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The calculation of molecular electronic wave functions and properties using floating Gaussian 
orbitals (i.e., orbitals whose positions are optimized in space) is described. The wave function 
is optimized using a second-order convergent scheme (the trust-region method), and 
molecular properties up to second order are calculated analytically. The method is applied to a 
series ofsmall molecules (HF, H20, Nfl3, CH4 , CO, H2CO, and ~H4) at the Hartree-Fock 
level using four different floating basis sets (double zeta, double zeta plus polarization, double 
zeta plus diffuse, and double zeta plus polarization and diffuse). Geometries are fully 
optimized, and dipole moments, static polarizabilities, harmonic frequencies, and double
harmonic infrared intensities are calculated at the optimized geometries. The results are 
compared with those obtained using the corresponding fixed basis sets, and also with the 
results from a large basis ofnear-Hartree-Fock quality [6-311 + + G(3dj,3pd)]. Floating 
produces only minor changes in the electronic energy, but other properties are often 
significantly improved. In particular, properties involving external field variations (dipole 
moments, polarizabilities, and intensities) converge considerably faster to the Hartree-Fock 
limit when floating is allowed. Properties calculated using the floating double-zeta basis set 
augmented with one set of polarization functions and one set of diffuse orbitals are close to the 
Hartree-Fock limit. 

I. INTRODUCTION 

The variational method is one of the most useful tech
niques for calculating approximate molecular electronic 
wave functions. The critical decision in such calculations is 
the choice of variational parameters. These must be chosen 
such that the wave function is able to describe not only the 
electronic structure in an absolute sense, but also its vari
ation for different values of the appropriate external param
eters. For example, to calculate reasonable polarizabilities 
the wave function must be approximated to the same accura
cy with and without an applied external field. 

In modem electronic structure theory one usually cal
culates orbitals as linear combinations of basis functions, 
and the wave function as a linear combination of electronic 
configurations constructed from these orbitals. The vari
ational optimization of the expansion coefficients is relative
ly simple since the expansions are linear, but to ensure suffi
cient flexibility one may have to use a large number of basis 
functions and configurations. The wave function becomes 
less compact, and the calculation may become intractable. 

To alleviate this problem one may introduce other types 
of variational parameters. In particular, nonlinear variation
al parameters often prove to be superior to, although compu-
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tationally more difficult than, the linear ones. Nonlinear pa
rameters were already used by Hylleraas 1 to obtain a 
compact description of electron correlation. Similar consid
erations have proven valuable also for the one-electron ex
pansions. By inserting nonlinear variational parameters di
rectly into the basis functions one may be able to reduce the 
number of such functions. Each basis function becomes 
more flexible and may do work which would otherwise re
quire several functions. For example, one may choose to var
iationally optimize the positions of the basis functions in the 
molecule (floating orbitals). This approach is investigated 
in the present paper. 

What is the physical motivation for using floating func
tions? When molecules are formed the atoms undergo con
siderable deformation. The shape of the atomic orbitals 
changes from that in the atom, and the center of gravity of 
the charge distribution shifts away from the atomic nucleus. 
Similar deformations occur when an external electric field is 
applied to an atom, since the electrons and nuclei are then 
displaced in opposite directions. 

In the traditional LCAO approach the basis functions 
are fixed on the nuclear centers. Such deformations can then 
be described accurately only if the atomic basis set is aug
mented with polarization functions (functions with angular 
momenta higher than those occupied in atomic Hartree
Fock calculations). Adding polarization functions is expen
sive because of the high order dependence of the calculations 
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on the number of basis functions. Also, the choice of expo
nents for the polarization functions is difficult since they 
cannot be determined from calculations on isolated field-free 
atoms. 

These problems may be avoided altogether if one allows 
the basis functions to move off the nuclei and occupy their 
optimal positions in space. In this way deformations of the 
charge distribution may be described without increasing the 
number of basis functions, and with only a modest increase 
in the total number of variational parameters. However, the 
optimization of orbital centers is clearly a nontrivial task, 
being at least as expensive as a conventional geometry opti
mization. A final judgement on the merits of floating orbitals 
is therefore difficult, especially since relative computational 
efficiencies change rapidly with new technical develop
ments. 

The interest in floating orbitals is not new. Hudel in
vestigated floating functions in the 1950's, and Frose intro
duced floating spherical Gaussians (FSGO) in 1967. More 
recently Huber4-7 has carried out studies using the floating 
orbital geometry optimization (FOGO) model, and Hurley8 

has reinvestigated the subject. With recent developments in 
second-order techniques for optimization of geometries and 
calculation of molecular properties as energy derivatives,9-11 
the use of floating orbitals has become more attractive. In 
view of these developments we have decided to reexamine 
the usefulness of floating orbitals for molecular electronic 
structure calculations. To achieve this we have calculated 
energies, geometries, dipole moments, static polarizabilities, 
harmonic vibrational frequencies, and double-harmonic in
frared intensities for HF, H 20, NH3, CH4, CO, H2CO, and 
C2H4 at the Hartree-Fock level using several floating basis 
sets. The results are compared with those obtained 
from the corresponding fixed basis sets. We have also carried 
out high-quality Hartree-Fock calculations at the 
6-311 + + G (3dJ,3pd) level as benchmarks for the smaller 
calculations. A preliminary report of this study has appeared 
elsewhere. 12 

The calculations presented in this paper have been car
ried out in a completely automatic manner. The wave func
tions are determined using a globally convergent second
order scheme (the trust-region method), and all properties 
are calculated analytically. To determine second-order 
properties one must calcul.ate the responses of the orbital 
coefficients and orbital positions to external perturbations. 
We show how this can be accomplished with only minor 
modifications of existing codes for calcul.ation of properties 
using fixed orbitals. 

Except for technical details related to wave function op
timization and property calculations, our work differs from 
that of Huber4-7 in the foHowing respects. We have consid
ered a larger number of properties, in particular, second
order properties such as polarizabilities, vibrational frequen
cies, and infrared intensities. We have used more flexible 
wave functions since we have not restricted floating to the 
most diffuse orbitals on each atom. Several basis sets have 
been investigated, some containing polarization functions. 
Finally aU results have been compared with the Hartree-
Fock limit rather than experiment. 

In Sec. II we first consider some technical aspects relat
ed to the optimization of the wave function and the calcula
tion of properties. In Sec. III we present and discuss the 
results of our calculations on the seven test molecules. In 
Sec. IV some general conclusions are given. 

II. COMPUTATIONAL ASPECTS 

A. Optimization of the wave function 

Floating orbitals make the optimization of wave func
tions more complicated since a new set of variational param
eters is introduced. The simplest way to treat this new set is 
to consider the floating centers as atoms with no charge 
("ghost atoms"), and optimize the positions of the ghosts in 
the same way as nuclear positions are optimized in geometry 
calculations. In this way existing computer codes for geome
try optimization can be used with only minor modifications. 

Ghost positions are more difficult to optimize than nu
clear positions. For example, when the ghosts are positioned 
on the nuclei (a natural first guess) the Hessian is usually 
indefinite so that a globally con vergent scheme must be used. 
Huber6 employed the variable metric method 13. 14 as formu
lated by Murtagh and Sargent. IS The gradient is calculated 
explicitly in each iteration, while the inverse of the Hessian is 
approximated by a symmetric positive definite matrix which 
is updated from iteration to iteration. The variable metric 
method shows superlinear convergence, and Huber reports 
that orbital floating increases the number of iterations by a 
factor of2. (In the FOGO model each atom gives rise to one 
floating orbital center. Hence the number of parameters in a 
FOGO calculation is twice as large as that in fixed calcula
tions. ) 

The calculations reported here have exploited a second
order scheme. The gradient and Hessian are calculated ana
IyticaHy in each iteration, and the next geometry is deter
mined by the trust-region (restricted-step) method. 13.14 We 
find that this method works very well. Indeed the number of 
iterations does not increase significantly when floating is al
lowed, although the number of degrees of freedom typically 
increases by a factor of 3 or 4. In most cases the gradient 
converges to 10-7 atomic units in less than five iterations. 

The above techniques are two-step procedures, since for 
each position of the ghosts the orbital coefficients are fully 
optimized. Although easy to implement, it may not be the 
most efficient procedure. One would expect a simultaneous 
optimization of the orbital centers and the wave function 
parameters in a one-step fashion to be more efficient, par
ticularly for correlated wave functions since the optimiz
ation of such wave functions is expensive. A first-order one
step procedure for the simultaneous optimization of orbitals 
and geometry has recently been presented by Head-Gordon 
and Pople l6 but not used in this work. 

S. Calculation of properties 

The anaJ!ytical calculation of moIecular properties has 
received much attention in the past decade, and first- and 
second-order properties can now be calculated analytically 
for a variety of wave functions. 9

-
11 In this section we describe 
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how the techniques developed for nuclear-fixed basis sets 
may be used to calculate properties from wave functions 
containing floating orbitals. 

In variational calculations the electronic energy de
pends on a set of external parameters 1J describing the phys
ical system (e.g., the molecular geometry or the electric field 
strength), and a set of variational parameters A describing 
the state of the system. The molecular ground-state elec
tronic energy W( 1J) is obtained by minimizing the energy 
functional E( 1J,A.) with respect to A for all values of 1]: 

W( 1J) = min E( 1J,A.). (1 ) 

" We assume that the variational parameters are independent 
and nonredundant. 

The first- and second-order properties considered here 
are defined by the expansion 

W( 1J) = Wo + .6.1Jtg + (1!2).6.1JtG.6.1J + ... (2) 

around the reference value 1Jo and referred to as the external 
gradient and Hessian, respectively. We define the full gradi
ent and Hessian by the expansion 

E(1J,A.) =Eo+ [.6.1Jt~t][ ~:] 

[H HH
M

",,]. [~;] + ... + (1/2) (.6.1Jt~ tJ H"" L.V\, 

"" (3) 

around 1Jo and ,.1,0' We assume that the coefficients in this 
expansion can be calculated explicitly, or in the case of Hu 
that we can calculate products of H,,;. with vectors explicitly. 
In the following, we discuss the calculation of the external 
gradient and Hessian (2) from the full gradient and Hessian 
(3 ). 

From the variational property (1) one may show that 
the external gradient and Hessian are related to the full gra
dient and Hessian in the following way: 

g=h", (4) 

G=(HIHu ), (5) 

where we have used the notation for Schur complements l
? 

introduced in the Appendix: 

(6) 

U suaUy the number of variational parameters is much larger 
than the number of external parameters. In such cases H ;.;' I 
should not be constructed explicitly, since it is more efficient 
to calculate its products with the relatively few columns of 
H;." directly. The external Hessian is then calculated from 
the expression 

G=H",,+H'I;'(:~). (7) 

where (aA. I~) is obtained by solving the linear equations 
(response equations) 

(8) 

by some iterative technique. 
The above expressions are quite general and do not de

pend on the nature of the variational parameters A. How-

ever, most computer programs assume that A corresponds to 
orbital and possibly state rotational parameters, and the in
troduction of a new set of variables may require extensive 
recoding, in particular for the solution of the response equa
tions (8). This may be avoided by calculating the external 
Hessian according to 

G= (HIHu ) = [(HIHww)/(HuIHww)], (9) 

where H ww is the subblock of H M referring to the orbital and 
state rotational parameters only. Expression (9) follows di
rectly from the quotient property of Schur complements I? 

(see the Appendix), and shows that the external Hessian can 
be calculated in two steps. 

In the first stage we calculate (H I H ww) [and conse
quently its subblock (H M I Hww) ]. The Schur complement 
(H I H ww) is the external Hessian that would be obtained if 
the positions of the floating orbitals were treated as external 
parameters, i.e., as atomic nuclei without charge. It can 
therefore be calculated with little or no modification of exist
ing codes. In the second stage the external Hessian is calcu
lated from Eq. (9). This is trivial since the dimension of 
(H I H ww ) is small. In this step, then, the orbital positions are 
treated as internal rather than external parameters. 

We thus have the following recipes for calculation of 
properties using floating orbitals: 

( 1) First-order properties are obtained as before, i.e., as 
the external part of the full gradient: g = h". 

(2) Second-order properties are calculated in two steps. 
First we calculate (H I Hww) in the same way as for nuclear
fixed orbitals, treating the centers of the floating orbitals as 
nuclei without charge. Next the final external Hessian is cal
culated as [(H IHww)/(HuIHww)J in a computationally 
inexpensive step. 

Although the above two-step procedure for second-or
der properties is easy to implement, it is probably not the 
most efficient. The reason for this is that the calculation of 
(H I H ww ) requires the solution of one set oflinear equations 
for each Cartesian coordinate of all atoms and ghost atoms, 
the number of which can be quite large. In contrast, the 
calculation of the external Hessian in one step requires the 
solution oflinear equations for the nuclear coordinates only. 

Depending on the situation, the external gradient may 
correspond to the molecular gradient (forces), the dipole 
moment, or any other property corresponding to the first 
derivative of the energy with respect to an external perturba
tion. The external Hessian may represent the molecular Hes
sian (harmonic force constants), static electric polarizabili
ties, or any other time-independent second-order property. 

III. SAMPLE CALCULA TJONS 

A. Basis sets 

All properties were calculated using four different basis 
sets, see Table 1. For each basis set we carried out one calcu
lation with the orbitals fixed on the nuclei, and one calcula
tion in which the positions ofthe orbital centers were varia
tionally optimized. 

The smallest basis (DZ) was obtained by contracting 
van Duijneveldt's (8s4pI4s) basis set lS to double-zeta quali-
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TABLE I. DZ, DZ + , DZP + , and DZP + basis sets. 

Basis 

DZ 
DZ+ 
DZP 
DZP+ 

<;ontraction 
scheme 

(4s2p/2s) 
(5s3p/3s) 
(4s2pld /2slp) 
(5s3pld /3slp) 

Description 

contracted from (8s4p/4s)' 
diffuse functionsb added 
polarization functions' added 
diffuseb and polarization' functions added 

'Exponents of van Duijneveldt (Ref. 18). 
bExponents in Table II. 
'Exponents of Krishnan et al. (Ref. 20) (see Table II). All six Cartesian d 
components were used. 

ty. Attempts were made to optimize the positions of all con
tracted orbitals independently, using that basis. However, in 
many cases the most diffuse s orbital on the heavy atoms 
would stray away from its parent atom, often breaking the 
symmetry of the molecule and occasionally coming to rest 
close to another atomic center. 

Such behavior is not acceptable. First, it is essential that 
the symmetry of the orbital centers remains the same as the 
symmetry of the nuclear framework. One would, for exam
ple, not be content with a wave function that gives rise to a 
dipole moment with a component perpendicular to the mo
lecular axis in a diatomic molecule, even though this spur
ious component is small and the total dipole moment is in 
good agreement with the exact value. Second, one would like 
the floating orbitals to stay close to the parent atom. In this 
way the identity of the atoms is preserved, so that upon dis
sociation the atoms emerge with the original atomic orbitals. 

An additional problem with independent optimization 
of all orbital positions was slow convergence. In some cases 
more than ten iterations were needed for convergence to 
10- 7 a.u. in the gradient. In these cases many of the Hessian 
eigenvalues were sman or negative in the first few iterations. 
This can be understood by considering the most diffuse orbi
tals on the heavy atoms. Their exponents are so small that 
they virtually encompass the whole molecule, and they also 
contribute little to the total wave function. Therefore, when 
several such orbitals (from different atoms) are present, 
their positions are energeticaHy unimportant. 

For this reason we decided to attach the two most dif
fuse s orbitals on each heavy atom to the same floating cen
ter. We also decided to fix the two innermost contracted s 
orbitals on the parent nucleus, since our calculations indicat
ed that very little is gained by floating these orbitals (at least 
for the properties considered by us). The positions of the 
remaining orbital.s (the two sets of p orbitals on heavy atoms 
and the two s orbitals on hydrogens) were optimized inde
pendently. 

Flexibility in the outer valence region is important for 
the accurate calculation of many properties, in particular 
those related to variations in an external electric field. 19 We 
therefore also carried out calculations using the DZ + basis 
set, obtained by adding a diffuse s orbital to each hydrogen 
and a set of diffuse sand p orbitals to each heavy atom (see 
Table II). For the reasons discussed above we did not opti
mize the positions of these orbitals independently. Instead 
We attached them to the same centers as the most diffuse 

TABLE II. Orbital exponents for diffuse functions and polarization func
tions in the DZ + , DZP, and DZP + basis sets. 

Diffuse s' Diffuse p' Polarizationb 

H 0.05 0.75 
C 0.05 0.04 0.626 
N 0.07 0.06 0.913 
0 0.09 0.07 1.292 
F 0.10 0.09 1.750 

"Extrapolated from the diffuse exponents of van Duijneveldfs 4s and 8s4p 
basis sets (Ref. 18). 

"Taken from the 6-311G" basis of Krishnan et al. (Ref. 20). 

orbitals in the parent basis and determined their combined 
positions variationally. 

To investigate the importance of polarization functions 
we repeated each of the above four series of calcuJ.ations 
(fixed and floating DZ and DZ + ) with polarization func
tions added (fixed and floating DZP and DZP + ). The ex
ponents of the polarization functions are those of the 
6-311G** basis of Krishnan etal. 20 and are listed in Table II. 
All six Cartesian d components were used on the heavy 
atoms, and the positions of the polarization functions were in 
all cases (hydrogen and heavy atoms) independentlyopti
mized simultaneously with the orbital centers of the parent 
(DZ and DZ + ) basis sets. 

Whenever the positions of orbitals with angular mo
mentum higher than zero were optimized, we used a com
bined floating center for all components of the shell. This 
preserves the rotational invariance of the sheil. We did inves
tigate the importance offioating all components separately, 
but it turned out that this has a negligible effect on the calcu
lated properties. 

B. Examination of calcutated properties 

In this section we examine the results obtained for HF, 
H 20, NH3, CH4 • CO, H 2CO, and C2H4 using the four float
ing and four fixed basis sets at the Hartree-Fock level. The 
results are compared with those obtained using the 
6-311 + + G(3dJ,3pd) basis of Frisch et a/.,21 except for 
ethylene for which we have used the best data from the litera
ture. All calculations were carried out using the SIRIUS-ABA

CUS program system. 22
-

24 No point-group symmetry con
straints were applied. 

Tbe6-311 + +G(3dJ,3pd)basissetmaynotgiveHar
tree-Fock limit values for all properties considered here, but 
it should be large enough to represent a limit of what can be 
achieved in routine calculations. In selected cases more ac
curate caJ.culations have appeared in the literature, but these 
have mostly been carried out at the experimental geometry, 
vitiating any direct comparison with our results. Also the 
basis sets used in such calculations have often been tailored 
to one particular property, making them inadequate for the 
calculation of the full set of properties considered by us. 

We have also quoted the values obtained by Yamaguchi 
etal. 25 at the 6-311 + + G(3d,3p) level. 21 These are mostly 
close to those obtained using the 6-311 + + G(3dJ,3pd) ba-
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TABLE III. Electronic energies at the fixed DZ and 6-311 + + G(3dj,3pd) levels (a.u.). Negative values 
quoted. Six Cartesian d components and ten Cartesian/components were used. 

HF 

99.9745 
100.0600 

H 20 

75.9778 
76.0604 

NH, 

56.1612 
56.2199 

40.1790 
40.2129 

co 

112.6576 
112.7828 

H,CO 

113.7993 
113.9145 

78.0026 
78.0606" 

"Energy obtained at the 6-311 + + G(3d,3p) level by Yamaguchi et al. (Ref. 25). 

sis, and are included to indicate the importance of second
order polarization functions (f functions on heavy atoms 
and d functions on hydrogens) at the Hartree-Fock level. 

In each case we optimized the geometry to 10- 7 atomic 
units in the gradient before calculating properties. This 
means that properties calculated from different basis sets 
refer to different geometries. Alternatively, one could carry 
out aU calculations at the same geometry, e.g., the experi
mental equilibrium geometry. This would make compari
sons with high-quality literature data easier, since most of 
these have been obtained at the experimental geometries. 
The procedure followed by us does not rely on any prior 
knowledge about the molecules, which is appropriate since 
we wish to establish the accuracy of each basis set rather 
than produce results close to experimental values. 

To a large extent our discussions are based on compar
ing the mean errors in computed properties for each basis 
set. These errors are calculated as 

where Aj is the value obtained with the basis set in question 
and B; the value at the 6-311 + + G( 3df,3pd) level. The 
summations are over all nonvanishing symmetry-unique 
properties. Since we have no 6-311 + + G( 3df,3pd) results 
for ethylene, the properties of this molecule are not included 
in the summations. 

TABLE IV. Electronic energies relative to the fixed DZ level (a.u.). Nega
tive values quoted. Results for floating orbitals in italics. 

DZ DZ+ DZP DZP+ 

HF 0.0000 O.otl6 0.0298 0.0407 
0.0201 0.0311 0.0340 0.0451 

H2O 0.0000 0,0106 0.0404 0.0503 
0.0262 0.0365 0.0445 0.0547 

NH, 0.0000 0.0085 0.0313 0.0382 
0.0160 0.0236 0.0338 0.0408 

CH. 0.0000 0.0005 0.0202 0.0207 
0.0076 0.0092 0.0210 0.0220 

CO 0.0000 0.0040 0.0743 0.0780 
0.0465 0.0521 0.0823 0.0868 

H2CO 0.0000 0.0054 0.0634 0.0692 
0.0287 0.0359 0.0693 0.0747 

~H. 0.0000 0.0018 0.0335 0.0356 
0.0100 0.0126 0.0348 0.0374 

1. Electronic energies 

In Table III we have listed the total electronic energies 
obtained at the fixed DZ and 6-311 + + G( 3df,3pd) levels. 
The energies of the remaining basis sets relative to the fixed 
DZ level are listed in Table IV, and in Fig. 1 we have plotted 
in percent the energy recovered of the total 6· 
311 + + G (3df,3pd) energy for each basis set (average val
ues for aU molecules). 

It is clear that the energy lowering due to floating is 
rather modest. Whereas the addition of one set of pol ariza
tion functions to the fixed DZ basis recovers about 50% of 
the residual energy, floating picks up less than 30%. Hence, 
jUdging by this criterion alone, floating cannot compete with 
the addition of polarization functions. We also note that the 
energy recovered by adding diffuse functions is fairly con
stant for all basis sets [about 8% of the difference between 6-
311 + + G(3df,3pd) and fixed DZ]. 

2. Bond distances 

The mean errors in calculated distances are less than 
1.6% for all fixed basis sets and less than 0.9% for all float
ing sets, see Fig. 2 and Table V. The individual distances are 
listed in Table VI. With a few exceptions (mostly at the fixed 
DZ and DZ + levels) the calculated bond distances are 
longer than the Hartree-Fock limit. We also note that the 
differences between the 6-311 + + G(3d,3p) and 6-
311 + + G (3dj,3pd) values are very small, exceeding 0.00 1 
A only for the CO distance in formaldehyde. 

Floating improves bond distances for unpolarized basis 
sets, bringing the errors down from about 1.5% to 0.8%. No 
significant improvement is observed for polarized basis sets, 

100.00 

99,98 ~ III F10111ing 

~ 99,96 • 
>. 
eo 
QJ 
c 99,94 QJ 

99,92 

99,90 
DZ DZ+ DZP DZP+ 

FIG. 1. Total energies relative to the 6-311 + + G(3dj,3pd) basis set 
(averages over all molecules). 
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2.---------------------------------~ 

o 
DZ DZ+ DZP DZP+ 

FlG. 2. Mean errors in bond distances relative to the 6-
311 + + G(3df,3pd) basis set. 

which are all in error by 0.2%--0.3%. We conclude that 
floating is less effective than polarization functions for bond 
distances, in particular the fixed DZP basis gives better re
sults than floating DZ. 

3. Bond angles 

Bond angles are accurate to better than 1 % for all basis 
sets except fixed DZ and DZ +, see Fig. 3 and Table V. 
These sets are unable to describe the lone pair electronic 
structure of water and ammonia and overestimate the bond 
angles in these molecules by 5° or more, see Table VII. Orbi
tal floating brings these angles into close agreement with the 
Hartree-Fock limit, as does the addition of polarization 
functions. The fixed and floating DZP + basis sets give ex
cellent angles, with mean deviations about 0.2%. The effect 
of adding second-order polarization functions is noticeable 
in ammonia, where the angle increases by 0.36° when these 
are added. 

TABLE VI. Bond distances (A). Results for floating orbitals in italics. 

DZ DZ+ DZP DZP+ 

HF 'HF 0.9201 0.9210 0.8968 0.8979 
0.9087 0.9118 0.8975 0.8984 

H 2O 'OH 0.9493 0.9500 0.9411 0.9411 
0.9473 0.9484 0.9421 0.9423 

NH, 'NH 0.9913 0.9919 1.0012 1.0003 
J.(XJ12 1.0015 1.0018 1.0010 

CH. 'CH 1.0817 1.0819 1.0853 1.0856 
1.0822 1.0840 1.0846 1.0856 

CO 'co 1.1298 1.1295 1.1084 !.l081 
1.1l65 1.1162 1.1033 1.1044 

H 2CO rco 1.2109 1.2118 1.1801 1.1814 
1.1972 1.1980 1.1782 1.1802 

'CH 1.0808 1.0812 1.0959 1.0953 
1.0911 1.0920 1.0967 1.0972 

C2H. 'cc 1.3240 1.3258 1.3195 1.3214 
1.3214 1.3237 1.3182 1.3203 

'CH 1.0734 1.0738 1.0781 1.0782 
1.0750 1.0763 1.0776 1.0781 

·Calculations by Yamaguchi et al. (Ref. 25). 

TABLE V. Mean errors in properties relative to the 6-
311 + + G (3df,3pd) basis set (%). Values for ftoating orbitals in italics. 

DZ DZ+ DZP DZP+ 

Bond distances 1.54 1.56 0.27 0.26 
0.77 0.85 0.18 0.25 

Bond angles 4.38 4.98 0.59 0.21 
0.43 0.63 0.64 0.15 

Dipole moments 21.3 28.5 7.3 9.1 
3.5 3.1 4.0 1.0 

Static polarizabilities 35.8 21.2 28.4 15.2 
7.J 1.4 7.J 1.2 

Harmonic frequencies 4.39 4.53 0.85 0.69 
1. 74 1.63 0.62 0.40 

lnfrared intensities 69.7 73.3 124 19.0 
22.5 9.4 15.7 2.9 

All properties 22.8 22.3 8.3 7.4 
6.0 2.8 4.7 1.0 

In conclusion the floating basis sets give a uniformly 
good description of bond angles while fixed basis sets are 
only reliable when polarization functions are added. Float
ing DZ gives at least as good values as fixed DZP. 

4. Dipole moments 

The mean errors in the calculated dipole moments (Fig. 
4 and Table V) are 4% or less for all floating basis sets. The 
fixed basis sets are considerably less reliable: even the best 
fixed basis (DZP) is in error by more than 7%. In contrast, 
floating DZP + gives dipole moments which are in excel
lent agreement with the Hartree-Fock limit (mean devi
ation about 1%). We conclude that orbital floating im
proves dipole moments dramatically. 

6-311 + + 6-311 + + 
G(3d,3p)' GC3df,3pd) 

0.8970 0.8976 

0.9402 0.9407 

0.9990 0.9990 

1.0820 1.0818 

1.1030 1.1023 

1.1780 1.1769 

1.0924 1.0927 

1.3161 

1.0743 
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FIG. 3. Mean errors in bond angles relative to the 6-311 + + G( 3df,3pd) 
basis set. 

The errors in the dipole moments show considerable re
gularity, see Table VIII. The fixed basis sets as wen as float
ing DZ + and DZP + mostly give dipole moments which 
are too large. Conversely, floating DZ and DZP give values 
which are too small. Diffuse orbitals increase the magni
tudes of the dipole moments, while polarization functions 
reduce their values. Except for carbon monoxide this is also 
true for second-order polarization functions. 

Huber has found that floating DZ gives dipole moments 
which are in good agreement with experiments. b.? [Huber 
uses a (7 s3p/3s) DZ basis and only floats the most diffuse p 
orbitals on heavy atoms and the most diffuse s orbital on 
hydrogens.] Our results show that this is caused by a cancel
lation of basis-set and electron-correlation errors; floating 
DZ dipole moments and the exact (experimental) values are 
both usually smaller than the Hartree-Fock limit. Compar
ing the experimental dipole moments in Table IX with the 
calculated values in Table VIII, we see that the floating DZ 
dipole moments are indeed dose to the experimental values 
(but note opposite signs in CO). No such cancellation of 
errors occurs for the fixed basis sets, whose dipole moments 
are usually larger than the Hartree-Fock limit. 

Many high-quality Hartree-Fock dipole moments have 
appeared in the literature. Since these mostly refer to experi
mental geometries, they are not directly comparable with 
ours. However, from the dipole gradient calculated at the 
theoretical minimum we may estimate the dipole moment at 

TABLE VII. Bond angleS (deg). Results for floating orbitals in italics. 

DZ DZ+ DZP DZP+ 

HP <HOH 111.88 112.87 105.55 106.30 
106.10 106.64 105.48 106.18 

NH, <HNH 116.18 116.72 107.14 108.54 
107.86 108.33 106.76 107.72 

H2CO <HCH 116.71 117.16 115.66 116.15 
117.32 117.40 115.92 116.34 

~H4 <HCH 116.22 116.28 116.64 116.73 
116.76 116.82 116.74 116.84 

"Calculations by Yamagllchi et al. (Ref. 25). 
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FIG. 4. Mean errors in dipole moments relative to the 6-
311 + + G(3df,3pd) basis set. 

the experimental minimum. For example, the numerical 
Hartree-Fock dipole moments of hydrogen fluoride and 
carbon monoxide at the experimental geometries are 
0.756 (HF) and 0.104 a.u. (C+O-).26 For the 6-
311 + + G( 3dJ,3pd) basis set we estimate 0.764 and 0.107 
a.u. at these geometries, which are in error by 0.008 and 
0.003. The similarly estimated floating DZP + dipole mo
ments are 0.770 and 0.104 a.u. (errors 0.014 and 0.(00). 
This indicates that these basis sets give dipole moments with
in a few percent of the Hartree-Fock limit. 

5. Static polarizabilities 

Like dipole moments, static dipole polarizabilities are 
greatly imprOVed by floating, see Fig. 5 and Table V. Where
as the best fixed basis set (DZP + ) gives mean errors about 
15%, aU floating sets are in error by less than 8%. In particu
lar, floating DZ + and DZP + deviate by less than 2% 
from the 6-311 + + G (3dJ,3pd) values. The results ob
tained at the fixed OZ and DZP levels are unreliable. 

With few exceptions the 6-311 + + G (3dJ,3pd) polari
zabilities are underestimated, see Table X. Surprisingly, in 
two instances the small fixed DZ + basis overestimates the 
6-311 + + G(3dJ,3pd) polarizability (all in CO and 
H 2CO). The reason is probably that the CO bond distance in 
both cases is greatly overestimated by the small basis. When 
comparing polarizabilities at different geometries, higher 

6-311 + + 6-311 + + 
G(3d,3p)a G(3df,3pd) 

106.21 106.20 

107.62 107.98 

116.21 116.11 

116.80 
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TABLE VIII. Dipole moments (a.u.). Results for floating orbitals in italics. 

DZ DZ+ DZP DZP+ 

HF 0.915 0.948 0.779 0.805 
0.728 0.768 0.721 0.756 

H 2O 0.977 1.016 0.835 0.874 
0.735 0.785 0.731 0.777 

NH) 0.533 0.471 0.102 0.687 
0.584 0.628 0.592 0.623 

COb 0.194 0.201 0.058 0.078 
0.045 0.068 0.047 0.060 

H 2CO l.l80 1.272 1.009 1.114 
1.056 1.ll3 1.041 1.078 

·Calculations by Yamaguchi et al. (Ref. 25). 
bCharge distribution is C + 0 - in all cases. 

values are favored by the more spatially extended system. 
In all cases the addition of diffuse functions increases 

the magnitude ofthe polarizabilities, especially out-of-plane 
and perpendicular components calculated from fixed basis 
sets. An interesting case is ammonia. The parallel compo
nent in this molecule is very sensitive to the presence of dif
fuse orbitals, for example, when diffuse functions are added 
to the fixed DZ basis the parallel polarizability increases 
from 2.77 to 9.49 a.u. Onty basis sets with diffuse orbitals 
give a correct ordering of the polarizabilities (all> a 1)' 

From Table X we see that out-of-plane and perpendicu
lar polarizabilities are poorly described by unpolarized fixed 
basis sets, which are not able to account for the polarization 
of the charge distribution in these directions. A good exam
ple is the out-of-plane polarizability in water. At the fixed 
DZ level we obtain 1.29 a.u., less than one-fifth of the polar
izability at the 6-311 + + G(3dJ,3pd) level (7.39 a.u.). 
Floating corrects most of this error, bringing it down to 1.23 
a. u. This improvement comes about not so much because the 
orbital positions in the field-free molecule change d.uring the 
optimization (they remain in the plane), but because the 
orbitals are free to move out of the plane whenever an elec
tric field is applied in this direction. The following numbers 
illustrate this point: If we optimize the DZ orbital positions 
with the field turned off and calculate the polarizability with 
the orbitals fixed in these positions, we obtain 1.13 a.u. This 
is even less than the value obtained with the orbitals fixed on 

TABLE IX. Experimental dipole moments (a.u.) at the equilibrium geom
etry (p.J and in the vibrational ground state (Jlo ). 

HP 

0.701 
0.119 

0.721 
0.730 

"Muenter and Klemperer (Ref. 31). 
bClough et al. (Ref. 32). 
'Weber (Ref. 33). 

0.579 

dMuenter (Ref. 34). Charge distribution C-O+. 
'Fabricant et al. (Ref. 35). 

COd 

0.048 
0.043 

H 2CO' 

0.911 

6-311 + + 6-311 + + 
G(3d,3p)' G(3dj,3pd) 

0.151 0.150 

0.777 0.114 

0.622 0.612 

0.056 0.058 

1.014 1.068 

the nuclei (1.29 a.u.). Only by taking into account the relax
ation of the orbital positions in the field do we obtain an 
improved polarizability (6.16 a.u.). 

It is possible to assign to each orbital center a relative 
contribution to the total polarizability due to floating. These 
numbers show that only the most diffuse orbitals contribute 
by floating. For example, in ethylene at the DZ level we find 
the following relative contributions to the poiarizability 
along the double bond: 32 % from each diffuse p in the direc
tion of the field, 8% from each diffuse s on the hydrogens, 
and I % from each compact s on the hydrogens. For the in
plane (out··of~plane) components perpendicular to the dou
ble bond we find: 37% (38%) from each diffuse p in the 
direction of the field. 6% (5%) from each diffuse s on the 
hydrogens, and t % ( l. % ) from each compact p in the direc
tion of the field. These numbers show that accurate polariza
bilities can only be obtained with a flexible description of the 
molecular outer-valence region. They also indicate that for 
the purpose of calculating polarizabilities it is probably suffi
cient to float the most diffuse orbitals only, thus providing an 
inexpensive method for calculating semiquantitative polari
zabilities in large XI1.o1ecules. 

Many high-quaHty calculations of polariz<l.bil.ities have 
appeared in the literature. As for dipole mom.cots nearly alJ 
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FIG. 5. Mean errors in static polarizabiliti,es relative to the 6-
311 + + G(3df,3pd) basis set. 
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TABLE X. Principal components of static polarizabilities (a. u. ). Results for floating orbitals in italics. 

DZ DZ+ 

HF all 3.86 4.39 
5.03 5.31 

a, 0.64 1.56 
3.59 3.95 

H2O a" 1 twofold axis. in-plane 6.56 7.34 
8.27 8.57 

as II twofold axis 3.70 4.87 
7.09 7. 71 

a c out-of-plane 1.29 3.86 
6.16 7.06 

NH, aU 2.77 9.49 
9.96 12.32 

a, 8.09 8.87 
11.37 1J.89 

CH. 12.13 12.86 
14.97 15.64 

CO au 12.50 14.56 
13.23 14.12 

a, 7.35 8.51 
10.54 11.02 

H 2CO a" II twofold axis 18.15 20.87 
19.81 20.71 

as 1 twofold axis. in-plane 11.19 12.38 
14.69 15.55 

a c out-of-plane 5.76 7.60 
11.22 11. 74 

C2H. a" IIC=Cbond 33.25 35.61 
34.32 35.75 

as 1 C = C bond. in-plane 18.76 19.62 
22.50 23.38 

ac out-of-p\ane 7.99 16.90 
18.58 21.72 

of these have been carried out at the experimental geome
tries, making direct comparisons with our results difficult. 
However. in some cases polarizabHity gradients have been 
published. From these we have estimated the magnitudes of 
the polarizabilities at the experimental geometries for some 
of the basis sets used by us, see Table XI. Since Hartree
Fock bond distances are usually too short, the estimated cor
rections are positive (extended systems are more easily po
larized). The apparent discrepancies between the 6-
311 + + G( 3dJ,3pd) polarizabilities and the literature data 
are therefore reduced, although for hydrogen fluoride the 
discrepancy is still large. Nevertheless we conclude that the 
6-311 + + G(3dJ,3pd) polarizabilities in most cases are 
within 2% of the Hartree-Fock limit, and that floating 
DZ + and DZP + in general yield polarizabilities within a 
few percent of this limit. In particular, the small floating 
DZ + basis set yields excellent polarizabilities considering 
the small computational cost. 

It is of interest to compare our results with those ob
tained by Sadlej using e1ectric-field-variant (EFV) basis 
sets. 27

,28 The EFV method is closely related to ours since in 
both methods the orbital centers are able to respond to varia
tions in the applied electric field. The difference lies in the 
way these responses are calculated. The responses of the 
floating orbitals are calculated from the variational princi-

6-311 + + 
DZP DZP+ G(3df, 3pd) 

3.87 4.30 5.38 
4.93 5.19 
1.38 2.29 3.80 
3.56 4.03 
6.74 7.26 8.61 
8.12 8.41 
4.90 5.78 7.81 
7.08 7. 78 
2.58 5.22 7.39 

6.10 7.26 
5.76 10.28 12.86 

10.1/ 12.51 
9.37 10.15 12.06 

JI.34 11.90 
12.96 13.73 15.61 
15.09 15.70 
12.00 13.84 14.02 

13.31 13.98 
7.98 8.99 10.89 

10.36 10.92 
17.45 19.92 20.49 
19.65 20.39 
12.67 13.76 15.67 
15.01 15.82 
7.19 8.66 11.76 

11.28 11.82 
32.97 35.49 
34.07 35.78 
19.71 20.54 
22.70 23.47 
11.03 18.68 
18.69 21.83 

pIe, i.e., the total molecular electronic energy is minimized in 
the presence of the electric field with respect to the positions 
ofthe orbitals. Conversely, the responses of the EFV orbitals 
are determined from an analytical expression based on the 

TABLE XI. Estimated polarizabilities at the experimental geometries com-
pared with literature data. 

Floating Floating 6-3\1 + + Literature 
DZ+ DZP+ G(3df,3pd) data 

HP au 5.36 5.37 5.57 5.75d 5.75' 

a, 3.96 4.06 3.83 4.47d 

CH: a 15.74 15.78 15.75 16.00' 
CO" a. 14.34 14.42 14.50 14.53d 14.5' 

a, 11.09 11.05 11.03 1 \.34d 

'Experimental geometry 'HF = 1.7323 a.u. Dipole gradient from van He
mertandBlorn (Ref. 36):aall /J'HF = 5.30a.u.andaaj /J'HF = 0.93 au. 

bExperimental geometry 'CH = 2.061 a.u. Dipole gradient from John et 01. 
(Ref. 37): Ja/JS j = 8.242 a.u. 

"Experimental geometry 'eo = 2.132 a.u. Dipole gradient from Diercksen 
and Sadlej (Ref. 38): aau/Jrco = 9.75 a.u. and iJa,/J,co = 2.89 a.u. 

d( IIs6p3d /5s2p) SCF results of Werner and Meyer (Ref. 19). 
'Numerical Hartree-Fock by Adamowicz and Bartlett (Ref. 39). 
'Numerical Hartree-Fock by Christiansen and McCullough (Ref. 40). 
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theory for harmonic oscillators.28 The EFV method there
fore contains some empirical parameters not present in the 
floating-orbital technique. Nevertheless, it is reasonable to 
expect similar results from the two methods. 

In Table XII we have listed the results obtained by Sad
lej for ethylene at the SCF level. 28 The basis sets used by 
Sadlej (unpolarized double-zeta and triple-zeta) correspond 
most closely to floating DZ and DZ + , but contain slightly 
more primitive functions. Also the calculations have been 
carried out at the experimental rather than the theoretical 
geometry. With these differences in mind, the agreement 
between the results of Sadlej and ours is good, especially 
comparing the EFV triple-zeta and floating DZ + basis 
sets. 

6. Harmonic vibrational frequencies 

AU basis sets except fixed DZ and DZ + yield frequen
cies within 2% of the Hartree-Fock limit, see Fig. 6 and 
Table V. The mean errors at the fixed DZ and DZ + levels 
are between 4% and 5%. In particular, the umbrella fre
quency in ammonia (Table XIII) is greatly underestimated 
by these sets. This is related to the fact that the geometries 
calculated from these basis sets are too flat (Table VII). 

The errors in the floating DZ and DZ + frequencies are 
about 1. 7%, clearly an improvement on the unpolarized 
fixed basis sets. However, the errors at the fixed DZP and 
DZP + levels are even smaller (less than 1 % ). It must be 
concluded that floating cannot compete with polarization 
functions when calculating frequencies. (One should keep in 
mind, however, that floating is less expensive than adding 
polarization functions.) By floating the polarized basis sets 
the errors are further reduced to about 0.5%. 

Certain trends can be detected in the basis set depen
dence of the calcul.ated frequencies, although less clear cut 
than for dipoJ.e moments and polarizabilities. The limited 
flexibility of small basis sets would tend to underestimate 
bond strengths, and thus also stretching frequencies, where
as basis set superposition has the opposite effect. In practice, 
polarized basis sets usually overestimate stretching frequen
cies: Fixed DZP and DZP + overestimate these by about 25 

TABLE XII. PolarizabiJities of ethylene calculated using electric-field-in
dependent (EFI) and electric-field-variant (EFV) basis sets at the Har
tree--Fock level." 

Double zeta" Triple zeta" 

Energy - 78.0054 - 78.0145 
a A EFI 34.2 35.8 

EFV 35.S 36.1 
a B EFI 18.1 19.8 

EFV 23.2 24.0 
ac EFI 8.9 16.3 

EFV 19.9 21.6 

'Calculations by Sadlej (Ref. 28) at the experimental geometry. All entries 
in atomic units. Principal components defined as in Table X. 

b(10s5p/4s) contracted to (4s2p/2s). 
C( Ils7p/6s) contracted to (5s3p/3s). 

cm - 1 and floating DZP by about 15 cm -I. Floating DZP + 
stretchings are usually within ± 15 cm - '. With the excep
tions of water and ammonia nonstretching modes are more 
accurately obtained, mostly within ± 10 cm -1. Unpolar
ized basis sets give less systematic errors. We also note that in 
the majority of cases diffuse functions lower the frequencies, 
and that second-order polarization functions usually change 
frequencies by less than lO cm - 1. 

The nonstretching modes in water and ammonia appear 
to be particularly difficult to calculate accurately. apparent
ly because of the lone-pair structure of these molecules. For 
example, the DZP basis sets overestimate the inversion in 
ammonia by as much as 50 cm - 1 (fixed) and 79 cm - 1 

(floating). Although diffuse functions reduce the errors to 
- 17 and 15 cm - " this is partly fortuitous-at least for the 

fixed basis. This is seen by comparing the 6-
311 + + G(3d,3p) and 6-311 + + G(3df,3pd) results: 
second-order polarization functions lower the umbrella fre
quency by as much as 27 cm - '. 

SeIlers29 has found that floating of inner valence shells 
may lower diagonal stretching force constants by as much as 
3% at the 4-21 level, 30 and about 1 % at the 6-311 G** level. 
His resul.ts were obtained at the experimental geometries and 
can therefore not be compared directly with ours. However, 
for the polarized basis sets (for which geometries are fairly 
stable) we find indeed that stretchings in aU cases except one 
are lowered by floating. The lowering of the frequencies is 
about 0.5% (which corresponds to a lowering offorce con
stants by about 0.3%), less than that observed by Sellers. 
The reason is probably that his results were obtained without 
polarization functions. 

In conclusion we find that although fi.oating improves 
harmonic frequencies, the improvem.ents are not as striking 
as for the electric properties. In fact; they are more in line 
with those observed for geometries, Addition of polarization 
functions is more effective than floa.ting, and errors within 
1 % cannot be expected with unpolarized basis sets. 

7. Double-harmonic Infrared intensities 

As seen from Fig. 7 and Table V double-harmonic in
frared intensities are the most demanding property to calcu-

5~------------------------------~ 

DZ DZ+ DZP DZP+ 

FIG. 6. Mean errors in vibrational harmonic frequencies relative to the 6-
311 + + G( 3df,3pd) basis set. 
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TABLE XIII. Vibrational harmonic frequencies (cm - '). Results for floating orbitals in italics. 

6-311 + + 6-311 + + 
DZ DZ+ DZP DZP+ G(3d.3p)a GC3dj,3pd) 

HF 4143 4127 4494 4488 4486 4476 
4372 4322 4480 4455 

H2O A, str 3986 3983 4149 4155 4129 4128 
4074 4055 4134 4124 

2 def 1728 1695 1772 1733 1757 1747 
1799 1777 1779 1749 

B, 3 str 4150 4145 4259 4268 4229 4228 
4178 4159 4218 4206 

NH3 A, str 3776 3769 3702 3708 3683 3682 
3688 3681 3687 3690 

2 inv 595 550 1151 \084 1128 1101 
1144 1116 1180 1116 

E 3 str 3980 3978 3834 3852 3804 3807 
3818 3813 3802 3810 

4 def 1814 1804 1809 1791 1794 1783 
1832 1819 1803 1788 

CH. A, str 3185 3180 3164 3157 3147 3143 
3175 3154 3167 3156 

E 2 def 1707 1703 1672 1665 1671 1667 
1701 1689 1673 1666 

T, 3 str 3304 3293 3281 3269 3244 3241 
3284 3256 3269 3255 

4 def 1516 1511 1455 1449 1455 1453 
1469 1460 1451 1445 

CO 2282 2275 2444 2437 2422 2428 
2347 2327 2431 2419 

H,CO A, CHstr 3223 3220 3\08 3116 3087 3079 
3124 3096 3104 3090 

2 COstr 1903 1881 2022 2004 1990 1996 
1914 1896 2006 1987 

3 CHdef 1677 1662 1662 1650 1646 1649 
1628 1622 1645 1637 

B, 4 CHwag 1337 1332 1343 1334 1333b 1336 
1296 1298 1333 1325 

B, 5 CH str 3316 3315 3185 3192 3157 3147 
3225 3203 3183 3165 

6 CHrock 1375 1365 1375 1365 1366b 1369 
1350 1343 1364 1359 

C, H. A. CHstr 3348 3340 3314 3310 3285 
3313 3290 3304 3296 

2 CCstr 1841 1829 1835 1822 1813 
1826 1809 1831 1816 

3 CHdef 1509 1503 1477 1471 1472 
1487 1478 1472 1465 

B,. 4 CHwag 1159 1165 1093 1099 1097 
1086 1079 1091 1088 

B3• 5 CHstr 3406 3397 3375 3370 3338 
3377 3355 3361 3351 

6 CHrock 1379 1379 1339 1338 1343 
1362 1355 1337 1333 

A. 7 torsion 1148 1140 1140 1132 1137 
1145 1137 1140 1131 

B,. 8 CHstr 3323 3316 3291 3288 3263 
3296 3272 3284 3278 

9 CHdef 1632 1628 1585 1582 1590 
1601 1594 1584 1579 

B2 • 10 CHstr 3435 3428 3401 3397 3367 
3401 3380 3386 3379 

11 CHrock 932 933 888 890 891 
913 910 886 886 

B). 12 CHwag 1118 1\ 19 1081 1079 1080 
1077 1065 lOBO 1073 

"Calculations by Yamaguchi et al. (Ref. 25). 
bIn Table X of Ref. 25 the symmetry species of these modes have been interchanged. 
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FIG. 7. Mean errors in double-harmonic infrared intensities relative to the 
6-311 + +G(3df,3pd) basis set. 

late accurately. The fixed unpol.arized basis sets DZ and 
DZ + are completely unreliable, sometimes being off by a 
factor of 2 or more, see Table XIV. Floating greatly im
proves these results, yielding errors of about 20% (DZ) and 
10% (DZ +). 

All polarized basis sets (fixed or floating) are in error by 
less than 20%, but quantitative results are only obtained 
with the floating DZP + basis, which is in error by about 
3%. At the DZP level the fixed basis set gives slightly better 
intensities than the floating basis. 

Somewhat surprisingly, the addition of second-order 
polarization functions does not affect the calculated intensi
ties greatly. In most cases the difference is less than 1 
kmlmol. However, for weak intensities (e.g., the symmetric 

TABLE XIV. Double-harmonic infrared intensities (kmImol). Only values different from zero by symmetry 
are listed. Results for floating orbitals in italics. 

6-311 + + 6-311 + + 
DZ DZ+ DZP DZP+ G(3d.3p)· G(3df,3pd) 

HF 85.2 110.1 159.7 206.6 158.2 159.2 
127.9 168.2 129.7 165.3 

H 2O AI str 2.6 3.7 18.6 28.7 14.9 14.5 
6.2 12.1 9.8 15.3 

2 def 124.5 148.0 87.0 90.0 93.7 92.4 
96.3 96.2 97.6 98.9 

B2 3 str 50.6 81.1 52.7 91.1 88.6 88.8 
58.0 84.5 60.9 89.3 

NH) AI str 0.6 0.3 0.3 0.0 1.4 1.1 
1.7 1.6 0.6 1.1 

2 inv 632.3 625.7 186.4 247.0 180.3 181.9 
167.0 186.8 158.7 175.4 

E 3 str 29.8 47.5 0.7 11.8 11.2 12.1 
2.2 7.1 3.4 10.5 

4 def 90.8 124.4 32.3 54.6 36.7 38.1 
36.3 37.0 36.8 38.8 

CH. T2 3 str 107.0 130.0 93.4 118.0 113.8 112.0 
74.9 108.0 89.3 113.6 

4 def 74.6 71.8 36.3 33.9 28.3 28.6 
35.2 34.5 29.3 28.3 

CO 148.4 171.3 145.7 171.0 145.0 144.3 
136.6 143.7 117.6 138.8 

H 2CO AI CHstr 28.4 28.5 48.5 59.4 66.4 66.5 
41.3 58.4 58.4 66.4 

2 COstr 84.0 103.6 153.3 180.6 159.9 159.3 
115.4 138.0 136.9 162.5 

3 CHdef 28.8 30.5 13.8 14.7 19.9 19.5 
29.8 29.7 20.6 20.6 

BI 4 CHwag 4.5 7.4 0.3 1.8 4.0" 3.8 
6.4 6.6 3.7 4.1 

B2 5 CH str 92.2 79.7 117.8 108.0 95.0 96.4 
56.8 67.8 85.4 95.3 

6 CH rock 17.6 14.5 22.8 18.8 20.7b 20.4 
16.3 16.9 20.5 20.1 

~H. Blu g CHstr 19.5 21.9 17.5 19.6 19.4 

/4.8 21.5 15.4 19.5 
9 CHdef 11.7 12.5 11.1 11.6 12.6 

9.8 12.6 11.7 12.5 
B2u 10 CHstr 39.1 43.6 25.5 29.9 25.6 

/4.9 21.4 20.4 24.6 
11 CHrock 1.6 1.7 0.3 0.3 0.0 

0.0 0.0 0.0 0.0 
Blu 12 CHwag 153.1 182.7 99.9 134.2 118.1 

/05.5 130.9 99.0 122.1 

·Calculations by Yamaguchi et aJ. (Ref. 25). 
bIn Table X of Ref. 25 the symmetry species of these modes have been interchanged. 
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stretching mode in ammonia) such changes can be signifi
cant. 

8. Discussion of all properties 

The results discussed above show that floating is par
ticularly effective for electric properties (dipole moments, 
polarizabilities, and infrared intensities). For the remaining 
properties (equilibrium geometries and vibrational frequen
cies) orbital floating appears to be less effective than the 
addition of polarization functions. 

The average errors for aU properties are plotted in Fig. 8, 
from which we conclude that floating orbitals consistently 
produce results of higher accuracy than fixed orbitals. 
Whereas for fixed orbitals the addition of diffuse unpolar
ized functions does not result in significantly better values, 
the opposite is true for floating orbitals. Conversely, as we 
would expect the addition of polarization functions greatly 
improves the properties ca1culated from fixed basis sets, but 
has a much smaller effect on properties calculated from 
floating orbitals. 

Of all basis sets considered floating DZ + appears to be 
the most cost effective, while floating DZP + in most cases 
yields near-Hartree-Fock results. 

The above conclusions are based on calculations that 
ignore the effects of electron correlation, and cannot be di
rectly applied to more accurate quantum-chemical tech
niques. In particular, floating orbitals cannot be a substitute 
for polarization functions when these are needed to describe 
correlation effects. 

C. Timings 

The advantages of floating orbitals must be weighed 
against the cost of optimizing the orbital positions. With our 
present program, floating orbitals (geometry optimization 
followed by calculation of properties) require about three 
times the effort of the corresponding fixed orbitals. With a 
properly modified code this ratio should be less than 2. 

The additional cost of floating arises partly because a 
larger number of geometry iterations is needed, and partly 
because each iteration requires more time. For the molecules 
considered by us the number of iterations is typically three 

30~------------------------------------, 

l20 
~ 
c 
3l 
E 10 

o 
DZ DZ+ DZP DZP+ 

FIG. 8. Mean errors in all properties relative to the 6-3\\ + + G(3df,3pd) 
basis set. 

for fixed basis sets and perhaps five for floating sets. The time 
in each iteration usually doubles when floating orbitals are 
used. The DZ calculations on formaldehyde are typical: on 
Cray 2 the calculation of properties at the converged geome
try (no point group symmetry used) took 31 s for fixed orbi
tals and 67 s for floating orbitals. The major steps are (i) the 
evaluation of first- and second-derivative integrals for calcu
lating expectation values (13 and 11 s), (ii) the recalcula
tion of first-derivative integrals for solving the response 
equations (7 and 18 s), and (iii) the solution of the linear 
equations (7 and 27 s). 

Step (i) requires about the same time for floating and 
fixed orbitals since the integral code is vectorized over primi
tive functions which need not be positioned on the same 
centers. The sman difference arises because different vectors 
of primitives were used in the two cases. 

In step (ii) first-derivative integrals are recalculated, 
written on disk, and subsequently read in to solve the linear 
equations. This step is repeated for each orbital center in the 
molecule, so that at any particular time only integrals ob
tained by differentiation with respect to a single center are 
stored on disk. This procedure is worthwhile for fixed basis 
sets, since the disk requirements for derivative integrals are 
then not much stricter than those for undifferentiated inte
grals. When floating orbitals are used the number of centers 
becomes large and the number of integrals for each center 
sman, and this procedure becomes inefficient. The program 
should therefore be modified such that all integrals obtained 
by differentiation with respect to orbital centers from the 
same atom are calculated at the same time. The time require
ments for floating orbitals would then be close to those for 
fixed orbitals. [For SCF wave functions this step can be 
avoided altogether since in this case the integrals are used 
only to construct derivative Fock matrices in the atomic ba
sis (no integrals are transformed to the molecular orbital 
basis).23 These matrices may be constructed in step (i), si
multaneously with the calculation of expectation values.] 

The solution of the response equations (iii) requires a 
disproportionately large amount of time partly because less 
effort was put into optimizing this part of the program. We 
use a direct iterative technique to solve these equations,23 
and floating orbitals therefore require almost four times the 
effort of fixed orbitals. This procedure is the only one possi
ble for correlated calculations since the dimension of the 
equations then becomes very large. For SCF wave functions 
it would be more efficient to construct the electronic Hessian 
explicitly. This would reduce the time spent in this part of 
the program considerably, in particular for floating orbitals. 

With these modifications implemented, we believe that 
the time spent in each iteration will not increase by more 
than 10%-20% when floating rather than fixed orbitals are 
used. 

IV. CONCLUSIONS 

We have systematically investigated the importance of 
orbital floating for calculating molecular properties at the 
Hartree-Fock level. Our results show that in many cases 
orbital floating greatly improves the accuracy of the calcula-
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tions. This is especially true for properties related to varia
tions in the external electric field (dipole moments, static 
polarizabilities, and infrared intensities). In general these 
properties require highly flexible wave functions, construct
ed from basis sets containing high-angular momentum func
tions and diffuse functions. However, if the orbitals are al
lowed to fioat many of these properties are reasonably wen 
described even at the DZ level, although in some cases dif
fuse functions must be added. For geometries and vibration
al frequencies, floating is usually less effective than adding 
polarization functions. 

Assuming that geometry optimizations are to be carried 
out and correlation effects are not an issue, floating orbitals 
represent a useful alternative to the traditional approach. 
Orbital floating is less expensive than adding polarization 
functions and also results in more compact and flexible wave 
functions. 
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APPENDIX: SCHUR COMPLEMENTS 

If a matrix M can be written in the form 

M= [A B] 
. C D' 

(Al) 

where the subblock A is nonsingular, we define the Schur 
complement of A in Mbyl7 

(MIA)=D-CA-1B. (A2) 

Schur complements arise in many areas of matrix computa
tions, e.g., when solving a system of linear equations by the 
method of Gaussian elimination. If the system can be written 
in the form 

(A3) 

where A is nonsingular, we may obtain y from the set of 
reduced equations: 

(M fA)y = O. (AM 

Other applications of Schur complements are discusted in a 
survey by Cottle. 17 

Schur complements have many interesting properties, 
for example, the quotient property. Assume that A can be 
further partitioned in the following way: 

A = [~ ~J, (AS) 

where E is nonsingular. The quotient theorem then states 
that 

(MIA) = [(M IE)/(A IE)}. (A6) 

Accordingly we may calculate Schur complements in two 
steps, as was done in the calculation of second -order molecu-
1ar properties from floating orbitals. 

We briefly mention two other properties of Schur com
plements. Its determinant may be calculated as 

det(M IA) = det M Idet A. (A7) 

Furthermore, if we denote by In M the number of negative 
eigenvalues of M, we obtain 

In(M fA) = InM - InA. (A8) 

This relationship also holds if In M denotes the number of 
zero eigenValues or the number of positive eigenvalues. 
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