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The restricted step optimization algorithm is applied to potential energy surfaces calculated 
from multiconfiguration self-consistent-field wave functions. Equilibrium and transition-state 
geometries are determined by iteratively solving a set oflevel-shifted Newton-Raphson 
equations. At each geometry the molecular gradient and Hessian are calculated analytically, 
and a first-order prediction of the wave function at the next geometry is obtained by combining 
the geometrical derivatives of the wave function with the geometrical step vector. The 
usefulness of this prediction is discussed and illustrated by test calculations. The numerical 
accuracy which is required in the wave function and its geometrical derivatives in order to 
maintain quadratic convergence in the optimization of the molecular geometry is analyzed. It 
is demonstrated that the Newton-Raphson step vector and the wave function prediction may 
be determined without calculating the molecular Hessian explicitly. Sample calculations are 
carried out for the potential energy surfaces of diazene (N2H2 ) and the diazenyl radical 
(N2H). Equilibrium geometries are determined in less than five iterations and the optimization 
of transition states requires typically ten iterations. 

I. INTRODUCTION 

Molecular equilibrium and transition structures playa 
central role in many branches of chemistry and the theoreti
cal determination of such structures constitutes an impor
tant task for computational quantum chemistry. Since equi
librium and transition structures correspond to stationary 
points on the Bom-Oppenheimer potential energy surface 
having zero and one negative Hessian eigenvalue, respective
ly, the unambiguous localization and characterization of 
such structures require a knowledge of the molecular gradi
ent and Hessian. The methods presently favored calculate 
the gradient explicitly at each point in the search while the 
Hessian is obtained iteratively by various update tech
niques. I

-
7 With the recent development of techniques for the 

analytical calculation of molecular Hessians it becomes rel
evant to investigate the efficiency of methods that use the full 
information content of the molecular gradient and Hessian 
at each point in the search. I

,8-11 One such method is the 
restricted step algorithm proposed by Fletcher for minimi
zations of nonlinear functions I and adapted for transition
structure optimizations by Simons et al.9 In this algorithm 
transition structures are located by walking away from an 
equilibrium structure following a normal coordinate 
("streambed") as a reaction path. Thus the reaction path, 
which determines the dynamics of molecular reactions and 
rearrangements, is obtained as a by-product from the opti
mization of the transition state. 

In this paper we describe how the restricted step algo
rithm may be implemented when the molecular energy sur
face is calculated from a multiconfiguration self-consistent
field (MCSCF) wave function. At each geometrical point 
the MCSCF molecular gradient and Hessian are calculated 
analytically in a space-fixed Cartesian coordinate system, 

and translational and rotational degrees of freedom are sub
sequently eliminated by a suitable projection technique. The 
nuclear step vector is determined by solving a set of level
shifted Newton-Raphson equations in the Hessian eigenvec
tor basis. The level shift parameter is chosen to guarantee 
that the walk proceeds in the right direction as well as inside 
the trust region, i.e., inside a hypersphere where the energy 
surface is well described by a second-order Taylor expansion 
in nuclear distortions. In local regions the level shift vanishes 
and quadratic convergence is observed. 

As a by-product from the calculation of molecular Hes
sians one obtains the first-order response of the wave func
tion to nuclear distortions. This wave function response may 
be combined with the nuclear step vector to provide a first
order prediction of the wave function at the new geometrical 
point. We demonstrate in this paper that using the first-or
der prediction as a starting point for the MCSCF optimiz
ation at the new geometry saves at least one second-order 
MCSCF iteration at this geometry. The wave function pre
diction may also be used to provide an inexpensive check on 
the validity of the calculated step vector. In this way back
steps (i.e., rejection of the current step vector and determin
ation of a new step using a smaller trust region) may be 
detected at an early stage which does not require optimiz
ation of the wave function at the new geometry. 

The molecular gradient and Hessian from which the nu
clear step vector is calculated are only determined to a cer
tain numerical accuracy which is dictated by the conver
gence thresholds used in the iterative determination of the 
wave function and the wave function responses. In this paper 
we analyze the accuracy of the step vector in terms of the 
thresholds used in the wave function optimization and in the 
solution of the response equations. Such an analysis is espe
cially important for walks in local regions where an inaccu-
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rately determined step vector may destroy quadratic conver
gence. Only with a knowledge ofthe required accuracy in the 
wave function and the wave function responses is it possible 
to maintain quadratic convergence in the local region at a 
minimal computational cost. 

We also describe how the Newton-Raphson step vector 
and wave function prediction may be determined without 
having to calculate the molecular Hessian explicitly. Al
though this procedure is cheaper than the explicit calcula
tion of the Hessian, it may only be applied in local regions 
where the Newton-Raphson step may be taken with confi
dence. In global regions level shift must be used and the 
correct level shift may only be determined with a knowledge 
of the complete set of Hessian eigenvalues and normal co
ordinates. 

Calculations are presented for the potential energy sur
faces of diazene (NzHz) and the diazenyl radical (NzH). 
These calculations indicate that the restricted step algorithm 
is a highly efficient procedure allowing the determination of 
molecular transition states in a modest number of iterations. 
However, some problems do occur when one tries to locate 
transition states along coordinates corresponding to higher 
Hessian eigenvalues. 

In the next section we give the theoretical background 
for carrying out walks efficiently on an MCSCF potential 
energy surface and in Sec. III examples are given for walks 
on diazene and the diazenyl radical. Section IV contains 
some concluding remarks. 

II. THEORETICAL BACKGROUND 

This section gives some theoretical background for opti
mization of MCSCF equilibrium and transition-state struc
tures. We first discuss the elimination of translational and 
rotational degrees of freedom (Sec. II A) and then review 
the restricted step algorithm (Sec. lIB) and the analytical 
calculation of MCSCF molecular gradients and Hessians 
(Sec. II C). Calculation and use of the first-order prediction 
of the wave function is discussed in Sec. II D and in Sec. II E 
we analyze the numerical accuracy needed in the wave func
tion and its geometrical derivatives in order to maintain qua
dratic convergence in local regions of geometry optimiza
tions. Also in Sec. II E the required numerical accuracy in 
the first-order prediction of the wave function is discussed. 
Finally in Sec. II F we discuss how the Newton-Raphson 
step vector and the first-order wave function prediction may 
be determined without calculating the molecular Hessian 
explicitly. 

A. Elimination of translational and rotational 
coordinates 

Consider a molecular system with N atoms in the neigh
borhood of some reference geometry XO = {x?,y? ,z?; 
i = l, ... ,N} and assume that at this geometry we are able to 
generate the molecular energy EO, the gradient F, and the 
Hessian G in a space-fixed Cartesian coordinate system. The 
quadratic approximation to the molecular energy in the 
neighborhood of XO is then 

?reX) = EO + ~F + ~~Gs, (1) 

where S denotes the displacement vector 

(2) 

The molecular gradient and Hessian which appear in Eq. 
(I) involve translational and rotational as well as internal 
coordinates. As the total energy is independent of the trans
lational and rotational coordinates, these coordinates should 
be removed from Eq. (I) before it is used for surface walk 
purposes. One way to eliminate the external coordinates is to 
project them out of the step vector 

S;--+PS; (3) 

using the projection operator 
m 

P=I-Ivivj> (4) 
i= I 

where m is 6 for nonlinear geometries and 5 for linear geome
tries and {Vi} denotes a set of orthonormal vectors spanning 
the translational and rotational space. The vectors in {Vi} 
may be obtained as solutions to the Sayvetz-Eckart condi
tions. I2 Inserting Eq. (3) into Eq. (1) we obtain the expan
sion 

(5) 

The molecular gradient F has zero components along the 
external coordinates 

PF=F. 

The projected Hessian 

GP = PGP 

may be diagonalized 

E = OGPU, 

(6) 

(7) 

(8) 

where E is the diagonal matrix containing the Hessian eigen
values. The external coordinates may be identified since they 
have zero eigenvalues as well as zero overlap with the molec
ular gradient. The orthogonal matrix U which appears in Eq. 
( 8) may therefore be chosen such that the first 3N - m 
eigenvalues represent internal coordinates in increasing or
der (EI < Ez'" < E3N _ m ) while the remaining m coordinates 
represent external coordinates with zero eigenvalues. In this 
diagonal representation the second-order energy may be 
written 

?r (X) = EO + ~DFD + !~DES;D, 
where 

FD = OF, 

S;D = OS;. 

(9) 

( 10) 

Note that the first 3N - m components ofFD are in general 
non vanishing while the last m components are identically 
equal to zero. 

B. Restricted step walking algorithm 

In the restricted step algorithm 1.9 one defines in each 
iteration of the optimization a trust region around the refer
ence geometry: 

Iisii <h (11 ) 

within which the quadratic energy ?reX) of Eq. (9) ap
proximates the true energy surface E(X) reasonably well. 
When the next step in the walk is being considered one is not 
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allowed to take steps that would lead out of the trust region. 
This guarantees that each step can be taken with confidence. 
The trust radius h is updated in each iteration by measuring 
the agreement between the energy change predicted by the 
quadratic expansion ffl (X) and the actual energy change 
calculated after the step is taken. 

To see how one determines the optimal step within the 
trust region (11) let us first assume that we are close to the 
destination stationary point so that the Hessian at the refer
ence geometry has the correct number of negative and posi
tive eigenvalues. By requiring 

affl(X) = 0 
ax 

(12) 

in the diagonal representation ofEq. (9) with translational 
and rotational coordinates eliminated, we obtain the New
ton-Raphson (NR) step: 

(13) 

which may be taken only if it lies within the trust region 
( 11 ). Otherwise the step is rejected and we must search for a 
stationary point on the boundary 

IIsll =h. (14) 

This is accomplished by looking for the stationary points of 
the Lagrangian function 

L(X) = ffl(X) -!V(~S-h2) (15) 
which leads to a level-shifted NR step 

S= - (E-vl)-IFD
, (16) 

where the level shift v is chosen so that Eq. (14) is fulfilled. 
In general condition (14) will be satisfied for several values 
of v. To determine the correct level shift we must consider 
the nature of the stationary point towards which we are mov
ing. For example, if our destination point is a local minimum 
we must have 

(17) 

since this guarantees that the quadratic energy ffl (X) is 
minimized in all directions. If on the other hand we are mov
ing towards a transition state we must require 

E1 <V<!E2 (18) 
which guarantees that the walk proceeds uphill along the 
mode corresponding to Eland that the energy ffl (X) is mini
mized in all other directions. Note that condition (18) is 
fulfilled close to the destination point since 

(19) 

for saddle points. Once the appropriate level shift parameter 
has been determined the corresponding step vector is calcu
lated from Eq. (16). The above procedure is repeated, up
dating the trust region in each iteration until we reach the 
local region where the NR steps lead to quadratic conver
gence. 

In the initial stages of a walk the Hessian structure may 
be different from the one that is desired at the stationary 
point. In such cases the level shift is determined according to 
the same rules as described above, but some scaling of the 
coordinate system may be necessary. For example, if in a 
transition-state walk the interval for the level shift in Eq. 

(18) does not exist, scaling may be used to change the nu
merical value of the appropriate Hessian eigenvalue and the 
level shift may then be determined in the scaled coordinate 
system. Scaling may also be applied if we want to initiate a 
walk towards a transition state along a coordinate corre
sponding to a higher mode En> E I' 

C. MCSCF molecular gradient and Hessian 

Let us assume that the MCSCF energy W(X,i..) is a 
function ofthe nuclear geometry X and a set of independent 
MCSCF wave function parameters i..13: 

_A A .-A 

W(X,i..) = (Olexp(i..T)H(X)exp( - i..T) 10). (20) 
A 

In Eq. (20) H (X) is the Hamiltonian in te~s of symmetri-
cally orthonormalized molecular orbitals, T is a vector con
taining a set of nonredundant antisymmetric orbital- and 
state-rotation operators, and 10) is the MCSCF wave func
tion at the reference geometry. We refer to Ref. 13 for more 
details about the parametrization of the total energy. The 
MCSCF total energy W( X,i..) is optimized with respect to i..: 

[ aw~~,i..) ] = 0 (21) 

at all geometries X and this determines i.. and hence the wave 
function as an implicit function of X. 

We wish to determine the molecular gradient F and 
Hessian G in terms of the partial derivatives of W(X,i..). 
Dropping the arguments X and i.. we find that 

F = (~~) = (~i) + eV (~~) = (~i), (22) 

where we have used Eq. (21) to simplify the final expression. 
From Eq. (22) we see that the molecular gradient may be 
calculated with a knowledge of the partial derivatives of the 
energy with respect to X and that the response of the wave 
function to geometrical distortions (a i..1 a X) does not enter 
the gradient expression. This result is often referred to as the 
Hellmann-Feynman theorem. 

The molecular Hessian is obtained by differentiation of 
the gradient expression Eq. (22): 

G = d~ (~i) = (~;) + (a~2:x) (~~) (23) 

and involves the first-order wave function responses (a i..1 
a X) which may be determined by taking the total derivative 
of the MCSCF condition in Eq. (21) with respect to X: 

:X eV = (a~:i..) + (~2;) (~~) =0. (24) 

If this equation is solved for the response vectors 

(ai..) = _ (a 2W)-1 ( a2 w ) 
ax ai..2 axai.. 

(25) 

and substituted back into Eq. (23) we obtain the final 
expression 

G=(a
2

W)_( a
2
w )(a

2
W)-I( a

2
W). ax2 ai..aX ai..2 aXai.. (26) 

Equations (25) are often referred to as the response equa
tions since they determine the response of the wave function 
to the geometrical distortions. 
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If we introduce the notation 

(27) 

the Taylor expansion coefficients in Eq. (1) may be written 

E O = Woo, 

F=WIO, (28) 
G = W20 _ WIl(W02)-IWIl. 

The detailed form of the elements wmn has been derived 
elsewhere. 13 One finds that wmn may be written as the ex
pectation value of a symmetrized n-tuple commutator 

mn [A. A. A. (a mn(x»)] W = (01 T,T, ... ,T, axm n 10). (29) 

From the above derivations we see that the numerical 
accuracy in the molecular gradient and Hessian depends on 
the vanishing of the MCSCF gradient WO I ofEq. (21). Since 
the wave function is optimized using iterative techniques the 
gradient WO I is only equal to zero within a certain specified 
accuracy. Similarly the wave function responses (a AI a X) 
which are used in the calculation of the molecular Hessian 
are also determined iteratively to a specified accuracy. In a 
later section we analyze the numerical accuracy in the nu
clear step vector in terms of the norm of MCSCF gradient 
WO I and the accuracy in the wave function responses (a AI 
ax). 

D. Flrst-order prediction of the wave function 

In optimizations of molecular geometries it is common 
to use the optimized wave function at the old geometry XO as 
a starting point for the optimization of the wave function at 
the new geometry. However, when the molecular Hessian is 
calculated analytically we have at our disposal not only the 
wave function but also its geometrical derivatives or re
sponses (a AI a X) at XO. In this section we discuss how these 
derivatives may be used to provide a first-order prediction of 
the optimized wave function at X. 

If we expand the wave function parameters A in X 
around XO we obtain 

(a A) 1 -(a 2 A) A(X) = - ~+-~ - ~+ ... ax 2 ax2 
(30) 

since A(Xo) is equal to zero. Hence the first-order prediction 
of the wave function at the new geometrical point 

(31 ) 

may be obtained by combining the response vectors (a AI 
a X) with the nuclear step vector~. As discussed in Sec. II C 
the derivatives (a AI a X) are needed to construct the molecu
lar Hessian and are obtained by solving the response equa
tions (25). When translational and rotational symmetries 
are used to reduce the computational costs of the Hessian 
calculation only 3N - m components of (a AI a X) are calcu
lated explicitly and the remaining m components must then 
be determined from the translational and rotational symme
tries of the response vectors. 

An equivalent expression for the wave function re
sponse is obtained by substituting the response equations 

(25) in the first-order prediction (31); 

t:.A = - (W02) -IW l1 ~ (32) 

which shows that t:.A may be obtained by solving one set of 
linear equations (32) with WIl ~ as gradient vector. We shall 
in Sec. II E see that the numerical accuracy needed in the 
prediction t:.A is in general considerably higher than the ac
curacy which is required in the responses (a AI a X) for the 
calculation of the molecular Hessian. Hence, although the 
derivatives (a AI a X) are available from the calculation of 
the molecular Hessian, the prediction t:.A should be calculat
ed according to Eq. (32) rather than Eq. (31) in order to 
obtain the required accuracy in t:.A. Of course the responses 
(a AI a X) from the calculation of the Hessian provide a good 
initial guess of the solution ofEq. (32). 

Let us now try to determine the computational savings 
gained by using the first-order prediction t:.A as an initial 
guess of the optimized wave function at the new geometrical 
point. We first assume that the zeroth-order prediction is 
used at X, i.e., that the optimized wave function at XO is used 
as an initial guess of the wave function at X. The Newton
Raphson equations of the first iteration at X are then 

WOI(X) + W02 (X)A = O. (33) 

The electronic gradient and Hessian at X may be expanded 
around XO (remembering that A is constant since zeroth
order prediction is used); 

WOI(X) = W01(XO) + WIl(XO)~ + 0(~2) 
= Wl1(XO)~ + 0(~2), (34) 

(35) 

where in Eq. (34) we have used the fact that WOI(Xo) is 
equal to zero because the wave function is optimized at the 
expansion point. Inserting Eqs. (34) and (35) in Eq. (33) 
and keeping the lowest terms in ~ we obtain 

WII(XO)~ + W02 (Xo)A = 0 (36) 

as an approximation to the first Newton-Raphson iteration 
at X. Equation (36) is seen to be identical to Eq. (32) which 
determines the first-order prediction of the wave function at 
XO. Thus when step sizes ~ are so small that higher-order 
terms in Eqs. (34) and (35) may be neglected (local re
gions) the first-order prediction of the wave function is equi
valent to the zeroth-order prediction plus one second-order 
wave function optimization iteration at the new geometrical 
point. 

As discussed in Sec. II B geometrical steps ~ which can
not be taken with confidence are rejected. Such rejections 
require in principle full optimization of the wave function at 
the new geometry in order to compare the predicted energy 
change with the optimized energy at the new geometrical 
point. However, when the norm of t:.A is very large (for 
example larger than 0.5) this indicates that we are entering a 
very complicated part of the potential energy surface and 
that the geometrical step vector ~ should be reduced without 
further optimization of the wave function. Since calculation 
of t:.A is much cheaper than optimization of the wave func
tion this check may save a considerable amount of computer 
time as is illustrated in Sec. III B. 

Some aspects of the first-order wave function prediction 
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are discussed later. In Sec. II E the numerical accuracy 
which is required in AJ... is analyzed and in Sec. III A test 
examples are reported to illustrate the gains that may be 
obtained by using the first-order prediction rather than the 
zeroth-order prediction at the new geometrical point. 

E. Convergence criteria 

The numerical accuracy in the optimization of the wave 
function and in the solution of the response equations deter
mines the numerical accuracy of the molecular gradient and 
Hessian, and the accuracy of the gradient and Hessian in 
turn determines the accuracy of the nuclear step vector. 
Therefore when iterative methods are used to calculate the 
wave function and the response vectors it is important to 
ensure that the wave function and the response vectors are 
accurate enough to provide a reliable step vector. The accu
racy which is required in the nuclear step vector depends on 
whether the walk is in the global or the local region. In the 
global region it is important to ensure that the walk proceeds 
in the right general direction while in the local region the 
molecular gradient and Hessian should be calculated with 
sufficient accuracy to maintain quadratic convergence 
towards the stationary point. In this section the accuracy of 
the nuclear step vector is analyzed in terms of the accuracy 
of the wave function and the response vectors. We also dis
cuss the accuracy with which the first-order wave function 
correction AJ... must be calculated to give a useful estimate of 
the wave function at the new geometrical point. 

1. Criteria for the wave function and Its responses In 
local regions 

In the local region the nuclear step vector S is deter
mined from the Newton-Raphson equations: 

(37) 

The approximate molecular gradient FA and the approxi
mate molecular Hessian GA in Eq. (37) are related to the 
exact gradient F and the exact Hessian G according to 

F = FA + 6, 
(38) 

G=GA +..:i, 

where 6 and..:i arise due to numerical inaccuracies in FA and 
GA' Inserting Eq. (38) in Eq. (37) and expanding in 6 and..:i 
we obtain 

(39) 

where we have neglected terms higher than first order in 6 
and ..:i. The first two terms of Eq. (39) represent the exact 
Newton-Raphson solution which leads to quadratic conver
gence in the error vector 

~ = XO - 1), (40) 

where 1) denotes the stationary point. Quadratic conver
gence will thus be obtained only if the remaining two terms 
ofEq. (39) give errors which are quadraticin II~II. 

The molecular gradient vanishes at the stationary point 
1) and F(Xo) is therefore of the same order of magnitude as 
the error vector ~: 

(41) 

This implies that the last two terms of Eq. (39) should be of 
the order of magnitude IIFII2, and consequently we must re
quire 

11611 a: IIFII2, 

11..:i11 a: IIFII 

(42) 

(43) 

in order to maintain quadratic convergence in the local re
gion. 

Let us first analyze condition (42). When the MCSCF 
wave function is optimized to a given tolerance in the wave 
function gradient W01

, the molecular gradient F should be 
calculated according to the expression [see Eq. (22)]: 

F = W
IO + \VOl (;~). (44) 

The molecular gradient is actually calculated according to 
the Hellmann-Feynman expression: 

FA = W IO (45) 

and the error 6 in the approximate molecular gradient is 
therefore proportional to W01 which is the gradient of the 
optimized wave function at XO. Condition (42) therefore 
reduces to 

(46) 

i.e., to maintain quadratic convergence in the local region 
the MCSCF wave function gradient should be converged to 
an accuracy which is quadratic in the molecular gradient. 

Turning to the second condition (43) we note that the 
error in the molecular Hessian is due both to the error in the 
optimized wave function and also to the error in the wave 
function response (a MaX) obtained from solving the re
sponse equations (25). The error due to inaccuracy in the 
wave function enters the molecular Hessian through the 
MCSCF gradient W01 and need not be considered further 
when condition (46) is fulfilled [use Eqs. (22)-(26)]. The 
error in the wave function response arises since Eq. (25) has 
not been solved exactly. The exact solution and the approxi
mate solution are related to each other according to 

(aJ...) = (aJ...) + R 
ax ax A ' 

(47) 

where R is the residual. In Ref. 13 it is shown that the error in 
the molecular Hessian is quadratic in the residual, i.e., 

1I..:i11 a: IIRI12 

so that condition (43) reduces to 

IIRII a: IIFIlI/2. 

(48) 

(49) 

This implies that the residual in the response equations (25) 
should be proportional to the square root of the norm of the 
molecular gradient in order to maintain quadratic conver
gence in the local region. 

To summarize: To maintain quadratic convergence in 
the local region we must converge the MCSCF wave func
tion gradient to the square of the molecular gradient and the 
response equations to the square root of the molecular gradi
ent. For example, if the norm of the molecular gradient is 
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10-2 we should converge the wave function to 10-4 and the 
response equations to 10 - I. 

It is possible to use the wave function response calculat
ed for the molecular Hessian to correct the molecular gradi
ent by adding non-Hellmann-Feynman terms according to 
the equation 

FA = WIO + WO I (a A) = F _ WO I R. (50) 
ax A 

The error in the calculated molecular gradient is now pro
portional to IIWolll·IIRII so that the requirement in Eq. (46) 
must be replaced by 

(51) 

Hence if the norm of the molecular gradient is 10-2 and if 
the response equations have been converged to 10- 1 it is 
only necessary to converge the wave function to 10-3 if the 
molecular gradient is calculated according to Eq. (50) in the 
local region. 

2. Criteria for the wave function and its responses in 
global regions 

In the global region the situation is different since in this 
region it is only important to make sure that the nuclear 
steps are taken in the right general direction and that they 
are of the right order of magnitude. Hence the convergence 
criteria are considerably less severe. The convergence of the 
wave function and the wave function response is in this re
gion also dictated by the accuracy which is desired in the 
molecular energy, gradient, and Hessian. Since the nuclear 
step is proportional to the molecular gradient we may use 

IIWolll<IIFII (52) 

and 

(53) 

as criteria for convergence in the wave function and response 
vectors in the global region. 

3. Criteria for the first-order wave function prediction 

We finally comment on the required accuracy in the 
first-order correction to the wave function !1A in the local 
Bom-Oppenheimer region. As demonstrated in Sec. II D 
the calculation of !1A at XO is in local regions equivalent to 
performing one MCSCF iteration at the new geometrical 
point X. Hence the accuracy in !1A should be determined by 
the required accuracy in the optimization of the wave func
tion at X. 

It is safe to assume that if we are in the local region of the 
potential energy surface we are also in the local region of the 
MCSCF orbital and configuration space. It has previously 
been shown 14 that the required accuracy in the wave func
tion optimization is quadratic in the MCSCF gradient 
IIWOI(X)II. Combining Eqs. (34) and (37) we find that 

IIWol (X) II ~ IIW II (Xo)sll 

= IIWII(Xo)G-I(Xo)FA (Xo)11 0:: IIFA (Xo)11 
(54) 

so that the required accuracy in !1A is quadratic in the molec
ular gradient at XO. Comparing this criterion with the crite-

rion we have derived in Eq. (49) for the convergence of the 
response vectors (a AI a X) we see that locally the conver
gence criteria for !1A are much more severe than the conver
gence criteria for the wave function response. Hence in local 
regions !1A should be calculated according to Eq. (32) rath
er than Eq. (31). 

F. Determination of s and ~J.. avoiding the explicit 
calculation of the molecular Hessian 

We have previously discussed the equations that deter
mine the Newton-Raphson step vector S and the first order 
wave function correction !1A. Neglecting level shift these 
equations are 

[W20 _ WII(W02)-IWlIg = - WIO, (55) 

!1A = - (W02)-IWII s. (56) 

Inserting Eq. (56) into Eq. (55) and rearranging we obtain 

( WIO) (W20 WII) ( S ) = (0) 
o + WII W02 !1J.. 0 . 

(57) 

Hence the geometrical step vector S and the first-order wave 
function correction !1J.. may be determined from a single set 
of equations bypassing the explicit calculation of the molecu
lar Hessian G. This is computationally significant since the 
determination of the molecular Hessian requires the solution 
of 3N - m sets of linear equations and the solution of these 
equations are often the time-consuming step in calculations 
involving large configuration expansions. 

Nevertheless, the applicability of Eq. (57) is limited 
since by avoiding the explicit calculation of the molecular 
Hessian we also acquire no knowledge of the Hessian eigen
values and normal coordinates. In global regions the eigen
values are needed to determine the appropriate level shift 
and the normal coordinates must be carefully monitored to 
make sure that we proceed along the desired normal mode. 
Therefore, the direct solution of Eq. (57) is restricted to 
those regions on the energy surface where we know that we 
want to take the Newton-Raphson step, i.e., in local regions 
of the stationary points on the potential energy surface. 

It might be noted that Eq. (57) may also be solved in a 
two-step fashion by eliminating S from the second compo
nent ofEq. (57) giving the result 

[W02 _ WII(W20)-IWI1]!1A = WII (W20 )-1 WIO, (58) 

where W20 is easily inverted. This equation is very similar to 
the NR equations used in second-order wave function opti
mizations, having a modified electronic Hessian and gradi
ent. Once !1J.. is determined from Eq. (58) s is easily found 
from the first component ofEq. (57). 

III. NUMERICAL EXAMPLES 

In this section we give examples of walks on the poten
tial energy surfaces of the diazene molecule and the diazenyl 
radical to illustrate how stationary points and reaction paths 
may be determined on an MCSCF Bom-Oppenheimer po
tential energy surface. In all calculations we used a ( 421/21 ) 
basis set 15 on nitrogen augmented with a set of d polarization 
functions (exp = 0.864).15 On hydrogen Dunning's 2s con
traction 16 of Huzinaga's 4s basis was used and a set of p 
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polarization functions was added (exp = 1.(00). When not 
otherwise specified we have used the 2p orbitals on nitrogen 
and the Is orbital on hydrogen as active space. In Sec. III A 
we illustrate the efficiency that may be obtained by using a 
first-order prediction to determine the MCSCF wave func
tion at a new geometrical point. In Sec. III B we describe in 
detail a transition structure walk and finally in Sec. III C 
results are reported for walks on the diazenyl radical and 
diazene molecule. 

A. First-order estimate of the MCSCF wave function at 
new geometries 

In this subsection we give numerical examples to illus
trate the savings that may be obtained using the first-order 
estimate of the MCSCF wave function discussed in Sec. 
II D. We consider three steps (numbers, one, four, and sev
en) of the walk from the diazenyl radical equilibrium struc
ture (see Fig. 1) to the transition structure TSI in Fig. 2. 
These steps represent three typical situations encountered 
during transition structure walks: Step one is a global step 
from an iteration point having zero molecular gradient, step 
four is a general global step, and step seven is a local step 
(Newton-Raphson step). 

The efficiency of using a first-order estimate is in Table I 
exemplified by the differences between the MCSCF energy 
of the previous iteration point and the energy of the current 
iteration point as obtained with a zeroth-order (6£0)' first
order (6£1)' and exact (converged) wave function (6£00 ). 
In Table I we also report the corresponding ratio control 
parameters (Ro, R

" 
and Roo ) of the restricted step algo

rithm. The values of Roo show that the steps can reliably be 
taken on the potential energy surface as all Roo are close to 
one. R I is close to Roo for the local step (step 7) but differs 
substantially for the global steps, for example at iteration 
point 1 Roo is 0.9111 while R, is 3.9032. Thus R, cannot 
reliably be used as a trust-radius-controlling parameter in a 
restricted step walking algorithm. However, in a walk it is 
unnecessary and in case of step rejection a waste of computer 
time to converge the MCSCF completely (i.e., to use Roo ) 
before checking the ratio. We suggest to check R when the 
MCSCF calculation has reached the local region, for exam
ple when the wave function gradient norm is less than 0.1. 
Our experience so far has been that this occurs in the initial 
iteration or after one macroiteration of the MCSCF calcula
tion when the first-order estimate in Eq. (32) is used. The 
ratio Ro in Table II indicates that the wave function of the 

Diazenyl radical Trans-diazene Isodiazene 

H H 
H 

~o~ ~'O45 
N N N N N 

1.189 I 1.266 
1.219 

H 
H 

E=-109.346077a.u. E=-109.966656a.u. E=-109.890805a.u. 

FIG. 1. Equilibrium structures of the diazenyl radical, trans-diazene, and 
isodiazene. 

TS1 TS2 

H 

/
1 \.212 
~ 

N 1.255 N 

H 

~'" 
N 1.158 N 

LlE = 40.6 keal/mol LlE =1.3 keal/mol 

FIG. 2. Transition structures determined by walking away from the dia
zenyl radical equilibrium structure. 

previous iteration point does not give a good estimate of the 
MCSCF wave function at the next iteration point. To illus
trate further this we report in Table II the convergence char
acteristics ofMCSCF calculations which use either a zeroth
or a first-order estimate as initial guess of the MCSCF wave 
function. (Both when starting from the first-order predic
tion and the zeroth-order prediction is the MCSCF initiated 
with a symmetric orthonormalization of the orbitals.) In 
Sec. II D we showed that the first-order estimate could be 
viewed as representing one approximate Newton-Raphson 
iteration in local regions. This is confirmed by the conver
gence characteristics at iteration point 7. 

However, at iteration points one and four where global 
geometry steps are taken we gain more than would be ex
pected from the analysis in Sec. II D. Only when orbital ab
sorption is included in the MCSCF optimization (which al
lows a very long orbital step in each macroiteration) do we 
recover the picture with one extra ma:croiteration. The orbi
tal step which is taken when orbital absorption is used is 
much longer than the orbital step which is required when we 
use the first-order correction ll.'A of Eq. (32) and indicates 

TABLE I. Total energy di1ferences and ratios at various iteration points in 
the walk which follows the lowest bending normal coordinate of the dia
zenyl radical and leads to transition state TSI in Fig. 2. 

Iteration Iteration Iteration 
point 1 point 4 point 7 

AE(2'o 0.004 75675 0.QI8 285 36 - 0.000 008 12 
AEOb 0.58908270 0.54384400 0.000 308 65 
Il.Et 0.01856686 0.02471702 - 0.000 008 16 
Il.E~d 0.004 33402 0.01642087 - 0.000 008 17 
Ro· 123.8414 29.7420 - 37.9966 
Rf , 3.9032 1.3517 1.004 6 
R~ g 0.911 1 0.8980 1.0052 

°The change in total energy predicted by the second-order Taylor series 
expansion. 
b~e ch~ge .in total energy when orbitals and CSF coefficients at the pre

VIOUS pomt IS used to get the total energy at the new iteration point (ze
roth-order prediction). 

C The change in total energy when first-order prediction of orbitals and CSF 
coefficients are used to get the total energy at the new iteration point. 

dThe change in total energy when an MCSCF calculation is carried out to 
get the exact total energy at the new iteration point . 

• Ro = AEoIAE(2'. 
fR, =AE,/AE(2'. 
g R~ = AE~ IAE(2,. 
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TABLE II. The norm of the MCSCF gradient in restricted step MCSCF optimizations carried out at the iteration points in Table I using as initial guess of 
orbitals and CSF coefficients those of the previous iteration point and those determined by the first-order prediction in Eq. (32). 

Iteration point 1 

Macroiteration first" zerothb zerothC 

number order order order 

0 0.724440 4.019866 4.019866 
1 0.011 598 1.370416 O.123308d 

2 0.000 575 0.897485 0.019923 
3 < 10-6 0.310 521 0.001694 
4 0.133533 0.000020 
5 0.011 786 < 10-6 

6 0.000484 
7 <10- 6 

8 
9 

• The initial orbitals and CSF coefficients are those predicted in Eq. (32). 
bThe initial orbitals and CSF coefficients are those from the last iteration point. 
CAs b but with absorption in the restricted step MCSF calculation. 
d Two absorptions . 
• Two absorptions. 

that a different route is taken to the MCSCF stationary 
point. Apparently t:..'A. based on the Hessian W02 (Xo) of the 
converged MCSCF state at XO is better than t:..'A based on the 
Hessian W02 (X) of the zeroth-order wave function. This is 
supported by the fact that the Hessian W02 (X) at iteration 
point one has a wrong structure with at least one negative 
eigenvalue while the Hessian W02 (XO) has the correct struc
ture. We may also mention that by using Eq. (34) the initial 
MCSCF gradient norm at iteration 1 is predicted to be 4.62 
for the set of wave function parameters corresponding to the 
MCSCF wave function at iteration point O. This compares 
well with the gradient norm of 4.02 which is actually ob
tained for this wave function (see Table II). This substan
tiates that a good accuracy is obtained in the predictions 
based on Sec. II D. The examples of this section show the 
importance of using t:..'A. of Eq. (32) to get an estimate of the 
MCSCF wave function at new geometrical points. 

B. Details of a walk 

To demonstrate the efficiency of the walking algorithm 
for finding transition structures we describe in some detail a 
walk which is initiated at the equilibrium trans-diazene ge
ometry and follows the out-of-plane torsion normal coordi
nate. The transition structure is reached in seven iterations 
and the general characteristics of the walk are given in Table 
III. 

In the first iteration a default step length of 0.5 a. u. is 
taken along the selected normal coordinate. The ratio of 
0.9941 at iteration point one results in an initial increase of 
the trust radius to 0.6000. However, we have in our algo
rithm restricted the movement of a single atom to less than 
0.35 a.u. and this results in a slight decrease in the trust 
radius to 0.5698 before the final geometry of iteration point 2 
is accepted. 

At iteration point 2 a good ratio is observed and the trust 
radius is therefore increased to 0.6837. However, the restric
tion on the maximum movement of a single atom again re
duces the trust radius (to 0.5638) and an additional require-

Iteration point 4 Iteration point 7 

first" zerothb zerothC first" zerothb 

order order order order order 

0.590 800 4.104 753 4.104 753 0.000 767 0.135341 
0.010 188 1.910 623 0.114324' < 10-6 0.001310 
0.000468 1.334665 0.015346 < 10-6 

< 10-6 0.722668 0.000 685 
0.137879 < 10-6 

0.237425 
0.100 249 
0.004403 
0.000 040 

< 10-6 

ment that the predicted orbital MCSCF step length should 
be less than 0.5 further reduces the trust radius to 0.4485. 
With this trust radius an acceptable geometry for iteration 3 
is determined. 

At iteration point 3 the ratio of 0.9327 again results in an 
increase in the trust radius (to 0.5382). However, this time 
the restriction on the predicted orbital MCSCF step reduces 
significantly the trust radius to 0.2784 with which an accep
table geometry is obtained for the next iteration (4). 

At iteration point 4 a ratio of 0.6857 is encountered and 
the trust radius is left unchanged. The dramatic reduction of 
the trust radius at iteration point 3 is now seen to be impor
tant since the total energy at iteration point 4 is the highest 
encountered during the walk. From Table III it is also clear 
that while the first three iterations are streambed walks with 
the gradient located predominantly along the streambed, it
eration 4 results in a point on the potential surface which is 
out of the streambed, the gradient being smeared out 
between the second and fourth normal coordinates. The re
duction of the trust radius at iteration point 3 is therefore 
appropriate as iteration point 4 otherwise would have been 
far out of the streambed. However, a bad ratio would cer
tainly also have been encountered such that the step would 
have been rejected in any case. The restriction on the magni
tude of the predicted orbital MCSCF step thus proves to be a 
good cautionary check which allows us to reduce the trust 
radius a priori when it anyway in all probability would have 
to be reduced. At iteration point 5 the calculation is in the 
local region and quadratic convergence is obtained in the last 
two iterations. 

In this walk we follow the normal coordinate corre
sponding to the lowest Hessian eigenvalue. From Table III 
we see that the lowest Hessian eigenvalue gradually de
creases in the first couple of iterations. At iteration point 3 
the eigenvalue turns negative and after still a couple of itera
tions it stabilizes around the value which is obtained at con
vergence. This behavior is typical when lower Hessian eigen
values are followed during a walk. When a normal 
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TABLE III. Characteristics for the walk from the equilibrium geometry of trans-diazene following the out-of-plane torsion normal coordinate. 

Length of MCSCF Step 
Iteration Total Gradient Step Movement of 

point energy norm Ratio length configuration orbital one atom 

0 - 109.946 566 0.00000 0.5000 0.1658 0.4074 0.2500 
1 - 109.930 182 0.071 16 0.9941 0.6000" 0.3697" 

0.5698 0.1876 0.4301 0.3497 
2 - 109.887289 0.109 07 0.9226 0.6837" 0.4202" 

0.5638b 0.2588b 0.5029b 0.3465b 

0.4485 0.2058 0.4000 0.2756 
3 - 109.842 190 0.11513 0.9327 0.5382b 0.5769b 0.7732b 0.3116b 

0.2784 0.2985 0.4000 0.1612 
4 - 109.828 795 0.075 15 0.6857 0.2784 0.1460 0.3234 0.1530 
5 - 109.838 845 0.01966 0.9352 0.1584 0.0458 0.1207 0.1076 
6 - 109.839 940 0.00300 0.9839 0.0043 0.0119 0,0105 0.0024 
7 - 109.839 936 0.00005 

rNN H JNNH2 dihedral angle 
Iteration Hessian Gradient in diagonal TNH, BH,NN 

point eigenvalues representation rNH 2 BH,NN 

0 0.1326 0.0000 1.2663 180.00 
0.1348 0.0000 1.0451 , 104.77 
0.1996 0.0000 1.0451 104.77 
0.7281 0.0000 
0.8232 0.0000 
1.2625 0.0000 

0.1215 0.0585 1.2663 150.66 
0.1267 0.0030 1.0780 104.28 
0.1876 0.0246 1.0780 104.32 
0.5681 0.0000 
0.5793 0.0256 
1.2204 0.0194 

2 0.0612 0.1010 1.2894 123.99 
0.1086 0.0087 1.0648 99.98 
0.2021 0.0111 1.0706 95.39 
0.5969 0.0072 
0.6742 0.0254 
1.0252 0.0283 

3 - 0.0841 0.0945 
0.1199 0.0090 1.3329 103.31 
0.1662 0.0088 1.1032 91.67 
0.4530 0.0360 1.0869 94.63 
0.5201 0.0430 
0.7469 0.0318 

4 - 0.5189 0.0129 1.3960 89.22 
0.1004 0.0366 1.1092 92.81 
0.1949 0.0020 1.1084 92.09 
0.3997 0.0639 
0.4226 0.0017 
0.5313 0.0090 

5 - 0.7830 0.0090 1.4165 89.15 
0.0874 0.0137 1.0443 99.76 
0.1733 0.0005 1.0444 99.52 
0.4443 0.0002 
0.7074 0.0104 
0.7117 0.0029 

6 - 0.9591 0.0029 1.4083 89.73 
0.0867 0.0002 1.0568 103.54 
0.1706 0.0000 1.0570 103.54 
0.4420 0.0006 
0.6461 0.0004 
0.6478 0.0001 
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TABLE III (continued). 

Iteration 
point 

7 

Hessian 
eigenvalues 

- 0.9388 
0.0875 
0.1681 
0.4401 
0.6470 
0.6486 

Gradient in diagonal 
representation 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

• Step length reduced because movement of a single atom is larger than 0.35. 
bStep length reduced because orbital MCSCF step length is larger than 0.50. 

coordinate corresponding to a higher Hessian eigenvalue at 
the equilibrium structure is followed, we either observe that 
the eigenvalue crosses the lower Hessian eigenvalues during 
the first couple of steps or that one of the lower eigenvalues 
turns negative (we meet a bifurcation). 

This calculation clearly demonstrates the necessity of 
updating the trust radius in transition-state optimizations. 
The dynamical update allows the trust radius to adjust 
quickly to the complexity of the potential energy surface. 
The ratio criterion ensures that information from the pre
vious iteration point is used optimally and the upper limit on 
the predicted orbital MCSCF step length ensures that the 
information which is available about the next coming iter
ation point is used to judge the complexity of the potential 
energy surface ahead. It should be noticed that the dynami
cal update of the trust radius requires little extra computa
tion. 

In this walk no step was rejected because of a bad ratio. 
In our algorithm a bad ratio will be encountered before the 
MCSCF calculation is fully converged as described in Sec. 
III A. In this way rejections are detected at the earliest possi
ble state of a calculation. 

c. Examples of walks 

In this subsection we show how the walking algorithm 
may be used to determine stationary points on the MCSCF 
potential energy surface of diazene (N2H 2 ) and the diazenyl 
radical (N2H). 

1. Determination of equilibrium structures 

For equilibrium structure good estimates of the geome
try may often be obtained either from previous calculations 
or from experimental data. With such estimates the equilib
rium geometry is usually determined to an accuracy of 10-4 

in the molecular gradient in two to three iterations. All itera
tions are in the local region and a sequence of Newton
Raphson steps therefore gives quadratic convergence to the 
stationary point. As an example, a trans-diazene calculation 
which used the experimental equilibrium geometry17 as ini
tial guess converged in two iterations to an accuracy of 10-4 

in the molecular gradient. When less accurate estimates are 
available the determination may require more iterations of 
which the first few are in the global region. For example an 
isodiazene calculation which used as initial guess a slightly 
distorted C 2v geometry with 8 NNH and rNH from the trans
diazene calculation converged to an accuracy of 10-4 in four 
iterations. The first two of these iterations were in the global 
region. 

1.4096 
1.0567 
1.0567 

HI NNH2 dihedral angle 
OH,NN 

OH,NN 

89.94 
103.40 
103.40 

Equilibrium structures may also be more difficult to 
predict and may occasionally most easily be determined by 
continuing a transition structure walk past the transition 
structure. 

In Fig. 1 we report the equilibrium structures we have 
calculated for diazene and the diazenyl radical. The experi
mental geometry is known for trans-diazene 17 (rNN = 1.252 
A, rNH = 1.028 A, and 8 NNH = 106.8°). Our calculation 
shows an overall good agreement with this geometry, the 
deviations in bond lengths and angle being approximately 
0.02 A and 2°. Brandemark and Siegbahn 7 have determined 
the equilibrium structures of trans-diazene and the diazenyl 
radical using the same configuration space as we employed 
but with a triple zeta plus polarization basis. Our results 
agree well with the results of Brande mark and Siegbahn who 
only obtained a slightly better agreement with the trans-dia
zene experimental geometry. 

The equilibrium geometry determined for isodiazene is 
depicted in Fig. 1 and the corresponding energy and Hessian 
eigenvalues are reported in Table IV. The equilibrium geom
etry is slightly distorted from C 2v symmetry, indicating a 
double-well structure with a saddle point of C 2v symmetry 
halfway between the two minimum structures. 

To investigate this further we carried out calculations 
using an averaged geometry ofC 2v symmetry (rNN = 1.220 
A, rNH = 1.043 A, 8 NNH = 124.70°). IfC 2v symmetry is ex
plicitly enforced on the wave function a total energy 
- 109.876697 a.u. is obtained at this geometry. Otherwise a 

symmetry-broken solution oflower energy ( - 109.890541 
a.u.) is obtained caused by a negative eigenvalue in the elec
tronic Hessian W02 of the same symmetry as an antisymme
tric stretching coordinate. Since the symmetry-broken solu
tion has lower energy it is triggered by the slightest 
numerical distortion of the orbital symmetry during the op
timization and therefore obtained unless symmetry is expli
citly introduced in the calculation. 

In Table IV the total energy and the Hessian eigenvalues 
of the symmetry-broken solution are reported. The Hessian 
is positive definite and the eigenvalues are very close to the 
eigenvalues obtained at the C 2v structure. A Newton-Raph
son iteration using the molecular gradient and Hessian for 
the symmetry-broken MCSCF solution gives a geometry 
which is very close to the equilibrium geometry 
(rNN = 1.220 A, r NH, = 1.026 A, rNH, = 1.057 A, 
8 NNH, = 125.0°, 8 NNH, = 124.4°). The total energy and its 
geometrical derivatives (the molecular gradient and Hes
sian) are thus continuous if symmetry-broken solutions are 
determined at the geometrical points of C 2v symmetry. A 
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TABLE IV. Total energy and Hessian eigenvalues at selected points on the isodiazene potential surface. 

Equilibrium geometry" C 2. Geometryb 

N(2p) + H(ls) Extended N(2p) + H(ls) Extended 
active space active space active space active space 

Total energy - 109.890805 - 109.912 171 - 109.890 541 - 109.909 712 

Hessian 
eigenvalues 0.1754 0.1756 0.1746 0.1756 

0.1793 0.1760 0.1813 0.1769 
0.1842 0.1848 0.1879 0.1876 
0.4594 0.4523 0.4642 0.4594 
0.9280 0.9462 0.9151 0.9371 
1.3977 1.3445 1.3839 1.3382 

"See Fig. 1. 
brNN = 1.220 A. rNH = 1.043 A. and 8 NNH = 124.7". 

discontinuous total energy is encountered if symmetry is im
plemented explicitly in the MCSCF wave function at the C 2v 

geometrical points. A double-well structure is expected on 
the continuous potential surface in the region close to the 
eqUilibrium structure of isodiazene. So far we have not been 
able to locate a single point with a negative Hessian eigenval
ue in this region. 

To examine if the apparent lack of a double-well struc
ture was caused by an inadequate choice of active space we 
carried out an MCSCF calculation at the C 2v geometry giv
en in Table IV using an extended active space with additional 
orbitals of b2 and a2 symmetries included. The b2 orbital 
allows inner-outer correlation for all orbitals occupied in the 
single configuration function while the a2 orbital allows an
gular correlation to be included. This calculation contained 
a total of 13.860 CSF's without symmetry. Again a symme
try-broken solution was encountered. The total energy and 
the Hessian eigenvalues of this calculation are reported in 
Table IV. The Newton-Raphson predicted a geometry 
(rNN = 1.221 A, rNH, = 1.026 A, rNH2 = 1.049 A, 
ONNH, = 125.1°, ONNH2 = 124.2°) shows that the equilibri
um geometry of the smaller calculation only changes mar
ginally. Finally, a calculation using the extended configura
tion space was carried out at the equilibrium geometry of the 
smaller calculation (see Table IV). The Newton-Raphson 
geometry step of the extended calculation predicts the equi
librium geometry rNN = 1.221 A, rNH = 1.027 A, 
rNH2 = 1.049 A, ONNH, = 125.2°, ONNH2 :::: 124.2°. The 
problems which appear in the smaller calculation are thus 
carried over to the larger calculation. We are at present un
able to give a reasonable explanation why we have been un
able to locate a saddle point confirming the double-well 
structure. 

2. Determination of transition structures 

Good estimates of transition structures are only avail
able in very special cases, for example when symmetry forces 
a transition structure to exist or when a transition structure 
has been located in a previous calculation. This makes the 
determination of transition structures a much more chal
lenging task than the optimization of equilibrium structures. 

We have located transition structures using the algo-

rithm described in Sec. II B. The walks are initiated at an 
equilibrium structure and follow a selected normal coordi
nate along a streambed (reaction path) until the transition 
structure is reached. A transition structure (TS) is said to be 
determined when the molecular Hessian has one negative 
eigenValue and the molecular gradient norm is less than 
10-4

• The walks described are initiated at the diazenyl and 
trans-diazene eqUilibrium structures and follow the normal 
coordinates in both directions. 

The results of the walks for the diazenyl radical are re
ported in Fig. 2. The walk initiated along the bending mode 
in the positive direction ( + 1) required seven steps to reach 
the transition structure of C 2v symmetry (TS 1 in Fig. 2). 
The last two steps were in the local region. The TS I structure 
might more efficiently have been determined by looking ex
plicitly for a transition structure of C 2v symmetry. However, 
by carrying out the walk we do not use prior knowledge of 
the potential surface and obtain in addition a reaction path 
which is useful for molecular dynamics calculations. 

The walk initiated along the bending mode in the nega
tive direction ( - 1) was expected to lead to a transition 
structure of linear geometry. However, this walk resulted in 
the same transition structure as was obtained when carrying 
out a walk along the NH stretching coordinate ( + 2) (TS2 
in Fig. 2). The reason for this is that a bifurcation was en
countered in the ( - 1) walk and the walking algorithm (ar
bitrarily) decided to follow the path leading to the TS2 
structure. The algorithm as currently implemented is not 
capable of handling such bifurcaitons in a more systematic 
way. The transition structure of linear geometry could of 
course have been determined simply by looking for a transi
tion structure of this symmetry. 

The walk along the NH stretching coordinate ( + 2) 
needed four steps to converge to TS2. Brandemark and Sieg
bahn7 have determined the same transition structure 
(rNN = 1.19 A, rNH = 1.32 A, and ONNH = 115.8°) using 
the same active space but a smaller (double zeta) basis. Our 
calculation shows that rNN and rNH are strongly affected by 
d polarization functions. 

The walk along the NH stretching coordinate in the neg
ative direction ( - 2) meets a wall (i.e., rises high in energy) 
and finally encounters a negative Hessian eigenvalue not be-
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longing to the coordinate followed. The described algorithm 
is unable to handle situations where negative Hessian eigen
values show up while the mode to be followed still has a 
positive Hessian eigenvalue. 

The walk along the NN stretching in the positive direc
tion ( + 3) leads to dissociation into N + NH. The transi
tion structure is at infinite separation and the local region is 
reached when the interaction between the two fragments is 
so small that the Newton-Raphson step can be taken. The 
Newton-Raphson steps gradually increase to infinity since 
the molecular Hessian goes to zero with one higher power 
(in the inverse internuclear distance) than the molecular 
gradient. The walk in the negative ( - 3) direction ends as 
the ( - 2) walk; it meets a wall and encounters a Hessian 
structure that cannot be handled. 

If we compare the activation energies of the different 
transition structures of the diazenyl radical (I1E in Fig. 2), 
we see that TS2 has a very low activation energy of 1.3 kcal! 
mol. In fact, this is not enough energy to accommodate a 
vibrating molecule and suggests that the diazenyl radical is 
not even metastable. More extensive and accurate calcula
tions will be reported in a forthcoming publication to give a 
more definite answer to this question. 

Our results for transition structure walks from transdia
zene are summarized in Fig. 3. The walk initiated along the 
lowest normal coordinate ( + 1) out-of-plane torsion, was 
described in detail in Sec. III B. The transition structure 
(TSI in Fig. 3) was determined in seven iterations. This 
transition structure has C2 symmetry and shows an unex
pected high degree of coupling between the roation around 
the NH bond and stretching of the NN bond, the NN bond 
of 1.266 A in trans-diazene is increased to 1.410 A. The 
( - 1) walk gives the same transition structure as the ( + 1) 
walk by symmetry. 

The second normal coordinate corresponds to antisym
metric stretching and the walks in the ( + 2) and ( - 2) 
directions are therefore identical. The ( + 2) walk took 11 
iterations to reach TS2 in Fig. 3. In the first four iterations 
both H atoms moved in the same direction relative to the NN 
bond with an unchanged NH bond length and it was not 
clear whether a transition structure leading to isodiazene or 
to TS2 would be determined. In the fourth iteration the H 
atom which was moving towards the NN bond changed di
rection and the walk clearly approached the transition struc-

TS1 TS2 

HNNH dihedral angle 89.90 

178.9° 

N 1.410 N-H 

''''F 
H 

H H 

I1E= 67.0 keal/mol ~E= 65.7 keal/mol 

ture TS2. As usual the last two iterations were in the local 
region. 

The third normal coordinate is a symmetric stretch. The 
walk along this coordinate ( + 3) resulted in dissociation of 
trans-diazene to the ground state fragments N2H + H. Dur
ing the first iterations D 2h symmetry was conserved with an 
extension of the NH bond length as the dominant feature. At 
iteration point four a bifurcation was encountered and one 
hydrogen atom was forced to move back towards the NN 
bond while the other hydrogen atom left, leaving a diazenyl 
radical behind with a transition structure at infinite separa
tion. 

When walks were initiated along the ( - 3) mode and 
along higher modes no transition structures were deter
mined as Hessian structures were obtained that cannot be 
handled by the present algorithm. 

With the same active space but a double zeta basis Bran
demark and Siegbahn have carried out extensive calcula
tions on the diazene potential energy surface to locate transi
tion structures having only available the molecular gradient. 
Brandemark and Siegbahn 7 determined the transition struc
tures TS2 and TS3 but did not find the out-of-plane transi
tion structure TS 1. This is probably due to the unexpected 
long extension of the rNN distance in this transition struc
ture. Without the molecular Hessian available such an unex
pected extension is very difficult to find. Brandemark and 
Siegbahn have determined more transition structures than 
we have reported in Fig. 3. However, the aim of this paper is 
not to describe all the chemically important transition struc
tures of diazene but rather to demonstrate the walking algo
rithm. A more complete description of the transition struc
tures of diazene will be given in a later publication. 

The activation energies we have calculated for the three 
transition structures of diazene are very similar and do not 
give an answer to which reaction path would be followed in a 
unimolecular trans-to-cis isomerization. Previous calcula
tions 18 have indicated that an interconversion path via TS2 
would be followed rather than a rotation path via TS 1. How
ever, based on the presented results we believe that some
what more extensive and accurate calculations must be car
ried out before this can be settled. The most likely reaction 
path for the cis-trans-isomerization may be a bimolecular 
mechanism as suggested by Casewit and Goddard l9 as such 
a mechanism is expected to have a much lower barrier. 

H 

TS3 

109.4° 

:infinite 

FIG. 3. Transition structures determined 
by walking away from the trans-diazene 
equilibrium structure. 

~E = 64.7 keal/mol 
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IV. DISCUSSION 

We have shown how equilibrium and transition struc
tures and also reaction paths may be determined with the 
restricted-step walking algorithm of Sec. II. The restricted 
step algorithm uses both gradient and Hessian information 
to set up the iterative scheme. Most previously used algor
ithms require only that the molecular gradient be calculated. 
The sample calculations indicate that efficient and reliable 
walks can be carried out when both the molecular gradient 
and Hessian are available. Equilibrium structures are deter
mined in two to five iterations and transition structures in 
8-12 iterations. Transition structures are determined by car
rying out walks which are initiated at equilibrium structures 
and which follow a normal cordinate (streambed) as the 
reaction path. The reaction path, which is important in 
many molecular dynamics calculations, is thus obtained as a 
by-product in a transition structure calculation. 

The transition structure walks show some deficiencies 
in the algorithm when it is used to walk up streambeds corre
sponding to high Hessian eigenvalues. In such walks nega
tive Hessian eigenvalues not belonging to the streambed co
ordinate are often encountered. Such situations cannot be 
handled by the alghorithm used in this paper and the walks 
must therefore be abandoned when such situations occur. 
Usually when a walk is abandoned the total energy is so high 
that the reaction path is of little chemical interest. Work is 
under way to develop algorithms that can also handle such 
situations. 

In a recent publication we have demonstrated that for 
large-scale MCSCF wave functions the calculation of the 
molecular gradient and Hessian requires about the same 
computational effort as the optimization of the MCSCF 
wave function. This further substantiates that equilibrium 
and transition structures are most eificiently determined us
ing algorithms that require both the molecular gradient and 
Hessian at each point in the search. 

We have discussed how the individual steps in the walk
ing algorithm may be implemented with minimal computa
tional costs. To do this we have analyzed the accuracy that is 
required in the MCSCF wave function and in the response 
vectors during a sequence of iterations. We have also dis
cussed how a first-order estimate of the MCSCF wave func
tion at a new iteration point may be used to efficiently deter-

mine the MCSCF wave function at the new point. The 
importance of dynamically updating the trust radius has 
been demonstrated and we have developed various criteria 
for such updates. To summarize we find that the described 
algorithm constitutes an efficient tool for determining equi
librium and transition structures and for determining reac
tion paths. 
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