analytical scheme. 

The analytical evaluation of the geometrical derivatives 
of the dipole moment was pioneered by Bratoz5 who in 1958 
described how the first derivatives of the dipole moment can 
be evaluated for single-configuration self-consistent field 
(SCF) wave functions. In 1968 Gerratt and Mills6 carried 
out simple test calculations on diatomic hydrides. The first 
practical application of the method was presented in 1984 by 
Amos who has reported several analytical dipole-moment 
derivative calculations for accurate SCF wave functions. 7.8 

In this paper we extend this development by describing how 
the first derivatives of the dipole moment may be calculated 
for multiconfiguration self-consistent field (MCSCF) wave 
functions. Sample calculations are reported for water and 
nitrosyl fluoride. 

The approach used in this work-exponential parame
trization of the wave function coupled with symmetric 
orthonormalization of the orbitals-has been described in 
several papers. In particular we refer to the paper by Simons 
and J!6rgensen9 where general dipole-moment derivative ex
pressions are given for MCSCF and configuration interac
tion (CI) wave functions, and the paper by Helgaker and 
Alml6flO which describes how the geometry dependence of 
the orbitals may be transferred to the molecular Hamilton
ian by symmetric orthonormalization of the molecular orbi
tals. 

The computational cost of dipole-moment derivative 
calculations may be reduced by taking advantage of the 
translational and rotational symmetries of the dipole mo
ment. Translational symmetry has been used by several 
workers. Z In this paper we describe how rotational symme
try may be implemented. This is especially important when 
the dipole-moment derivatives are calculated simultaneous-

ly with the molecular Hessian (force constants). 
In Sec. II the formalism is outlined and some computa

tional aspects are discussed. In Sec. III we report sample 
calculations on HzO and ONF. Section IV contains some 
concluding remarks. 

II. THEORETICAL BACKGROUND 

A. Basic equations 

We consider a molecular system as a function of a static 
electric field £ and the nuclear coordinates x and wish to 
calculate the derivatives of the total MCSCF energy W( £,x) 
with respect to £ and x for the unperturbed system, i.e., when 
E = 0 and x = Xo' Expressions for the first- and second-order 
properties involving electric field variations and nuclear dis
placements may be determined from response function the
ory.9--13 Let superscripts mn denote m times differentiation 
with respect to £ and n times differentiation with respect to x: 

wm"(E,X) = d m +" W(E,x)ld£m dx". 

The first-order properties are then given by 

W IO = E 10 (dipole moment), 

W0 1 = EOl (molecular gradient), 

while the second-order properties may be written 

wZo = E ZO + R zo 

= E zo _ FlOG - 1 FlO (polarizabilities), 

Wl1=El1+RII 

(1) 

(2) 

=El1_FIOG- 1Fol (dipole derivatives), (3) 

WOZ=E02+RoZ 

= EOZ _ F 01G-1F 01 (molecular Hessian), 

where the arguments E = 0 and x = Xo for the unperturbed 
system have been dropped for notational ease. We will con
tinue to do so whenever convenient in the rest of this paper. 
In these expressions we have used the notation 

E mn = (OIBmnIO), 

Fmn = (01 [T,Bmn] 10), 

G = (01 [T,[T,B]]IO), 

(4) 
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A 

where 10) is the MCSCF state for the unperturbed system, H 
is the Hamiltonian operator [with superscripts mn denoting 
differentiation as in Eq. (1)] 

H(E,X) = ~pq [h ~MO(X) + E.M~MO(x)]Epq 
~ OMO A A A + !"'pqrsgpqrs (x) [EpqErs - {}rqE ps ], (5) 

A 

and T is a vector containing the orbital- and state-rotation 
operators 

A [ Epq - Eqp ] 
T= 10)(KI-IK)(01 . 

(6) 

The operators {Epq; P > q} which appear in Eqs. (5) and (6) 
are the generators of the unitary group, while {IK );K > O} of 
Eq. (6) is a set of states that spans the orthogonal comple
ment to 10). It is understood that only nonredundant opera
tors {Epq} are includec!.,in T, and that we always let the state
rotation operators in T operate first on the wave function 
10), or equiv~lently that we always let the orbital-rotation 
operators in T operate first on the Hamiltonian. The wave 

A A 

function 10), the Hamiltonian H, and the operator Tare 
defined in terms of a finite set of orthonormalized molecular 
orbitals (OMO's) obtained by symmetric orthonormaliza
tion of the MCSCF orbitals calculated for the unperturbed 
system as described in Ref. 10. In the Hamiltonian (5) the 
elements {h ~:o (x) } and { g~":s0 (x)} are the usual one- and 
two-electron integrals of the nonrelativistic Bom-Oppen
heimer Hamiltonian while {M~MO(X)} are the integrals of 
the dipole operator. Note that all geometry dependence of 
the Hamiltonian is isolated in the molecular integrals. 

The first-order properties W lO and WOI ofEq. (2) COIl

tain a single static term in accordance with the Hellmann
Feynman theorem. The second-order properties W 20, Wll, 
and W020fEq. (3) have an additional term arising from the 
relaxation of the wave function, analogous to the corre
sponding expressions for the exact wave function. These 
contributions may be written 

R 20 = X 10FlO, 

R II = X lO:pOl = X oIFIO, 

R 02 = XOI:pOt, 
(7) 

where AlO and AOl (i.e., the first-order variations of the wave 
function due to the perturbations) are obtained by solving 
the response equations 

GAlO = _ FlO, (8) 

GAOl = _:pOl (9) 

for electric and geometrical perturbations, respectively. 
Also note that the static contribution to the polarizabilities 
E 20 in Eq. (3) vanishes since according to Eq. (5) H 20 = O. 
However, if electric-field-variant basis sets l4,IS were used, 
H20 would be different from zero and we would have both a 
static and a relaxation contribution to the polarizabilities. 

B. Strategies for calculation of the relaxation 
contribution 

As can be seen from Eq. (7) above the relaxation part of 
the dipole-moment derivatives R II may be calculated in two 
alternative ways-involving either the explicit calculation of 

the electric response AlO according to Eq. (8), or the explicit 
calculation of the geometrical response A 01 according to Eq. 
(9). Calculation of AIO is faster as it involves only three sets 
of linear equations (8) rather than the 3N sets of equations 
for geometrical perturbations (9). [N is the number of 
atoms in the molecule. As described later only 3N - 6(5) 
geometrical perturbations have to be considered explicitly.] 
However, when the molecular Hessian W02 is calculated si
multaneously with the dipole-moment derivatives W II-for 
example in calculations of IR intensities-it appears best to 
calculateR II from AOI rather than AlO aSAol is needed for the 
molecular Hessian anyway. 

The above strategy must be modified somewhat when 
AlO and A 01 are calculated approximately, i.e., when iterative 
techniques are used to solve the response equations (8) and 
(9): Suppose that we have solved the sets of linear equations 

(10) 

to a given accuracy {} in each Ai. (Fi denotes an arbitrary 
vector FlO or F 01, and similarly for Ai.) The error in the 
elements 

R /} = X/F} = X}F1 = - kGA} (11) 

is then quadratic in {) for all elements R i} if and only if the 
linear equations (10) have been solved simultaneously, i.e., 
if all the solution vectors Ai have been expanded in the same 
set of trial vectors. 12 To see how this affects the strategy for 
calculation of R 11, suppose we want to calculate the dipole
moment derivatives W ll to an accuracy of 10-6

• We can 
then choose between the following three procedures: (i) 
Solve for AlO to 10-6; (li) solve for AOI to 10-6; (iii) or solve 
for AlO and AOI simultaneously to 10-3 • Although the latter 
procedure involves a larger number of linear equations, it 
might be faster than the alternative procedures (i) and (ii) 
as the required accuracy in the solution vectors in this case is 
substantially lower (10-3 rather than 10-6

). 

C. Computational details 

The static contribution to the dipole derivatives (3) is 

Ell = (OIHIIIO). (12) 

If we restrict ourselves to the derivative of the x component 
of the dipole moment with respect to coordinate a, Eq. (12) 
may be written 

A 

(OIXaIO) = ~pqDpq [X~MO]a, (13) 

where we have introduced the x component of the dipole 
operator 

X(x) = ~pqX~MO(X)Epq (14) 

and the one-electron density elements 

Dpq = (OIEpq 10). (15) 

The OMO dipole integrals ofEq. (13) may be written lO 

X~MO(X) = ~a,BXa,B (x) [S - 1I2(X)] ap [S - 112(X) ]pq, 
(16) 

where X(x) and Sex) are the dipole and overlap matrices, 
respectively, in the basis ofthe MCSCF orbitals for the un
perturbed system. Since the overlap matrices reduce to unity 
for the unperturbed system the derivative of Eq. (16) at 
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TABLE I. Cartesian coordinates for H 20 (a.u.) (origin at center of mass). 
Experimental values from Ref. 19. 

x y Z 

0 0.00000 0.00000 - 0.12389 
HI 0.00000 1.43043 0.98326 
H2 0.00000 - 1.43043 0.98326 

x = Xo is given by 

[X~MO]O=X~ -P:a(S;"Xaq +S:aXpa)' (17) 

By combining Eqs. (13) and (17) we find that 
A 

(OIXOIO) = ~pq (DpqX"pq - F;qS;q), (18) 

where P is the x component of the "dipole Fock" matrix 

F;!! = ~aDpaMqa' (19) 

The calculation of the expression (18) is straightforward 
and will not be described further here. 

Turning to the relaxation contribution we note that the 
only difference between R II and R 02 of Eq. (3) is the ap
pearance of FlO in R 11. The explicit form of FlO is 

A A [2(FM _ FM)] 
FlO = (01 [T M] 10) = pq A qp . 

, 2(JrIMI0) 
(20) 

Again this vector is easily calculated from dipole integrals, 
one-electron density elements, and CI coupling coefficients. 
Note that FlO is identical in structure to the one-electron part 
of the gradient F used in wave function optimizations 13 

F = (01 ['fP] 10) (21) 

and may therefore be calculated using the same general code, 
replacing the one-electron Hamiltonian integrals {h pq} by 
the dipole integrals {Mpq} and omitting the two-electron 
contributions. For more details on the calculation of R II see 
Ref. 12 where the calculation of the relaxation contribution 
to the molecular Hessian R 02 is treated in detail. We only 
note that the response equations (8) and (9) are solved in 
the configuration state function basis 16 using a modified con
jugate gradient algorithm, and that direct methodsl7

•
18 are 

used in the iterative procedure so that no element of the 
Hessian matrix is ever calculated explicitly. In this way the 
dipole derivatives may be calculated analytically for large 
configuration expansions. 

TABLE II. APT's for H 20 (a. u. ). Experimental values from Ref. 31. 

0 

a/ax a/ay a/az a/ax 

J-lx - 0.714 0.000 0.000 0.357 
SCF J-ly 0.000 - 0.558 0.000 0.000 

J-lz 0.000 0.000 - 0.428 0.000 

J-lx -0.681 0.000 0.000 0.341 
CASSCF J-ly 0.000 - 0.497 0.000 0.000 

J-lz 0.000 0.000 - 0.349 0.000 

J-lx - 0.658 0.000 0.000 0.329 
Expt J-ly 0.000 - 0.460 0.000 0.000 

J-lz 0.000 0.000 - 0.298 0.000 

TABLE III. IR intensities for H 2
160 (km/mol). Double harmonic intensi

ties calculated using normal coordinates from the same wave functions. Ex
perimental intensities from Refs. 30 and 31. 

Mode SCF CASSCF ,Experimental 

Bend 91.3 69.0 53.6 
Sym. stretch 14.5 5.65 2.24 
Asym. stretch 80.0 56.8 44.6 

D. Translational and rotational symmetries 

There is a total of (3 X 3N) dipole-moment derivatives. 
However, only [3 X (3N - m)] (m = 5 or 6) of these de
rivatives are independent due to the translational and rota
tional symmetries of the dipole moment. These symmetry 
properties may be used to reduce the computational cost of 
dipole derivative calculations. Let the Cartesian compo
nents of the dipole moment of a neutral molecule in a space
fixed coordinate system be (JLx ,JLy,JLz)' The translational 
and rotational symmetries of the dipole moment then give 
for the x component 

aJLx1arT = aJLx1arT = aJLx1arT = 0 (22) 
x y • 

and 

aJLx1arRx = 0, 

aJLx1arR = - JLz' y 

aJLx1arRz =JLy-

(23) 

Similar symmetry relations are found for JLy and JLz. These 
relations may be expressed in terms of the 3N atomic Carte
sian coordinates {x;} by using the chain rule 

3N 

aJL;iar j = I (aJL;iaxd(axklar j ). (24) 
k=1 

In Eq. (24) fpJ are the three components of the dipole 
moment and {r) are the m independent external coordi
nates (translations and rotations). Using the notation 

Tij =ax/arjt 

Aij = aJL /axjt (25) 

B;j = aJL /arjt 
we may write Eq. (24) in matrix form 

T(mx3N)A(3N X3) = B(mX3), (26) 

HI 

a/ay a/az 

0.000 0.000 
0.279 - 0.061 

- 0.057 0.214 

0.000 0.000 
0.249 -0.071 

-0.066 0.174 

0.000 0.000 
0.230 -0.077 

-0.062 0.149 
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TABLE IV. Cartesian coordinates for ONF (a.u.). Experimental values 
from Ref. 20. 

o 
N 
F 

x 

- 2.138 32 
0.000 00 
0.97654 

y 

0.000 00 
0.000 00 
0.000 00 

z 

0.000 00 
0.000 00 
2.69442 

where T and B are easily calculated from the molecular ge
ometry. If we reorder the columns of T so that the first m 
columns are linearly independent we may write T on the 
partitioned form 

where T Dis nonsingular. Reordering A in the same way 

[ 
AD(mx3) ] 

A(3N X3) = A](3N _ mX3) , (28) 

we find that Eq. (26) may be written as 

TDAD + T]A] = B 

or equivalently 

(29) 

(30) 

By initially selecting m independent coordinates which span 
the translational and rotational degrees of freedom we may 
thus determine 3m dipole derivatives AD from Eq. (30), 
avoiding the explicit ab initio calculation of these 3m deriva
tives. This is especially important when the dipole-moment 
derivatives are calculated simultaneously with the molecular 
Hessian as then only (3N - m) solution vectors }.. 01 are 
available from the Hessian calculation. 

III. SAMPLE CALCULATIONS 

To illustrate the techniques described in the previous 
section we have calculated the dipole derivatives for water 
and nitrosyl fluoride. The water calculations were per
formed using both a closed-shell SCF wave function and an 
MCSCF wave function. All calculations were carried out at 
the experimental geometries l9,20 The wave functions were 
determined using the MOLECULE integral program21 and the 
SIRIUS MCSCF program,22 while the dipole derivatives were 
calculated using the ABACUS program. 12 All calculations 
were performed on a VAX 11/780 computer. 

In the water calculation we used Tatewaki's recently 
published MAXI-3 basis see3 on oxygen. The Is orbital is 

TABLE V. APT's for ONF (a.u.). 

0 

a/ax a/ay a/az a/ax 

Ji-x -0.951 0.000 0.064 1.402 

Ji-y 0.000 0.090 0.000 0.000 

Ji-z -0.849 0.000 -0.047 1.022 

TABLE VI. Double harmonic IR intensities for 16014NF (km/mol) calcu
lated using normal coordinates from the same wave function. 

Mode 

NF 
Bend 
ON 

Intensities 

72.3 
136 
267 

contracted from six primitive functions, while the 2s orbital 
is constructed from four primitive Gaussians contracted to 
three functions according to the scheme 211. The 2p orbital 
is represented by four functions contracted as 3111. One set 
of diffuse p orbitals24 (exp 0.059) and two sets of d polariza
tion functions25 (exp 2.704 and 0.535) were added for 
greater flexibility. On hydrogen we used Dunning's 3s con
traction26 of Huzinaga's 4s basis.27 To this we added one 
diffuse s function and two sets of p functions as described by 
Purvis and Bartlett (basis set D of Ref. 28). This gives a total 
of 51 CGTO's. In the MCSCF calculation a complete active 
space (CAS) was constructed by correlating each strongly 
occupied valence orbital with a weakly occupied orbital of 
same symmetry and including an additional weakly occu
pied orbital of A2 symmetry.29 This gives a total of 5292 
configurations in C I (9 active orbitals), 1380 in C2v (4,2,2, 
and 1 active orbitals of symmetries A I' B2 , B I' and A 2, respec
tively). No point group symmetry has been implemented in 
the ABACUS program. However, due to translational and ro
tational symmetries only 2688 of these configurations (be
longing to A ' of Cs ) have to be considered in the calculation 
of the dipole-moment derivatives. The calculated energies at 
the experimental geometry (Table I) are - 76.053 597 
(SCF) and - 76.191 725 a.u. (MCSCF), and the dipole 
moments are 2.01 (SCF) and 1.92 D (MCSCF) (experi
mental 1.85 0 30). 

The calculated dipole-moment derivatives (atomic po
lar tensors or APT's2 are given in Table II, where compari
son is made with a set of experimental values.31 The average 
deviations of the APT values for HI from the experimental 
numbers are 20% and 9% for SCF and MCSCF, respective
ly, which is satisfactory in view of the approximations in the 
wave function and the uncertainties in the experimental val
ues. It is reassuring to note that the introduction of correla
tion consistently improves the SCF results (in each case low
ering the calculated numbers). We also note that our SCF 
results are close to the values obtained by Amos in a near
Hartree-Fock calculation,? the average deviation being 3%. 

From the atomic polar tensors and the normal coordi
nates it is possible to calculate the IR intensities within the 

N F 

a/ay a/az a/ax a/ay a/az 

0.000 0.519 -0.452 0.000 - 0.582 

0.100 0.000 0.000 - 0.190 0.000 
0.000 1.017 - 0.174 0.000 -0.970 
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double harmonic approximation. 1,2 In Table III experimen
tal intensities3o,31 for H2

160 are compared with the theoreti
cal values obtained from the dipole derivatives in Table II 
and the normal coordinates calculated from the same SCF 
and MCSCF wave functions using the ABACUS program. 12 
Again we note that the introduction of electron correlation 
greatly improves the calculated numbers, although the 
agreement is still not quantitative even in the MCSCF case. 
Considering the good agreement between the calculated and 
experimental APT's, we believe this is due to the deficiencies 
of the double harmonic approximation, i.e., neglect of an
harmonic terms both in the expansion of the dipole moment 
and in the expansion of the potential energy surface. One 
should keep in mind, however, that there are considerable 
uncertainties in the experimental values. 31 Note that all cal
culated intensities are higher than the experimental values. 

In the nitrosyl fluoride calculation we used Dunning's 
double zeta (9s5p/4s2p) basis26 augmented with two sets of 
d functions on each atom. [The d orbital exponents are 
(2.704,0.535), (1.986,0.412), and (3.559,0.682) on oxy
gen, nitrogen, and fluorine, respectively. 25] This gives a total 
of 66 contracted functions. 8029 configurations of symmetry 
A' were considered (full valence). Calculated MCSCF ener
gy at the experimental geometry (Table IV) is 
- 228.849 630 a.u. The calculated dipole moment is 1.62 D 
(experimental value 1.73 D,32 with Cartesian components 
( - 0.96,0.00, - 1.30 D). Calculated APT's and intensities 
for 16014NF are given in Tables V and VI, respectively. In 
the intensity calculation we used the normal coordinates ob
tained by diagonalizing the mass-weighted molecular Hes
sian calculated from the same wave function. 12 

IV_ DISCUSSION 

We have demonstrated that it is practical to calculate 
analytical dipole-moment derivatives for large MCSCF 
wave functions. In our implementation the calculation of the 
dipole derivatives takes about the same time as the calcula
tion of the wave function itself, and in applications aimed at 
calculating the full molecular Hessian the additional calcu
lation of dipole derivatives adds little to the overall computa
tional effort. 

By careful choice of basis sets and configurations it ap
pears possible to obtain quantitative agreement with experi
mental data. For larger molecules one must use more general 
configuration expansions than complete active space wave 
functions to account for dynamical correlation, for example, 
expansions including all single and double excitations from a 
multiconfiguration reference state. Such wave functions are 
routinely calculated at the CI level. With the recent ad
vances in computational techniques it appears possible to 

calculate MCSCF wave functions of this type in the near 
future. Although such wave functions have little to offer in 
way of improving the total energy, they do have the impor
tant additional benefit of allowing the calculation of molecu
lar properties to be performed in a more straightforward 
manner. 
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