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We present theory and implementation for a new approach for studying solvent effects: the 
multiconfigurational self-consistent reaction-field (MCSCRF) method. The atom, molecule, 
or supermolecule is assumed to be surrounded by a linear, homogeneous, continuous medium 
described by its macroscopic dielectric constant. The electronic structure of the compound is 
described by a multiconfigurational self-consistent field (MCSCF) wave function. The wave 
function is fully optimized with respect to all variational parameters in the presence of the 
surrounding polarizable dielectric medium. We develop a second-order convergent 
optimization procedure for the solvent states. The solvent integrals are evaluated by an 
efficient and general algorithm. The flexible description of the electronic structure allows us to 
accurately describe ground, excited, or ionized states of the solute. Deficiencies in the 
calculation can therefore be assigned to the cavity model rather than the description of the 
solute. 

I. INTRODUCTION 

Most experiments of chemical, physical, and biochemi
cal phenomena take place in some environment such as a 
solution, a glassy matrix, a polymer matrix, or a solid. The 
experimental response depends critically on the properties of 
this surrounding environment. 1,2 The experimental observa
tion can be enhanced or completely changed compared to 
observations in vacuum or an environment with different 
properties. 

The study of the interactions between solute and solvent 
is complicated, and the theoretical approaches to this prob
lem have resulted in several models of varying degrees of 
sophistication. These models can be divided into three 
groups: (i) the discrete model; (ii) the semicontinuum mod
el; and (iii) the continuum model. 

In the discrete model a finite number of solvent mole
cules surround the solute molecule, and all molecules are 
treated explicitly. The model focuses on the description of 
short-range interactions, and the results often depend cru
cially on the number of solvent molecules.3-8 The model may 
be suitable for describing solvent effects such as hydrogen 
bonding, charge transfer between the solute and the solvent 
molecules, and exchange effects. It is mostly applied to sys
tems where the solvent structure is well defined, for example 
when the interactions between solute and solvent are strong. 
The use of this model may, however, become problematic 
when a dynamic coupling prevails between the crystal struc
ture and potential, and also when cooperative field effects 
from a large number of molecules affect the short-range in
teractions as often happens for polar systems. Calculations 
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using discrete models range from full self-consistent field 
(SCF) ab initio or semi empirical methods to the use of point 
charges or dipoles for the solvent molecules and Monte 
Carlo methods. 

In the continuum model the solvent is described by a 
homogeneous continuous medium characterized by its mac
roscopic dielectric constant. The solute molecule interacts 
with the surrounding polarizable dielectric medium through 
a reaction field. This field arises from the induced charges in 
the medium due to the charge distribution of the solute mol
ecule. Two approaches are used: the cavity model9-14 and the 
effective charge model. 15-20 The continuum model allows 
one to take into account long-range interactions. However, it 
cannot describe short-range interactions such as dielectric 
saturation effects in aqueous ionic solutions21 where the wa
ter molecules close to the dissolved ion behave differently 
from molecules in the bulk. For this reason the solvent is not 
expected to be properly described by a homogeneous model. 
The continuum model has therefore been generalized to two 
concentric dielectric continuall ,14 and very recently to an
isotropic continua. 14(b) 

The semicontinuum model combines the two models 
discussed above. It incorporates a solvation shell region con
taining a finite number of solvent molecules which are treat
ed explicitly. Outside this region the solvent is represented 
by a continuum. This model has been applied to the solva
tion of electrons, 21 dissociation of formic acid,22 protonation 
of nitrogen containing bases in aqueous solution,23 electron 
transfer in solution,24 and solvent shifts of electronic binding 
energies for atomic cations and anions.2s 

In the continuum and semicontinuum models the elec
tronic wave function has usually been calculated by semiem
pirical methods, although in some cases full ab initio wave 
functions have been used. The ab initio methods have so far 
been restricted to states described by uncorrelated SCF wave 
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functions. It is the purpose of the present work to extend the 
continuum and semicontinuum self-consistent reaction-field 
methods to correlated cavity wave functions. This makes it 
possible to carry out studies of solvation energies with higher 
accuracy, and also to treat more general systems and states 
such as excited and ionized states. It also allows us to study 
the effects of solvation on a variety of molecular properties 
that cannot be described by one-determinant wave func
tions. 

The level of electronic structure theory used in this work 
is given by the multiconfigurational (MC) SCF method 
where the wave function is fully optimized with respect to all 
variational (orbital and configuration) parameters. Al
though demanding, the MCSCF method has proven to be an 
accurate and flexible tool for the study of a number of chemi
cal and physical phenomena in vacuum. Its utility has great
ly improved in recent years due to the introduction of sec
ond-order convergent and density-matrix based 
algorithms. 27

-
3

\ The fully variational character of MCSCF 
wave functions offers decisive analytical as well as computa
tional advantages for calculations of response properties, 
which has been realized with the implementation of analyti
cal molecular gradients and Hessians.32

-
36 

Previous attempts at ob initio reaction-field calculations 
suffer from two main deficiencies: an inefficient evaluation 
of the solvent integrals, and the use of un correlated ob initio 
wave functions. The present paper overcomes both of these 
problems. An inexpensive procedure for calculation of sol
vent integrals to any order is presented in Sec. III, and an 
efficient procedure for the optimization of MCSCF wave 
functions in the presence of a reaction field is described in 
Sec. IV. This algorithm has been incorporated into a pre
viously developed direct second-order MCSCF program for 
vacuum states. 27,28 Sample calculations are presented in Sec. 
V. 

II. THE SOLVENT MODEL 

The description of the bulk solvent used in this work is 
based on Kirkwood's model. \0 Kirkwood originally devel
oped the model for a set of point charges enclosed in a spheri
cal cavity embedded in a structureless polarizable dielectric 
medium described by the macroscopic bulk dielectric con
stant K. The following outline is based on a recent rederiva
tion of Kirkwood's model using vector field expressions 
rather than potentials.24 

The charge distribution inside the cavity induces a reac
tion field and potential in the dielectric. The induced field 
interacts with the charge distributionp inside the cavity. The 
resulting polarization energy is given by 

Epo\ = 1/2 f dr per) VPO\ (r) , (1) 

where 

41TEoVpo\ (r) = f do' up(r')/lr - r'l 

+ f dv' Pp (r')/lr - r'l (2) 

and up and Pp are the surface and volume polarization 
charge densities 

Up = P·n, 

Pp =divP, 

n = - r'/lr'l. 

(3) 

(4) 

(5) 

Here P is the polarization of the medium and n the outward 
normal to the cavity surface. The charge distribution p is 
assumed to be zero outside the cavity, which is reasonable 
for the cavity radii used in this work. 

The dielectric polarization of a linear isotropic medium 
is related to the electric field vector E as 

per) = xE(r) , (6) 

where X is the electric susceptibility which is related to the 
dielectric constant as 

K= 1 + XIEo. (7) 

The total electrostatic potential is the sum of the potential 
from the charge distribution in the cavity and the polariza
tion potential from the induced charges in the continuum 
given by Eq. (2): 

V(r) = Vpo\ (r) + 1/(41TEo) f dr' p(r')/lr - r'l· (8) 

The following integral equation may now be established for 
the polarization field using Eq. (6) and E = - V V: 

41TEoP(r) + xV f do' P(r')'n'/lr - r'l 

= - XV f dr' p(r')/lr - r'l , (9) 

where we have used the fact that the medium is isotropic (0 
is the radius of the cavity): 

divP(r) =0, Irl>o (Irl>lr'I). (10) 

The polarization field is obtained from the integral equation, 
and the polarization energy is determined as (see Ref. 24) 

Epo\ = - 1/2 L <l>itM i 
1m 

- 1/2 L ( - 1) m/tM 1- mM i , (11 ) 
1m 

where 

and 

Mi= f drp(r)Si(r), 

Si(r) = [41TI(21+ 1)]\/2,JY1,m(O,¢) 

<l>i =/tMi, 

(12) 

(13) 

(14) 

41TEO/t =0-(21+1)(1+ I)(K-I)/[/+K(I+ I)]. 
(15) 

Here M i are the charge multipole densities, S i the spheri
cal polynomials, and <l>i the reaction field. In the following 
we switch to atomic units which is more convenient for cal
culations. 

When the charge distribution inside the cavity is not 
discrete but of quantum mechanical origin it is calculated as 

per) = (1f1IPmo\ (r) 11f1) , (16) 

where If1 is the electronic wave function of the solute and 
Pmo\ (r) the density operator 
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Pmol(r) = IZk~(r-Rk) - I~(r-rj)' (17) 
k j 

Here Rk and rj are the coordinates of nucleus k and electron 
j, and Zk is the charge of nucleus k. The summations are over 
the full set of nuclei and electrons. 

The dielectric solvation energy for the molecular charge 
distribution embedded in a linear isotropic dielectric medi
um is calculated as the product of the expectation values for 
the reaction field and the multipole charge mo
ments13. 19-2 1 ,24-26 

EpoI = - 1/2 I(<I>it
) (Mi) , (18) 

1m 

(Mi) = ~ZkSi(Rk) - (Si) , (19) 

(<I>i) =!r(Mi) , (20) 

!r =a-(21+I)(/+ l)(K-1)/[/+K(/+ 1)]. (21) 

The expression for Epol in Eq. (18) contains the electrostatic 
and polarization interactions between the solute and the di
electric medium, but not the dispersion energy, To include 
the dispersion energy in the calculation of the solvation ener
gy it is necessary to know the frequency spectrum of the 
dielectric constant and calculate the expectation value over 
the product of <l>it and M i 13,20,26: 

Edi• = - 1/2 I(<I>itMi) . (22) 
1m 

To illustrate the difference between Edis and Epol we assume 
we may use the same dielectric constant in both cases and 
consider a Hartree-Fock wave function: 

E di• - Epol = I(t,6a ISilt,6;)(t,6;ISi·lt,6a) , (23) 
;a 

where i denotes occupied and a unoccupied orbitals. This is 
the usual particle-hole excitation expression used for de
scribing dispersion effects. It shows that dispersion effects 
are of higher order than electrostatic and polarization ef
fects. The dispersion effects correspond to instantaneous 
charge distributions and polarization, while Eqs. (18) - (21 ) 
implemented in this work refer to effects corresponding to 

interactions between the effective or averaged charge distri
bution inside the cavity in equilibrium with its dielectric re
sponse. 

III. CALCULATION OF SOLVENT INTEGRALS 

In this section we consider the solvent integrals and 
present a recursive technique for the calculation of such inte
grals. The scheme for evaluating solvent integrals containing 
atomic orbitals and spherical harmonic polynomials makes 
use of a transformation to the Hermite Gaussian functions. 
McMurchie and Davidson40 and Saunders41 have shown the 
usefulness of these functions for evaluating molecular inte
grals. 

The spherical polynomials as defined in Eq. (13) of the 
previous section are complex functions. The use of complex 
functions is inconvenient. We bypass these problems by 
transforming the polynomials S i to a new set R i defined as 

R7=S7. (24) 

(25) 

(26) 

where p, is a positive integer. In R rand R 1- p, the functions 
exp(ip,t,6) and exp( - ip,t,6) are replaced by cos(p,t,6) and 
sin (p,t,6), respectively, 

The integrals we consider are (Sp, IR ilSv) whereSp, and 
Sv are basis functions on the centers A and B, respectively. 
The basis functions are contracted Gaussian functions: 

SP, (r - RA ) = Idpp,upp. (app,;r - RA ) , (27) 
p 

where app. is the exponent and dpp. the contraction coeffi
cient. The integral of R i in the contracted basis is of the 
form 

(Sp, (r - RA )IR ilsv(r - RB » 

= Idpp,dqv (upp, (app,;r - RA ) IR iluqv (aqV;r - RB » 
M (28) 

and in the following we consider integrals over primitive 
Gaussians only. 

To evaluate these integrals we use Saunder's41 definition 
ofthe Hermite Gaussian-type functions as 

A [a,A,rst ] 

= (~)'(~)S(~)texp[ _ a(r _ RA )2] , (29) 
aAx aAy aAz 

where the coordinates of nucleus A are RA = (Ax,Ay,Az)' 
These functions are separable in x A = X - A x' Y A = Y - Ay, 
andzA =z-Az: 

A [a,A,rst ] = Ax [a,A,r]Ay [a,A,s]Az [a,A,t] , (30) 

where 

Ax [a,A,r] = (~)'exp( - ax~) . 
aA x 

(31) 

The Hermite Gaussian functions are related to the Hermite 
polynomials H;o41,42 

Ax [a,A,r] =a,12H,(J(ixA )exp( -ax~), (32) 

where 
[il2) ( l)k~ 

H.(P) = I - I. (2{J)i-2k. 
I k=O k!U - 2k)! 

(33) 

Here [iI2] is the largest integer less than or equal to i12. We 
may now write 

A[a,A,rst] =A [a,A,rst]exp( -a~), (34) 

where A is given as 

A [a,A,rst] =Ax[a,A,r]Ay[a,A,s]Az[a,A,t] (35) 

and 

(36) 

The product of two Gaussians upp. and uqv may be written 
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= IE [A,B,uvw] A [ aM,M,uvw] , (37) 
uvw 

where 

A[aM,M,uvw] =A [aM,M,uvw]exp( -aMr-M) (38) 

and 

RM = (apI'RA + aqVRB ) laM , (39) 

aM =apl' +aqv ' (40) 

The transformation coefficients E are separable in x, y, and z, 

E [A,B,uvw] = Ex [A,B,u]Ey [A,B,v]Ez [A,B,w] (41) 

due to the separability ofthe A functions [Eq. (30)]. 
The R i' functions may also be expanded in Hermite 

functions at R M: 

R i' = ~ F [l,m,8.BrJA. [aM ,M,8.Br] . (42) 

The product upl'uqv and the polynomial R i' have now been 
expanded in Hermitian functions. To arrive at the final ex
pressions for the integrals (28) we insert these expansions 
and use the orthonormality of the Hermitian functions: 

where 

Vx [8] = ~Ex [A,B,u] f dx Ax [aM,M,8] 

XAx [aM,M,u] exp( - aMx~) 

= (17"/aM)1/2(2aM)c58!Ex [A,B,8]. (44) 

The transformation coefficients F, Ex, Ey , and Ez may be 
calculated recursively. The recurrence relations for Fare 
given in the Appendix, while those for Ex, Ey , and Ez have 
been given by Saunders.41 

IV. MULTICONFIGURATIONAL SELF-CONSISTENT
FIELD THEORY FOR SOLVATED STATES 

We consider systems which in vacuum are described by 
the spin-independent Born-Oppenheimer electronic Hamil
tonian 

H = IhrsErs + 1/2 I (rsltu)ers,tu , (45) 
rs rstu 

where Ers and ers,tu are the spin-free operators 

(46) 

(47) 

Here at,. and aru are the creation and annihilation operators 
for an electron in orbital r/Jr with spin 0", and hn and (rsltu) 
are the usual one- and two-electron integrals. 

The MCSCF wave function is parametrized as27,28,37-39 

1'II(K,c» =exp[ - IKsr(Esr -En)](kC;10;», 
r>s I 

(48) 

where 10;) denote the configuration state functions (CSFs) 
which have been projected for a least linear combination of 
symmetry- and spin-adapted Slater determinants of molecu
lar orbitals (MOs). 

The set of CSFs {10/) } forms a Gelfand-Tsetlin N-elec
tron basis. The evaluation of density matrix elements over 
this basis follows the prescription given by the graphical uni
tary group approach (GUGA) developed by Shavitt, Sieg
bahn, and others.2

9-31 The exponential transformation in 
Eq. (48) ensures orthonormality among the orbitals and al
lows us to use unconstrained optimization methods. 

The energy functional corresponding to the Hamilto
nian (45) and the wave function (48) is given as 

E(K,C) = ECA) = (OIHIO)/(OIO), (49) 

where 10) = I'll (K,C» and }.. is the combined set of vari
ational parameters K and c. The wave function is determined 
by locating the value of}" for which E is stationary, charac-

terized by vanishing gradient and the correct Hessian index. 
In the k th iteration the energy functional may be ex

panded to second order in the nonredundant variables about 
}.. (k), 

aE(2)(y;}..(k» = E(2)(y;}..(k» _ E(}..(k» 

= gTy + 1/2yTHy, (50) 

where y = }.. - }.. (k), and g and H are the gradient and Hes
sian at }.. (k). 

In the following we consider optimization of solute 
states, and add the solvent energy term given in Sec. II [Eq. 
( 18)] to the vacuum contribution 

E = Evac + E801 , (51) 

aE aEvac aEsol -=--+--, 
aA; aA; aA; 

(52) 

a 2E a2Evac a2Esoi 
--=--+--. 
aAjaA; aAjaA; aAjaA j 

(53) 

The energy expression and its derivatives are all linear in the 
vacuum and solvent contributions. This means that we can 
easily extend standard techniques for MCSCF vacuum 
states to calculate the solvent contribution to energies, gradi
ents, and Hessians. In the present work we use the direct, 
restricted-step, second-order MCSCF algorithm developed 
by two ofus27

,28 for vacuum states. An important feature of 
this algorithm is that the Hessian is not explicitly calculated 
or saved, but constructed directly in an algorithm for linear 
transformations oftrial vectors b(k) by the Hessian 

(54) 

Formulas for the vacuum gradient aEvaclaA; and the vacu
um Hessian transformation :Ij (a 2Evac laAjaA;) bY) are 
given by Eqs. (2.37)-(2.40) in Ref. 28 to which we refer for 
further details. In the following we derive the additional for
mulas needed to evaluate the' solvent contributions 
aEsollaA; and:Ij (a 2Eso1 /aAjaA;) bY)· 

The MCSCF solvation energy given in Eq. (18) may be 
written as 
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Esol = V/(Tlm )2, 

where gl is given by 

(55) 

gl = - (1/2)0- (21+ ll(l + I)(K -/)/[/ + K(l + I)] . 
(56) 

The Tim elements are obtained as expectation values of the 
nuclear and electronic solvent operators 

Tim = LZgR Im(Rg) , 
g 

(57) 

(58) 

Tim = R Im(r) = LR :.';Epq , (59) 
pq 

where the R 1m integrals are defined in Eqs. (24)-(26). 
Note that Tim is a one-electron operator. The electronic 

contribution to the MCSCF solvation energy is therefore 
obtained as 

(60) 
pq 

where 

R:.'; = (rP
P 

IR Iml rPq ) (61) 

and Dpq is the one-electron density matrix. 

A. The solvent contribution to the MC gradient 

By straightforward differentiation of Esol [Eq. (55) ] we 
obtain the solvent contribution to the MC gradient 

aE50I = 2 DITlm aTlm = _ 2 DITlm aTim (62) 
aA; 1m aA j 1m aA j 

since aTim1aA; = 0. Introducing the effective one-electron 
operator 

Tg=-2DITlmRlm (63) 
1m 

we may write the configuration part of the gradient as 

aEsol V aTim --= -2 ITlm--
ac,., m &,., 

= 2 [ (ILl TgIO) - (01 TgIO)c,.,] 

and the orbital part as 

(64) 

aEsol ~lt aTim ( I ) --= - 2 £.I'ITlm-- = 2 01 [Ers,Tg] ° . (65) 
aKrs 1m aKrs 

Note that expressions (64) and (65) have the same form as 
the usual one-electron contribution to the MC gradient. The 
calculation of this gradient is therefore trivial once Tg has 
been constructed. 

B. The solvent contribution to the MC Hessian 

We now consider the contribution from the solvent in
teraction to the linear transformations in Eq. (54). First we 
consider the case for the CSF trial vector 

,sol_~a2EsOlbc _ ¥(arrm ~ arrmbc 0': -~--- -2 I --~--
J v aCvaAj v m aAj v acv v 

(66) 

Again the final expressions can be rewritten in terms of effec
tive one-electron operators: 

~SOI = 2 [ (ILl TXCIO) - (01 TXCIO)c,.,] 

+ 2 [ <ILl TgIB) - (01 TgIO)b ~] , (67) 

~~SOI = 2(01 [Ers,TXC] 10) + 2(01 [Ers,Tg] IB). (68) 

Here Tgis defined in Eq. (63), 

TXC = 4 DI (OIR ImIB)R 1m (69) 
1m 

and 

(70) 
,., 

We now consider the solvent contributions to the linear 
transformations of an orbital trial vector 

a 2E (aTe aTe 
0':,501 = L sol b O = 2)/l ~ L ~bo 

J sr aAjaKsr sr t,;'1 aAj sr aKsr sr 

(71 ) 

and find that 

a;':501 = 2 [ (ILl TXOIO) - (01 TXOIO)cl'] 

+ 2(1L1 TyoIO) , (72) 

cr:~501 = 2(01 [Ers,TXO] 10) + 2(01 [Ers,TYD] 10) 

+ 1/2 L(~lbrt -8"/:lbst )' (73) 
t 

We have here used the following set of effective operators: 

T XO = 2 D/(OIQlmIO)R 1m, 
1m 

TYD = - 2 DI TlmQ1m , 
1m 

(74) 

(75) 

where Q 1m are the one-index transformed integrals genera
ted by the orbital trial vector, see Eq. (2.43) of Ref. 28. The 
~I is the solvent contribution to the orbital gradient (65). 

V. SAMPLE CALCULATIONS 

To demonstrate the usefulness of the method we study 
the solvation of water. The calculations are carried out both 
with and without the first solvation shell. We consider the 
effects of different dielectric constants and cavity radii on the 
total energy. 

The results for water without the first solvation shell but 
surrounded by the continuum are presented in Tables I-IV. 
The ground-state energies in Tables I-III have been ob
tained using sixth-order multipole expansions. Three differ
ent wave functions are used: Hartree-Fock, complete active 
space (CAS) MCSCF with six active electrons in six active 
orbitals, and CASSCF with eight electrons in eight orbitals. 
The configuration space is chosen according to results from 
second-order Meller-Plesset calculations. These calcula
tions give the occupation numbers of the natural orbitals 
from which one may choose a reasonable configuration 
space.43 The contracted basis is 5s3pld on oxygen and 2s1p 
on hydrogen.44 All calculations were carried out at the ex
perimental geometry. 45 
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TABLE I. The total RHF energies for one water molecule in the cavity 
calculated for different dielectric constants K and cavity radii Rca. (a.u.). 
The total energies are dE = E( solv) - E( vac) where 
E(vac) = - 76.041 060 a.u. 

Rca. 

I(' 3.5 4.0 4.5 

2.015 -0.00607 - 0.00357 - 0.002 31 
10.36 - 0.01415 -0.00807 - 0.00513 
24.30 - Om5 67 - 0.008 89 -0.00563 
32.63 - 0.015 97 - 0.00905 - 0.005 73 
42.50 - 0.01618 - 0.00916 - 0.005 79 
78.54 - 0.016 50 -0.00933 -0.00590 

a The dielectric constants correspond to the following solvents at 25 'C: cy
cIohexane, I, 2-dichloroethane, ethanol, methanol, glycerol, and water. 

In all cases we observe that the energy lowering in
creases with increasing dielectric constant and decreases 
with increasing cavity radius. This is easily understood from 
the relationship between the cavity radius a, the dielectric 
constantK, and!! [see Eq. (15)]. Table IV presents a multi
pole analysis of the dielectric solvation energy and shows 
which terms are important in the mUltipole expansion. For 
the calculations with one water molecule inside the cavity 
the first-order multipole term contributes about 65% of the 
total dielectric solvation energy. This term represents the 
dipole approximation. The importance of this term is ex
plained knowing the charge distribution of the water mole
cule, since the largest multi pole is the dipole. 

The results for the first solvation shell surrounded by 
the continuum are presented in Table V. The solvation shell 
contains four water molecules and the geometry of the clus
ter is taken from Ref. 46. A single-zeta basis47 is used for the 
molecules in the solvation shell while the central molecule 
has the same basis as above. The total energy of the ground 
state is calculated from a one-determinant wave function. 
We observe the same trends as before when changing the 
cavity radius and the dielectric constant. The multipole anal
ysis of the contributions to the dielectric solvation energy is 
presented in Table VI. Comparing this with Table IV we 
note a slower convergence for the cluster, caused by a more 
complex charge distribution inside the cavity in this case. 

TABLE II. Total MCSCF energies (six electrons in six orbitals) for one 
water molecule in the cavity. The total energies are calculated for different 
dielectric constants K and cavity radii Rca. (a. u. ), and are given as dE = 

E(sol) - E(vac) whereE(vac) = -76.130105 a.u. 

Rca. 

I(' 3.5 4.0 4.5 

2.015 -0.00560 -0.00329 -0.00212 
10.36 - 0.013 07 -0.00744 - 0.00219 
24.30 - 0.01447 - 0.00819 -0.00517 
32.63 - 0.014 75 - 0.008 34 -0.00527 
42.50 - 0.01494 -0.00844 -0.00533 
78.54 - O.oI5 24 -0.00864 -0.00542 

a The dielectric constants correspond to the following solvents at 25 ·C; cy
c1ohexane, I, 2-dichloroethane, ethanol, methanol, glycerol, and water. 

TABLE III. The total MCSCF energies (eight electrons in eight orbitals) 
for one water molecule in the cavity of radius 4.0 a.u. The total energies are 
calculated for different dielectric constants, and are given as dE = 
E(sol) - E(vac) where E(vac) = -76.167871 a.u. 

K" dE 

2.015 - 0.003 50 
10.36 -0.00792 
24.30 -0.00872 
32.63 -0.00888 
42.50 -0.00899 
78.54 - 0.009 16 

a The dielectric constants correspond to the following solvents at 25 'C: cy
cIohexane, 1, 2-dichloroethane, ethanol, methanol, glycerol, and water. 

The above calculations illustrate how the empirical pa
rameters in the solvent model affect the ground-state energy. 
We now consider ionized states of water and calculate ioni
zation energies (IE) and shifts due to the presence of sol
vent. 

The ionization process is vertical and therefore the ob
served solvent binding energy shifts are related to the instan
taneous structure of the solvent surrounding the ionized spe
cies. Several high-resolution photoelectron experiments49-5I 
have been conducted to determine the solvent binding ener
gy shifts for the different electronic levels in water. From 
measurements on cubic and amorphous ice one has derived 
shifts for alIthe valence levels in the order of - 1.2 to - 1.6 
eV, and a differential core level shift of - 0.7 eV.50 From 
ESCA studies on liquid water Lundholm et al.48 determined 
the solvent binding energy shift for ionization of the core 1 s 
level to - 1.9 eV. 

We calculate ionization energies IE; for level i: 

IE; = E~on - Egs , (76) 

solvent binding energy shifts for ionization energies alE; for 
level i: 

alE; = IE~I - lE;ac , (77) 

and differential solvent binding energy shifts a 21E; for levels 
i andj: 

a 21Eij = alE; - alEj . (78) 

Here Egs and E ~on are the ground-state energy and the total 
energy of the ion ionized from level i, which in our case are 
the Is core and b l levels in water. 

The calculations are performed both with and without 

TABLE IV. Multipole analysis of the contribution to the dielectric solva
tion energy for the water molecule surrounded by continuum. The cavity 
radius is 3.5 a.u. and the dielectric constant is 78.54. The parameter I de
notes the expansion term. 

o 
1 
2 
3 
4 
5 
6 

dE 

0.00000 
-0.01239 
-0.00466 
- 0.00138 
-0.00037 
-0.00008 
-0.00004 
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TABLE V. The total HF energies for five water molecules inside the cavity. 
The total energies are calculated for a given cavity radius Rca. and dielectric 
constants K, and are given as dE = E( sol) - E( vac) where 
E(vac) = - 375.985 220a.u. 

Rca. 

,(' 8.315 11.149 

2.015 - 0.00815 -0.00227 
10.36 -0.01836 -0.00494 
24.50 -0.02022 -0.00542 
32.63 - 0.02058 -0.00549 
42.50 - 0.02083 - 0.005 56 
78.54 - 0.02121 -0.00565 

a The dielectric constants correspond to the following solvents at 25 ·C: cy
c1ohexane, I, 2-dichloroethane, ethanol (approx.), methanol, glycerol, 
and water. 

first solvation shell and with the same basis as in the previous 
calculations. The cavity radius corresponds to the distance 
from the center of mass to the beginning of the second solva
tion shell, and the dielectric constant is given both by the 
optical and the static dielectric constant, see Table VII. 

Our calculationsS2 show that using the continuum mod
el with only one water molecule in the cavity, the binding 
energy shift is somewhat overestimated and depends rather 
strongly on the cavity radius. Due to the small size of the 
water molecule the main error is that of the Born model, i.e., 
neglect of dielectric saturation close to the final state ion. 
Also there is no distinction between core and valence level 
shifts. The semicontinuum model containing the five mole
cules in the first solvation shell gives an absolute shift close to 
those measured for amorphous and cubic ice, and also a cor
rect core-valence differential shift. The reason for this is a 
better description of the polarization and potential contribu
tion to the shift (the latter being completely neglected in the 
continuum model) and possibly also the inclusion of charge 
transfer. The optical dielectric constant, which accounts 
only for the electronic response of the medium upon ioniza
tion but neglects reorientational contributions, gives 
numbers in better agreement with experiment than does the 
static dielectric constant. 

The multiconfiguration self-consistent reaction field 
(MCSCRF) method appears promising not only for study-

TABLE VI. Multipole analysis of the contribution to the dielectric solva
tion energy for five water molecules surrounded by continuum. The cavity 
radius is 8.315 a.u. and the dielectric constant is 78.54. The parameter I 
denotes the expansion term. 

o 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

dE 

0.00000 
- 0.01134 
-0.00247 
-0.00181 
-0.00354 
- 0.00167 
-0.00073 
- 0.000 53 
-0.00043 
-0.00028 
-0.000 10 

TABLE VII. The total HF energies for ground states (E .. ), ionization en
ergies (IE,), solvent binding energy shifts (.6.IE,), and di1ferentiai solvent 
binding energy shifts (.6.2IE) for different structures of water. The defini
tion of the previous terms are given in the text. 

Structures 

a b c d 

E .. - 76.041 060 - 375.985 220 - 375.987 139 - 375.990 881 

IEbl 11.017 7 9.7958 9.2600 8.5835 

lEt. 540.3565 538.511 4 537.965 1 537.2688 

.6.IEbl - 1.222 - 1.758 -2.434 

.6.IEh - 1.845 - 2.391 - 3.088 

.6.2IEhbl -0.623 -0.633 -0.654 

a The water molecule in vacuum. 
bThe water molecule and the first solvation shell. 
C The water molecule and the first solvation shell surrounded by the contin
uum (1m .. = 10;a= 11.149 a.u.; K= 1.777). 

d The water molecule and the first solvation shell surrounded by the contin
uum (1m.. = 10; a = 11.149 a.u.; K= 78.54). 

ing ground-state solvent effects, but it also opens up the pos
sibility of studying such effects in excited and ionized states. 
In the near future we will present calculations on such states. 
We will use the MCSCRF method to calculate solvent bind
ing energy shifts for both valence and core electrons. The 
technique for calculating solvent integrals is both general 
and efficient. It allows us to use any type of basis functions 
and a multipole expansion to arbitrary order. 
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APPENDIX: RECURSIVE CALCULATION OF F 
COEFFICIENTS 

First we redefine the R i functions in terms of the un-
normalized spherical harmonics S[p,P,I,m] : 

S[p,P,I,m] =r;,Yi({J,tjJ) , (At) 

R [p,P,n,l,m = 0] = r'pns [p,P,I,m = 0] , (A2) 

R [p,P,n,l,m>O] =r'pn(2)-1/2(S[p,P,I,m] 

+ S [p,P,I, - m]) , (A3) 

R [p,P,n,l,m <0] = r'pn( - 2)-1/2(S [p,P,I,m] 

- S [p,P,I, - m]) . (A4) 

We also define 

ra =r-Ra = (Xa,Ya,Za); a = A,B,P , (A5) 

p=a+b, (A6) 

PAn = IIp - "A; II =X,Y,Z. (A7) 

The R [p,P,n,l,m] functions can be written as 

R [p,P,n,/,m] = LF[l,m,T,Jl,v],4 [P,P,T,p,V] (AS) 
T/-'V 
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and a product of such functions can be written as 

R [a,A,n,l,m]R [b,B,n',I',m'] 

= 2: F [n,l,m,n',I',m',1',p"v]A [p,P,1'"u,v] . 
TP.V 

(A9) 

We first determine the recurrence relations for the F coeffi
cients when incrementing n. We have that 

R [a,A,n + I,I,m]R [b,B,n',I',m'] 

Therefore Eq. (AlO) may be written as 
R [a,A,n + 1,I,m]R [b,B,n',I',m'] 

= 2: F [n,l,m,n',I',m',1',p"v] 
TP.V 

x (X~ + Y~ + Z~)A [p,P,1',p"v] . 

We have that 

XAAx [p,P,1'] = Ax [p,P,1' + 1 ]!2p 

3093 

(AI2) 

= 2: F [n + I,I,m,n',I',m',1',p"V]A [p,P,1',p"v] (AlO) 
TP.V 

+ PAxAx [p,P,1'] + 1'Ax [p,P,1' - 1] 
(Al3) 

and 

R [a,A,n + I,I,m] = ~R [a,A,n,l,m] . (All) 

I 

which enables us to determine the product between ~ and 
A [p,P,1',p"v], and Eq. (AI2) is expressed as 

R [a,A,n + I,I,m]R [b,B,n',I',m'] 

= 2: F [n,l,m,n',I',m',1',p"v] {(A [p,P,1' + 2,p"v] + A [p,P,1',p, + 2,v] + A [p,P,1',p"V + 2] )/(2p)2 
TP.V 

+ (A [p,P,1' + I,p"v]PAx +A [p,P,1',p, + I,v]PAy +A [p,P,1',p"V + I]PAz)/p + [PA 2 + (21'+ 2p, + 2v + 3)/ 

2p]A [p,P,1',p"v] + 2( 1'PAxA [p,P,1' - I,p"v] + p,PAyA [p,P,1',p, - I,v] + vPAzA [p,P,1',p"V - 1]) 

+ 1'( l' - I)A [p,P,1' - 2,p"v] + p,(p, - I)A [p,P,1',p, - 2,v] + v( v-I)A [p,P,1',p"V - 2]} . (AI4) 

From this we get the recurrence relations for Fwhen incrementing n: 

F [n + I,I,m,1',p"v] 

= (F [n,l,m,1'- 2,p"v] + F [n,l,m,1',p, - 2,v] + F [n,l,m,1',p"v - 2] )/(2p)2 + (F [n,l,m,1' - I"u,v]PAx 

+ F [n,l,m,1',p, - I,v]PAy + F [n,l,m,1',p"v - I]PAz )/p + [PA 2 + (21' + 2p, + 2v + 3)/2p]F [n,l,m,1',p"v] 

+ 2( 1'PAxF [n,l,m,1' + I,p"v] + p,PAyF [n,l,m,1',p, + I,v] + vPAzF [n,l,m,1',p"v + 1]) + (1' + 2)( l' + 1) 

xF[n,l,m,1'+2,p"v] + (p,+2)(p,+ I)F[n,l,m,1',p,+2,v] + (v+2)(v+ I)F [n,l,m,1',p"v + 2] . (AIS) 

Next we determine the recurrence relations for increments in I and m, first for m = I and then for m = - I. In the first case we 
have 

R [a,A,n,l+ 1,/+ 1] = 2:F[a,A,n,l+ 1,/+ I,1',p"V]A [p,P,1',p"v] (AI6) 
TP.V 

and also 

R [a,A,n,l+ 1,/+ 1] = (2/+ I)(XAR [a,A,n,I,/] - YAR [a,A,n,/, -I]). (AI7) 

In the second case we have 

R [a,A,n,1 + 1, - 1- 1] = 2: F [a,A,n,/ + 1, - 1- I,1',p"v]A. [p,P,1'"a,v] (AI8) 
TP.V 

and also 

R [a,A,n,1 + 1, -1- 1] = (21 + I)(XAR [a,A,n,l, -I] + YAR [a,A,n,I,/]) . (AI9) 

We consider the recurrence relation for increments in I and m when m = I: 

R [a,A,n,1 + 1,1 + 1] = 2: F [n,1 + 1,1 + I,1',p"V]A [p,P,1',p"v] 
TP.V 

= (2/+ 1)2:{F[n,I,l,1'"u,V](A [p,P,1' + I"u,v]!2p+PAxA [p,P,1',p"v] +1'A [p,P,1'-I"a,v]) 
TP.V 

- F [n,l, - 1,1' "a,v] (A [p,P,1',p, + I,v]!2p + PAyA [p,P,1',p"v] + p,A. [p,P,1',p, - l,v] )} (A20) 

and from Eq. (A20) we get the following relation: 

F[n,l+ 1,1+ 1,1',p"v] = (2/+ 1)(F[n,I,I,1'-I,p"v]!2p+PAxF[n,I,I,1',p"v] + (1'+ I)F[n,I,I,1'+ l,p"v] 

- F [n,l, - 1,1',p, - l,v]!2p - PAyF [n,l, - I, 1',p"V ] - (p, + 1)F [n,l, - 1,1',p, + l,v 1) . 
(A21) 

In a similar manner we derive the recurrence relation for increments in I and m when m = - I, 
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F [n,1 + 1, - 1- I,r,p,v] 

= (21 + I)(F [n,l, -I,r - I"u,v]l2p + PAxF [n,l, -I,r,p,v] + (r + 1)F [n,l, -I,r + I,p,v] 

+ F [n,I,I,r,p - I,v]l2p + PAyF [n,I,/,r,p,v] + (p + l)F [n,l,l,r,p + l,v]) . (A22) 

The last type of recurrence relation is for increments in I, 

R [a,A,n,1 + I,m] = 2: F [n,/ + I,m,r,p,v]A [p,P,r,p,v] (A23) 
T/J.V 

and we have that 

R [a,A,n,/+ I,m] ={(2/+ l)ZAR [a,A,n,l,m] -~(I+ Imi)R [a,A,n,l-l,mn/(I-lml + 1) 

= (I-Iml + 1)-1 2:(2/ + 1){F [n,l,m,r,p,v]ZAA [p,P,r,p,v] 
T/tu 

- (/+ Iml)F[n,/-I,m,r,p,v]~A [p,P,r,,u,vn 

= (I-Iml + 1)-1 2:[ (21 + 1)F [n,/,m,r,,u,v] 
T/tu 

X{A [p,P,r,,u,v + l]l2p + PAzA [p,P,r,,u,v] + VA [p,P,r,p,v - In 

- (/+ Iml)F[n,l-l,m,r,,u,v]~A [p,P,r,,u,v]]. (A24) 

The last term in Eq. (A24) is given by the expression Eq. (A14), and we finally obtain the relation for increments in I: 

F[n,l+ l,m,r,,u,v] = - (1+ Imi)(I-lml + 1)- IF[n+/,l-l,m,r,,u,v] + (I-Iml + 1)-1(2/+ 1) 

X{F[n,l,m,r,,u,v-I]l2p+PAzF[n,l,m,r,p,v] + (v+ I)F[n,l,m,r,p,v + In, 
where F [n + /,1- I,m,r,p,v] is given by the expression Eq. (AI5). 
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