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Spin-orbit coupling constants between singlet and triplet states are evaluated as residues of 
multiconfiguration linear response functions. In this approach, the spin-orbit coupling 
constants are automatically determined between orthogonal and noninteracting states. Sample 
calculations are presented for the X 31'.g- -b Il'.g+ transition in O2 and the IAI_3BI transition in 
CH2 • The convergence of the coupling constants is examined as a function of basis set and level 
of correlation. An exotic behavior is observed in the correlation of the IA I state for CH2 when 
increasing the active space, demonstrating an intricate coupling between the dynamic and 
static correlation. In general, the results indicate that reliable spin--orbit coupling constants 
between valence states may be obtained with a 4s3p2d 1fbasis set for first row atoms and a 
modest active orbital space. 

I. INTRODUCTION 

The magnetic interactions in a molecule can in many 
quantum chemical applications be viewed as perturbations 
of the nonrelativistic Bom-Oppenheimer Hamiltonian. The 
effects of the magnetic interactions then appear as splittings 
of and transitions between the nonrelativistic Bom-Oppen
heimer electronic levels. The leading relativistic corrections 
to the electrostatic interactions i~ a many-electron system, 
first derived by Breit,I-3 yield in the Pauli approximation4 

an electronic spin-orbit interaction operator of the form (in 
atomic units) 

Hso = a 2 [2: ZA IiA 'Si + 2: Iii' (Si + 2Sj )] , (1) 
2 iA riA ii rij 

where i,j refer to electrons and A to nuclei. r ij is the position 
of particle i relative to particlej and Iii = r Ii X Pi is the orbital 
angular momentum of particle i with respect to the position 
of particle j. The particle asymmetry in the two-electron 
part, the differing size of the spin-own-orbit and spin--other
orbit interaction, can be seen as a consequence of the Thom
as precession.5 a is the fine-structure constant. 

One class of problems where the spin-orbit interaction 
becomes interesting involves spin-forbidden transitions, e.g., 
between singlet and triplet states. The evaluation ofa transi
tion amplitUde 

(l'l'IHsoI3'1'(Ms», (2) 

where 11'1') is the singlet state and 13'1'(Ms » theMs compo
nent of the triplet state, is not a trivial matter if the two states 
are constructed from different sets of molecular orbitals, 
e.g., if the states are determined from separate multiconfi
guration self-consistent field (MCSCF) calculations on the 
two states. A common remedy is to use the same molecular 

orbitals in configuration state function (CSF) expansions of 
both states, either by using the orbitals optimized for one of 
the states6-8 or by applying some averaging procedure.9 An 
elegant evaluation of the transition amplitudes when the two 
states are constructed from mutually nonorthogonal sets of 
molecular orbitals has been proposed by Malmqvist. 10 

A different approach is to evaluate transition ampli
tudes from multiconfiguration linear response (MCLR) 
functions. II It has previously been shown how transition 
amplitudes and second-order properties for large configura
tion spaces can be evaluated for perturbations of singlet 
characterl2 and for perturbations of triplet character I 3 for a 
singlet reference state. We here apply this method to the 
spin-orbit interaction. 

We first introduce the necessary formalism, for MCLR 
in general and for the spin-orbit interaction in particular. 
The evaluation of the spin--orbit integrals is described in Sec. 
III. Sample calculations are presented for O2 and CH2 in 
Sec. IV, and the last section contains some concluding re
marks. 

II. SPIN-QRBIT RESPONSE FUNCTIONS 

A. Notation and background 

A property M of a molecular system varies in time when 
a perturbation V(t) is applied to the system. To first order, 
this change is given as 

(M):::::(OIMIO) + J do;e-iw, «M;V»OJ' 

where Vis the Fourier transform of V(t): 

V(liJ) = - dteiOJ1V(t). 1 Joo 
21T - 00 

(3) 

(4) 
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For static and monochromatic perturbations the Fourier 
transform as such does not exist. The cure is to introduce a 
small exponential convergence factor e - Elt I that switches 
the perturbation on and off adiabatically, i.e., to introduce a 
small imaginary frequency which makes the integrals con
vergent. In the final expressions we let this component go to 
zero. The Fourier transform is then the perturbation itself 
times a delta function at that frequency. This convergence 
factor also ensures that the perturbation is absent in the re
mote past when the system is in the state 10), an eigenstate of 
the unperturbed Hamiltonian Ho. The linear response func
tion has the form 

«M;V»",=> (OIMlk)(kl~IO) 
11 liJ - liJk + IE 

(OIVlk )(k IMIO) 
liJ + liJk + iE 

(5) 

where the poles Ct)k are the excitation energies Ek - Eo and 
Ik) span the orthogonal complement of the reference state 
and are eigenstates of the unperturbed Hamiltonian. The 
residues of the linear response function give the transition 
amplitudes, which are the subject of this study. 

In the MCSCF approximation the reference state is giv
en by a CSF expansion 

10) = I CgO Ig), (6) 
g 

where CgO are the expansion coefficients and Ig) are CSFs 
contructed from Slater determinants 

(7) 

The MCSCF equations have been solved in a subspace 
spanned by the operators 

(n=(qtRtqR) (8) 

defined by 

q; = a!aq, p>q, 

R r = li)(OI, 

(9) 

(10) 

and the condition that a state has been fully optimized is 
expressed in terms of the generalized Brillouin theorem 
(GBT) 

( 
(01 [q;;HO ] 10) ) = (0) . (11) 

(01 [R ;,Ho ] 10) 0 
In practice these operators are spin adapted, 

q; = Epq = a!a aqa + aJ,oaqp, (12) 

to restrict the MCSCF optimization to a subspace of definite 
spin. 

The response equations are also solved in a subspace 
spanned by the operators in Eq. (8). The equations are sim
plified by the fact that the reference state has been variation
ally optimized and satisfies the GBT. It follows that the same 
equations hold for the spin adapted operators in Eq. (12) if 
the perturbation is of singlet spin symmetry. For nonsinglet 
operators this is not generally true but it is clear that a gener
alization of the GBT holds if the reference state is a singlet. 
For the triplet problem the operators qJ in basis (8) have 

triplet symmetry 

q; = E( - ) pq = a!aaqa - aJ,oaqp . (13) 

E( - ) pq yields the Ms = 0 component of a triplet state 
when it acts on a singlet state. A MCLR calculation involves 
the solution of an eigenvalue equation 

[E(2) -A
k
S(2)]X

k 
=0, (14) 

where the matrices are defined by the operator basis as fol
lows; E (2) and S (2) are generalized Hessian and metric ma
trices, respectively, 

E(2) = (A B) 
\.0* A* ' 

(15) 

S (2) = (l: t:.) 
-t:.* -l:*' 

(16) 

where the matrices A and B are given by 

A _ (01 [qi' [Ho,qJ]] 10) (01 [[ q;,Ho ],R J] 10») 
- (01 [R;o [Ho,qJ] ] 10) (01 [ [R;,Ho] ,R J] 10) , 

(17) 

(01 [ [q;oHo ] ,Rj ] 10») 
, (18) 

(01 [ [R;oHo ] ,Rj ] 10) 

and l: and t:. by 

l: = (01 [q;,qJ] 10) 
(01 [R;,qJ] 10) 

t:. = (0 1 [q;oqj] 10) 
(01 [R;oqj ] 10) 

(01 [qjlR J] 10») 
(01 [R;,R J] 10) , 

(01 [q;,Rj ] 10») 
(01 [R;oRj ] 10) . 

(19) 

(20) 

In Eq. (14) the eigenvalue Ak gives the excitation energy 
from the reference state to an excited state and the eigenvec
tor X k contains information about this transition, both a 
transformation in the configuration space and in the orbital 
space. From Eq. (5.97) of Ref. 11 we find that the transition 
amplitUdes between the reference state and excited state I k ) 
are calculated as 

(OIM Ik) = ~ (01 [M,~] 10)Xjk , (21) 
J 

i.e., by contracting the eigenvector with a gradient-type vec
tor for the property of interest. 

B. Construction of the spin-orbit gradient 

The spin-orbit gradient to be evaluated has the struc-
ture 

(

01 [q;,Hso ] 10») 
(ilHso 10) 

V(\l -
- (01 [q;,Hso ] 10) , 

- (OIHsoli) 

(22) 

where the q; are triplet operators and Ii) span the triplet CSF 
manifold. The spin-orbit interaction operator is to be ex
pressed in second quantized form 

Hso = Ihpq'spq + I gpqrs'(Spqrs + 2Srspq ), (23) 
pq pqrs 

where the integrals are given by 
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a 2 IA 
hpq =2 ~ZA(PI ~ Iq), (24) 

a 2 
112 

gpqrs = - -(P(1 )r(2) 1-::3 Iq(1 )s(2», 
2 '12 

(25) 

and the spin operators by: 

t t 
~ = _a:...pa_a....:'l=-f;J_-_a:..:,pf;J_a....:q_a 

pq 2i (26) 

Spqrs = SpqErs - SpsOrq' 

For the M s = 0 case only the z-component contributes. The 
z-component spin-orbit operator is identical to Eq. (57) of 
Ref. 13 with the identification 

(27) 

So the elements of the orbital part of the spin-orbit gradient 
are identical to Eqs. (43)-(49) of Ref. 13. Denoting the 
inactive indices by i, j, k; the active by t, U, v, w, x, y; the 
secondary by a, h, c; and general indices by p, q, r, s we have: 

V~) = 2F~i + 2F:i, 

V~:) = - 2Ffa - 2F1a, 

Vi,l) = 2F;i + 2F1; - I F~iDx, - Q1" 
x 

V~/) = - 2F[, - 2F1, + I FfxD,x + Qft, 
x 

v~;) = L F~xD,x + Q!" 
x 

V (\) - ~FI D QA 
at - - ~ xa xt - at' 

x 

x x 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

where the first-order reduced density matrix is given by 

(35) 

and the inactive FockFI, active FockF A and Qmatrices are 
given by: 

(36) 

F~ = L gxypq - ~pyxq - ~xqpy, (37) 
xy 

Q B -~ [d<++)+2d<--)] pq - ~ g pwxy qwxy qwxy 
wxy 

+ [d <--)+2d<++)] gXYpW xyqw xyqw' (38) 

QA -~ [d<++)+2d<--)] pq - ~ g wpxy wqxy wqxy 
wxy 

+ gxywp [d ~y~-) + 2d ~y~+)]. (39) 

The generalized second-order density matrices above are 
given by 

d ~;'::2) = (Ole(SI ,S2 ) pqrs 10) 

= (0IE(SI) pq E(S2)rs -E(SIS2)psOrqI0), (40) 

where SI and S2 are either + or -. Similarly, for the con
figuration part we have 

(OIHso Ik ) = L F~wD~'; ) 
ow 

vwxy 

whereDandd denote transition densities over (01 and Ik) as 
in Eq. (50) of Ref. 13. 

We are not restricted to the case Ms = O. The other 
components are obtained within the same formalism by ap
plying the Wigner-Eckart theorem to the spin part. The one
electron part in spherical components can be written 

C'l'IH~bT'I'(Ms» = L (-1)Ithp-;;It(I'I'I~13'1'(Ms» 
pqlt 

= L (_I)MSh ;;s(l'l'IISpqIl3'1') 
pq 

x (1IMs , - MsIOO) 

pq 

(11Ms , - Ms 100) 
X (1100100) , 

(42) 

where the convention of writing Clebsh-Gordan coefficients 
is (/1/2m l m211m) for addition of angular momenta 
II + 12 = I. The Ms = ± 1 components are thus obtained 
by using the appropriate integrals and correcting with the 
quotient of two Clebsh-Gordan coefficients, which is just a 
phase factor. If fact, it cancels the first phase factor so we 
have 

(43) 
pq 

and an analoguous relation for the two-electron part. 

III. EVALUATION OF SPIN-QRBIT INTEGRALS 

The integrals have been evaluated using the McMur
chie-Davidson algorithm.14 In short, the strategy is to ex
pand the product of two Cartesian Gaussians, a so-called 
overlap distribution, in terms of Hermite Gaussians, 

i+j 
0ij =Gi (x,a,Ax)Gj(x,b,Bx ) = L EijA,(x,p,Px ), (44) 

,=0 

where the Cartesian and Hermite Gaussians are defined by 

G ( ,A) i-ax;. 
i x,a x = xAe , (45) 

(46) 

respectively, and similarly for y and z components. For the 
three-dimensional Gaussians we use the compact notation 

G1 (r,a,A) = Gi, (x,a,Ax )Gi2 (y,a,Ay )Gi3 (z,a,Az)' (47) 

At (r,p,P) = A" (x,p,Px )A'2 (y,p,Py )A'3 (z,p,Pz ), (48) 

and 
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Oij = OiJIOi';20i~h' 

Etij = E" E~2. E~3 . 
'VI '1l2 '313 

(49) 

(50) 

p is the sum of the exponents a and band P is the exponent
weighted center of gravity between A and B, 

P = aA + b B . (51 ) 
a+b 

Both the one- and two-electron Coulomb integrals are ex
pressed in terms of the auxilIary R integrals (see, e.g., 
Saunders 1 5 ) 

where a is the reduced exponent 

a=~ 
p+q 

(52) 

(54) 

and where q is the exponent and Q the center associated with 
the second overlap distribution. The recursion relations of 
Hermite polynomials allow us to evaluate both the expan
sion coefficients E ij and the Hermite integrals R, recursive
ly. 

In recent years efficient methods have been developed to 
calculate differentiated integrals. The same methods may be 
used for spin-orbit integrals because they can be expressed in 
terms of differentiated Coulomb integrals, 

(61) 

where 

(62) 

i.e., essentialy the same relations as Eqs. (52) and (53) with 
modified coefficients. 

These integrals have been incorporated in the integral 
program HERMIT.16 Since it was already designed to evalu
ate differentiated integrals for molecular gradients and Hes
sians only minor changes were required to generate the spin
orbit integrals. 

IV. SAMPLE CALCULATIONS 

A. The X 3I.(j-b 1I.: transition in O2 

Sample calculations have been carried out of the spin
orbit coupling constants between the X 3l:g- ground state 
and the b Il:g+ state of the oxygen molecule at the internu
clear distance 2.2810 bohr. In the initial calculations we used 
the 6-31 G basis of Hehre et al. 17 This basis and geometry 
has previously been used by Breulet6 and Furlani and 
Kingl8 to calculate spin-orbit coupling constants and the 
results of these calculations are given in Table 1. Breulet 
calculated the spin-orbit coupling constants using the orbi
tals of a single configuration optimized X 3l:; state also to 
obtain a single configuration representation of the b 1 l:g+ 
state. We tried to reproduce the results of Breulet using the 
same method and give the results in the third entry of Table 
I. Close agreement is obtained for the one-electron contribu
tion, but the two-electron contribution differs by 3.6 cm - I. 

Some uncertainty exists with respect to the internuclear dis
tance used by Breulet. We also carried out a calculation 
where the orbitals instead were optimized for the b lI.g+ 

state. The results are given in the fourth entry in Table 1. The 

TABLE 1. Spin-orbit coupling constants (cm - I) for the b I!-t -x 3!-8-
transition in O2 at the internuclear distance 2.2810 a.u. using the 6-31G 

where A,B denote orbital centers rather than nuclear posi- basis.' 

tions (i.e., differentiation with respect to A means differenti- ====================== 
One-electron Two-electron Total ation of the first orbital only). A differentiated overlap dis

tribution may be expanded the same way as the original ones 

(57) 

the only difference being that we have one more term in the 
sum. These coefficients are related to the original expansion 
coefficients by 

E;'j = 2aE:+ IJ - iE:_ IJ' (58) 

E:r = 2bE:J + 1 - jE:J - 1 • (59) 

Once these are obtained we have for the spin-orbit integrals 

(60) 

contribution contribution contribution 

Breuleta.b 261.53 - 99.73 161.80 
Furlanic

•d 242.19 - 88.96 153.23 
SCF-CIa 261.69 - 96.09 165.59 
SCF-CI 253.07 - 93.31 159.76 
SDCI 256.40 - 94.32 162.08 
SDCI-lsf 256.35 - 94.19 162.15 
SDTCI-Isf 260.17 -95.44 164.73 
SDTQCI-lsf 257.16 - 94.40 162.76 
SCF 274.38 - 99.62 174.75 
CAS I 251.25 - 92.10 159.07 
CAS II 256.96 - 94.43 162.52 

"Triplet SCF orbitals, aU other CI results from singlet SCF orbitals. 
b Reference 6. 
C Triplet SCF orbitals, 1T orbitals reoptimized for the singlet state. 
d Reference 18 . 
• Reference 17. 
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TABLE II. Natural orbital occupation numbers from single-double CI cal-
culations on the b I ~t state of O2 , 

CT. 1T. 8. CT. 1T. 8. 

6-31G 1.99996 1.94502 1.99996 1.04322 
1.99098 0.009 21 1.982 16 0.00679 
1.96574 0.03412 
0.00841 0.00642 
0.00291 0.000 84 

3s2pld 1.99984 1.94363 0.00503 1.99984 1.03448 0.00334 
1.98679 0.00876 1.97568 0.00768 
1.961 52 0.00523 0.03368 0.00186 
0.00822 0.00574 
0.00503 0.00334 
0.00447 0.00198 
0.00168 0.00022 
0.00025 0.00009 

one-electron contribution decreased by 8.6 cm - 1 and the 
two-electron contribution increased by 2.7 cm - I. Furlani 
and King have also tried to reproduce the results of Breulet. 
They did not succeed in this but unfortunately did not pub
lish their own results. The results of Furl ani and King listed 
in Table I were obtained using a single configuration state 
with the 1T orbitals of the X 3:!.g- state reoptimized for the 
b I:!.t state. The value of the one-electron contribution de
creased significantly and the value of the two-electron con
tribution increased by the same amount as a result of the 
reoptimization. In conclusion, we obtained a reasonable 
agreement with previous calculations but did not succeed in 
reproducing the results of Breulet (already questioned by 
Furlani and King). 

To estimate the full configuration interaction (FC!) 
limit for the coupling constant we carried out a series of CI 
calculations with different levels of excitation from the sin-

TABLE III. Spin-orbit coupling constants (cm - I) for the b I ~t -x J~.-
transition in O2 at the internuclear distance 2.2810 a. u. using various basis 
sets' and configuration spaces. 

One-electron Two-electron Total 
contribution contribution contribution 

3s2pld SCF 286.23 - 99.96 186.28 
CAS I 261.12 - 92.01 169.11 
CAS II A 267.47 - 94.47 173.00 

4s3p2tilf SCF 286.10 - 99.79 186.31 
CAS I 262.07 - 92.28 169.79 
CAS II B 273.29 - 96.26 177.04 

6s5p3d2f SCF 286.09 - 99.78 186.31 
CAS I 261.59 -92.15 169.44 
CAS II B 272.68 - 96.08 176.59 

aReference 19. 

gle-configuration b 1 :!.g+ state. At the single-double excita
tion level (SDCI) calculations were carried out with and 
without the Is orbital frozen (SDCI-IsJ). The results in Ta
ble I show that freezing the Is orbital results in very small 
changes. The results of single-double-triple (SDT -IsJ) and 
single-double-triple-quadruple (SDTQ-lsJ) calculations 
with the Is orbital frozen are also given in Table I. The 
SDTQ-Isfresults are expected to be close to FCI. The cou
pling constant ofFurlani and King differs by 9.5 cm - 1 from 
the SDTQ-Isfvalue, whereas the results of Breulet are close 
to SDTQ-Isj However, this fortuitous agreement arises 
from a cancellation of errors between the one- and two-elec
tron contributions. 

To investigate the level of correlation needed to obtain 
the SDTQ-Isfresults from response theory, we carried out 
calculations using as reference state a single configuration 
SCF and two CAS representations of the b I:!.t state. Both 
CAS calculations contain ten active electrons. The CAS I 

TABLE IV. Spin-orbit coupling constants (cm - I) for methylene using various basis sets' and configuration 
spaces.b 

One-electron Two-electron Total 
contribution contribution contribution 

3s2p1d /2slp SCF 39.20 - 19.39 19.80 
CAS (1010) 20.45 -10.11 10.35 
CAS (4210) 21.00 - 10.42 10.58 
CAS (5321) 19.15 9.52 9.63 
CAS (7531) 16.22 8.01 8.20 
CAS (9642) 15.60 7.71 7.89 
FCI-lsf 15.60 7.71 7.89 

4s3p2d If /3s2pld SCF 39.10 - 19.47 19.63 
CAS (1010) 20.41 -10.16 10.24 
CAS (4210) 21.95 - 10.92 11.02 
CAS (5321) 19.84 9.87 9.97 
CAS (7531) 18.97 - 9.39 9.58 
CAS (9642) 16.59 - 8.20 8.39 

6s5p3d 2f /4s3p2d SCF 39.28 - 19.53 19.74 
CAS (1010) 20.43 - 10.16 10.27 
CAS (4210) 22.03 -10.95 11.08 
CAS (5321) 19.97 9.92 10.05 
CAS (7531) 19.24 9.53 9.71 
CAS (9642) 16.81 8.29 8.52 

• Reference 19. 
"Two electrons are correlated for CAS (1010), six for the other configuration spaces. 
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calculation has a (1,1,2,1) active orbital space and the CAS 
II calculation a (2,2,2,2) active space. The numbers in par
entheses give the number of active orbitals of symmetry as' 
1T", au, and 1Ts' respectively. The active orbital spaces were 
chosen based on an analysis of the natural orbital occupation 
numbers in an all single double configuration interaction 
calculation from the Hartree-Fock b I~g+ state (see Table 
II) The results in Table I show that in the CAS II calculation 
we have reached a correlation level which give results close 
to the SDTQ-lsf results. The SCF results often referred to as 
random phase (RPA) results are about ten percent higher 
than SDTQ-IsJ 

vergence we report in Table III SCF, CAS I, and CAS II 
calculations using generally contracted basis sets 19 of differ
ent sizes. The results show the importance of polarization 
functions. At the 4s3p2d If level we are close to saturation 
with respect to the basis functions in the correlated calcula
tion. As in Table I, significant changes are observed in the 
spin-orbit coupling constants from the CAS I to the CAS II 
calculations. The SCF results are accurate to within ten per
cent and have reached basis set saturation already at the 
3s2p Id level. 

The basis of Hehre et al. 17 used in the above calculations 
did not include polarization functions. To investigate the 
effect of polarization functions and to examine basis set con-

B. The 1A1 -
38 1 transition In CH2 

The IAI and 3BI states have a curve crossing close to the 
equilibrium geometry of the ground state 3 B I • As a result, 

TABLE V. Natural orbital occupation numbers from FCI· calculations and CAS calculations on the I A I state 
of methylene. Basis set (3s2pld /2s1p) The five CAS spaces are denoted (lOW) (4210), (5321), (7531), and 
(9642), where the numbers in parenthesis are the number of active orbitals in the symmetries a I , b2 , bl , and a2 • 

a l b2 b l a2 

CAS (1010) 2.000 000 000 2.000 000 000 0.104 104 825 
2.000 000 000 
1.895 895 175 

CAS (4210) 2.000 000 000 1. 978 339 699 0.088 539 728 
1.981 230 164 0.018555068 
1.893 298 242 
0.022 973 766 
0.017063333 

CAS (5321) 2.000 000 000 1. 965 840 506 0.097284183 0.006 788 691 
1.968318055 0.020 899 673 0.006 870 823 
1.881033 121 0.006016474 
0.023341416 
0.017 119 677 
0.006 487 381 

CAS (7531) 2.000 000 000 1.961580173 0.158760230 0.006 694 751 
1.964 564 072 0.021 307067 0.007400478 
1.814712158 0.007 186476 0.002 116 338 
0.023 244 236 0.001 896 159 
0.017413 559 0.001047447 
0.007 551 349 
0.003219947 
0.001 305 559 

CAS (9642) 2.000 000 000 1.958 394065 0.170859242 0.007064 295 
1. 963 545 342 0.021594147 0.007 645 349 0.000 571 030 
1.800 816 376 0.007 609 254 0.002 320 544 
0.023 879 157 0.001919522 0.000 822 112 
0.017759596 0.001 160 264 
0.007612098 0.000 610 205 
0.003 272 624 
0.001 377 046 
0.000 776 496 
0.000 391 233 

FCI-ls.f 2.000 000 000 1.958 195 928 0.170177201 0.007060 119 
1.963473 367 0.021 786336 0.007 622 248 0.000 569 351 
1.800 696 586 0.007 677 059 0.002 309 778 
0.023 945 090 0.001 985 905 0.000 820 725 
0.017970982 0.001 162494 
0.007713 536 0.000 691 291 
0.003 295 275 0.000 175 993 
0.001408261 
0.000 791 935 
0.000 396 341 
0.000 057 906 
0.000 016294 

'The la, orbital is frozen to the canonical Hartree-Fock orbital. 
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the rotational spectra have some anomali that may be ex
plained in terms of the spin-orbit coupling constants. We 
report in Table IV coupling constants calculated at an HCH 
bond angle of 132.4° and a CH bond distance 2.045 bohr (the 
optimized geometry of the 3BI state in Ref. 20, close to the 
experimental geometry reported in Ref. 21). The calcula
tions were carried out using the generally contracted basis of 
Widmark et al. 19 

(7,5,3,1), and (9,6,4,2) for all basis sets. In the parentheses 
we give the numbers of active orbitals of symmetries a I , b2 , 

b l , and a2 • The choice of active spaces were based on the 
natural orbital (NO) occupation numbers of the FCI calcu
lation for the smallest basis set (see Table V). The choices of 
active orbital spaces we have made is substantiated by the 
NOs obtained in an all singles and doubles CI calculations 
out of the ( 1,0,1,0) active space for the intermediate basis set 
(see SDCI in Table VI). To calibrate our approximate results we carried out FCI 

calculations for the smallest basis with the Is orbital frozen 
to the canonical Hartree-Fock orbital. For each basis set we 
carried out one SCF and five CAS calculations. We used the 
active orbital spaces (1,0,1,0), (4,2,1,0), (5,3,2,1), 

In order to understand the slow convergence of the 
spin-orbit coupling constants for CH2 , we give in Tables V, 
VI, and VII a natural orbital analysis for the calculations 
reported in Table IV. It is obvious from these three tables 

'J7ABLE VI. Natural orbital occupation numbers ( > 10 - 4) from SDC! calculations and CAS calculations on 
the 'A, state of methylene. Basis set (4s3p2d If/3s2pld). The five CAS spaces are denoted (1010), (4210), 
(5321), (7531), and (9642), where the numbers in parenthesis are the number of active orbitals in the symme-
tries a" b2 , b" and a2 • 

a, b2 b, a2 

CAS (1010) 2.000 000 000 2.000 000 000 0.108 848 631 
2.000 000 000 
1.891 151369 

CAS (4210) 2.000 000 000 1.978214683 0.088 927 659 
1. 980 789 196 0.019 107015 
1.894 235 693 
0.022838914 
0.015 886 840 

CAS (5321) 2.000 000 000 1.965333 141 0.099 522 486 0.006427 552 
1. 967 779 507 0.020995 042 0.006 831 292 
1.881735218 0.006453212 
0.022 632 993 
0.015780921 
0.006 508 637 

CAS (7531) 2.000 000 000 1.959833489 0.115554261 0.006619715 
1.963 828 715 0.021024908 0.007 000 730 
1.861 840 088 0.008 081 856 0.001 140 011 
0.022 252 876 0.002389411 
0.016462 105 0.001207182 
0.008002 893 
0.003 384 390 
0.001 377369 

CAS (9642) 2.000 000 000 1.956 798 879 0.154648593 0.006 762 637 
1.962 161 748 0.021 ffJ7 737 0.007 348 542 0.000 991 632 
1.819121540 0.008518098 0.001 883486 
0.023 345 630 0.002 383 999 0.000 930 512 
0.016643543 0.001246 809 
0.008 128 765 0.000 928 586 
0.003510 441 
0.001 476583 
0.000 861 127 
0.000 701 112 

SDC! 1.999 570 733 1.961 846398 0.146525052 0.006 034 788 
1.966 620 122 0.D18 391223 0.006 502 696 0.000 935 136 
1.829 129 188 0.007 538 696 0.001 554457 0.000 175984 
0.019781 850 0.002 131 813 0.000 874 457 
0.013830051 0.001 158454 0.000 258 884 
0.007423210 0.000 905 806 0.000 197211 
0.003 151759 0.000 276 096 0.000 115 106 
0.001 394898 0.000 204 330 
0.000 821213 0.000 118 177 
0.000 697 904 0.000 100 455 
0.000 344 378 0.000 020 407 
0.000 239 304 0.000 006 268 
0.000 230 122 
0.000 157 058 
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TABLE VII. Natural orbital occupation numbers from CAS calculations on the IA I state of methylene. Basis 
set (6s5p3d2j/4s3p2d). The five CAS spaces are denoted (\010), (4210), (5321), (7531),and (9642), where 
the numbers in parenthesis are the number of active orbitals in the symmetries aI' b2> b l , and az. 

a, bz b, a2 

CAS (1010) 2.000 000 000 2.000 000 000 0.109 460 850 
2.000 000 000 
1.890539 150 

CAS (42\0) 2.000 000 000 1.978 246 506 0.089 285 352 
1.980746672 0.019093176 
1.893 839 129 
0.022 859 729 
om 5 929437 

CAS (5321) 2.000 000 000 1.965385757 0.099 045 752 0.006391689 
1.967 795 356 0.020975 193 0.006 836 009 
1.882 284 756 0.006370712 
0.022 630 135 
om 5 810 495 
0.006 474 146 

CAS (7531) 2.000 000 000 1.959987 180 0.115283731 0.006 532 878 
1.963 855063 0.020 964 217 0.007013966 
1.862 352098 0.007929014 0.001 111 475 
0.022 239 024 0.002411 795 
0.016475783 0.001 182305 
0.007 988 702 
0.003 309 036 
0.001 363733 

CAS (9642) 2.000 000 000 1. 956 969 560 0.151738402 0.006 672 178 
1.962 286 891 0.0216\0 174 0.007 332 625 0.000 959 326 
1.821913575 0.008474 165 0.001 853 138 
0.023 228 929 0.002 398 706 0.000 910157 
0.016630593 0.001 226676 
0.008 300 376 0.000 938 759 
0.003 431 346 
0.001489404 
0.000 895 938 
0.000 739 083 

that the slow convergence in the spin-orbit coupling con
stants is caused by an unusual and exotic behavior of the 
natural orbitals. Usually the NO occupation numbers ofbal
anced truncated active spaces are close to the full CI occupa
tion numbers. However, in this case the occupation of the 
third a l orbital and its major correlating orbital, the first 
orbital of symmetry hi , is strongly dependent on the size of 
the active space. For all three basis sets, natural orbitals with 
an occupation less than 0.005 affect strongly the occupation 
of the third a l orbital and the first hi orbital: A comparison 
of the NO occupation numbers of the (5,3,2,1) and (9,6,4,2) 
CAS calculations shows that the occupation of the third a l 

orbital shifts from ~ 1.88 to ~ 1.82, and the occupation of 
the first hi orbital shifts from approx. 0.10 to ~0.15 as a 
result of including orbitals which have an occupation 
smaller than 0.005. In the (3s2p Id /2slp) basis calculations, 
the initial guess of orbitals were the FCI-Isf NOs. For the 
smaller CAS spaces a substantial reorganization of cliarge 
was encountered in the initial iterations, whereas the large 
(9642) CAS calculation started out in the local region. The 
NOs in the larger basis set calculations have occupations 
similar to the NOs of the (3s2pld /2s1p) basis set. This indi
cates that the converged CAS MCSCF wave function repre
sents the same state for all the basis sets. The exotic behavior 
of the NOs is not a result of converging to undesired station-

ary points but reflects an intricate coupling between the stat
ic and dynamic correlation. The reason for the unusual sen
sitivity of NO occupation numbers is that the two 
dominating configurations are almost degenerate (they are 
exactly degenerate for linear CH2 ). 

From Table IV it is seen that the correlation contribu
tion to the spin-orbit coupling constant is large. For the 
(3s2pld 12slp) basis set, the SCF result is more than double 
the FCI result. Convergence to the FCI spin-orbit coupling 
constant is first obtained at the (9,6,4,2) CAS level, the low
est level where the wave function has the right structure. 
Increasing the size of the basis set has only a small effect on 
the spin-orbit coupling constants. At the SCF level, the 
spin-orbit coupling constants agree within 0.2 cm - 1 for the 
three reported basis sets. As expected, larger changes are 
observed with increasing basis sets at higher correlation lev
els. We believe that the spin-orbit coupling constant calcu
lated with the (9,6,4,2) CAS and the largest basis set is con
verged within 0.3 cm - I, based on the convergence trend 
observed in Table IV. 

V. CONCLUSIONS 

We have shown that the spin-orbit coupling constants 
may be calculated as residues of the linear response function 
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( (Hso;H so) ) Cd = o' The developed method is computation
ally attractive. It requires that the singlet reference state is 
optimized, and the spin-orbit coupling constants are then 
determined from a contraction of a gradient-type vector 
with the spin-orbit operator and an eigenvector of the multi
configuration linear response eigenvalue problem. Orbital 
relaxation is included through the orbital operators in the 
multiconfiguration linear response eigenvalue equation. 
Compared to optimizing separate MCSCF wave functions 
for the involved states, problems with nonorthogonal molec
ular orbitals are avoided. Compared to large scale CI calcu
lations in a common orbital basis, the linear response meth
od is competitive because much smaller configuration spaces 
are needed due to the inclusion of orbital relaxation in the 
response calculation. 

Sample calculations indicate that reliable coupling con
stants between valence states may be obtained with the linear 
response method with a modest effort. The results show that 
basis set saturation requires at least a basis set of the 
4s3p2d 1/ quality for the first row atoms. In the O2 calcula
tion, the correlation contributions can be recovered in a rela
tively small CAS space, while a much larger CAS space is 
required in the CH2 calculation due to the exotic behavior in 
the CH2 lAI reference wave function. 
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