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A formalism is presented for the calculation of quadratic response functions of 
multiconfigurational self-consistent field reference wave functions. The formalism is general in 
the sense that it applies equally well to singlet and triplet perturbations and it does not 
assume any permutational symmetry in the integrals of the perturbational operators. This 
formalism can be used to derive expressions for various properties related to singlet or 
triplet quadratic response functions and their residues. We focus on the spin-forbidden dipole 
transitions between singlet and triplet electronic states responsible for the long lifetime 
of phosphorescent states. The singlet-triplet transition moments are evaluated as the residues 
of quadratic response functions. Sample calculations are presented for the formaldehyde 
molecule. 

I. INTRODUCTION 

The important role that triplet states play in many 
microscopic phenomena has been recognized for a long 
time. Reactions and excitations involving triplet states 
have thus been studied in the fields of solvation chemistry 
and spectroscopy, and the proper characterization of trip
let states is essential for the elucidation of phenomena as 
different as organic reactivity and stratospheric aurora. 1 

The importance of triplet states in chemistry stems from 
the fact that in the presence of exchange correlation, triplet 
states are lower in energy than the corresponding singlet 
states, but whereas the transition from the excited singlet 
state (S}) to the ground state (So) is usually dipole al
lowed and well characterized by absorption or fluorescence 
spectroscopies, the absorption or emission involving the 
lowest triplet state (T}) is weak since it proceeds as a 
second-order or nonlinear process involving both spin
orbit and dipole couplings (phosphorescence), or by elec
tron or charge particle impact collisions with complex se
lection rules and intensity analysis. Due to the weakness of 
the process, the experimental verification is sometimes dif
ficult, and furthermore, due to the exotic nature of the 
phosphorescence interaction, the theoretical studies are not 
straightforward. A large body of phosphorescence mea
surements has accumulated over the years, covering com
pounds ranging from simple diatomics to complicated 
polycyclic hydrocarbons.2

-4 In contrast, there are few in
vestigations on phosphorescence at the level of quantum 
mechanics. The detailed mechanism of phosphorescence is 
therefore often poorly understood. 

In general, phosphorescence comprises SF'" Ti as well 

as Tr",S i transitions. However, for the same reasons that 
fluorescence usually takes place from the lowest excited 
state (Kasha's rule), the relevant phosphorescent transi
tion is usually T} ---So, i.e., the spin-forbidden decay from 
the lowest triplet state to the singlet electronic ground 
state. The transition matrix element between these two 
states is zero when spin-dependent effects are neglected. 
However, if spin--orbit interactions are taken into account, 
the first-order corrections to So and Tl result in a nonvan
ishing transition moment which may be written as an infi
nite energy weighted sum over intermediate states, coupled 
to So and Tl via spin--orbit and dipole matrix elements. In 
a finite basis set calculation, the number of intermediate 
states is finite and calculations of the transition moments 
have proceeded by evaluating and summing the individual 
contributions to this interaction. However, it has been 
found that the sum is slowly convergent; e.g., Langhoff and 
Davidson5 found that for formaldehyde, it was not suffi
cient to consider the lowest 100 states to have a converged 
result. 

An alternative approach to phosphorescence is pro
vided by response function theory, where the phosphores
cence matrix elements are determined from the residues of 
the quadratic response functions containing the electric di
pole and spin--orbit operators. We illustrate this by evalu
ating the phosphorescence matrix elements from the qua
dratic response function for multiconfiguration self
consistent field (MCSCF) wave functions. The derivation 
and implementation of linear and quadratic MCSCF re
sponse functions has been described previously. 6-8 How
ever, for the quadratic response function, considerations 
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were only given to singlet one-electron operators. In con
trast, the spin-orbit operator is a triplet two-electron in
teraction and we describe in this paper how the quadratic 
response function and its residues can be determined in 
such cases. We consider in particular the calculation of 
phosphorescence matrix elements. Their evaluation is de
scribed not in terms of individual contributions to a sum 
over states, but as an implicit summation which is carried 
out by solving sets of linear equations. 

The purpose of the present work is thus to present a 
general quadratic response theory for MCSCF wave func
tions involving singlet and triplet operators without as
sumed permutational symmetry of the operators. The der
ivation applies to the calculation of the quadratic response 
function as well as to its residues. We focus our attention 
on the phosphorescense process and report calculations for 
H2CO. 

II. THEORY 

A. Response functions for exact states 

1. Linear and quadratic response functions and their 
residues 

In order to make the presentation of singlet and triplet 
response theory self-contained, we shall review briefly the 
exact response functions for a quantum mechanical system. 
These are well-known expressions from time-dependent 
perturbation theory. They are needed here for the identifi
cation of the appropriate MCSCF response functions for 
calculating phosphorescence matrix elements. 

Initially, the system is in the reference state 10) which 
satisfies the eigenvalue equation 

HoIO)=EoIO), (1) 
where Ho is the Hamiltonian of the system. The states In) 
span the orthogonal complement of 10) and are also eigen
states of Ho, 

Holn)=Enln). (2) 
When the system is perturbed, the state evolves in time 

according to the Hamiltonian Ho+ Vt, where the perturba
tion is given by 

f
+OO 

J1f= -00 daJ VWexp( -iW+E)t, (3) 

which is turned on adiabatically at t= - 00 and the real 
infinitesimal E expresses the initial condition 

V-""=O. (4) 

To describe how a property represented by an operator A 
responds to the perturbation, we may express the time de
pendence of the expectation value of A in terms of an ex
pansion of the reference state on both the bra and ket sides. 
Collecting terms to the same power in V. we obtain the 
response functions of the system 

Aav(t)={OIAIO)+ J:: daJl{(A;VWI»WI+iE 

xexp( -iaJl +E)t+~ J:: daJl J:: dW2 

X «A; VW I, VW2» WI +iE,w2+iE 

xexp( -iaJl-iaJ2+2E)t+ &' (V3
). (5) 

Expressed as a sum over the intermediate states I k), the 
linear response function is given by 

(
OIA Ik)(kl vwqO) 

«A;VW1»WI+iE= k~O aJl-aJk+ iE 

(01 VWtjk)(kIAIO») 
WI +aJk+iE ' (6) 

where wn=En-Eo. The poles ±wk of the response func
tion are the excitation energies of the system, and the res
idues give the associated transition moments 

lim (wl-wm+iE) «A; VWI»w +iE 
. I 

(i)t-tiJm-/E 

=(OIAlm)(ml VWtjO). (7) 
The quadratic response function is given by the more com
plicated expression 

(01 VW2In)«nl VWllk)-l)kn(OI VWtjO»(kIAIO) 

+ (WI +W2+Wk+ 2iE) (w2+ wn+ iE ) 

(0 I VWtj k) «k IA I n) -l)kn(OIA 10»(n I VW21 0) 

(aJl +Wk+iE) (aJ2-wn+ iE ) 

(OIAlk)«kl VW2In)-l)kn(01 VW210»(nl VWIIO) 
+ (WI +W2-aJk+2iE) (aJl-aJn+iE) 

(0 I VWtj n) «n I VW2 1 k) -l)kn(O I VW21 0» (k IA 10) 
+ (aJl +W2+aJk+2iE) (aJl +Wn+iE) 

(0 I VW21 k) «kIA In) -l)kn(OIA 10» (n I VWtj 0)] 
(W2+Wk+iE) (wl-wn+iE) . 
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and many molecular properties may be extracted from its 
single and double residues (see Ref. 9) 

lim (W2-W j+i€) «A; V"'I, V"'2» -"'I +i€''''2+ i€ 
"'Z-O)I- i£ 

_ L [(OIAlk)«k l V-O)qf)-l)kj(OI v-"'qO» 

- k (-WI +Wj-wk+i€) 

(01 V-"'II k) «k IA If) -l)kj(OIA 10»] 
(-WI+Wk+ i€) <fl V"'/IO). 

lim (WI +Wk+i€) 
"'1- -"'k- f 

X lim (W2 -Wj+ i€) ({A; V"'I, V"'2» 0)1 + if'0)2+ i€ 
0)2-0)1- i£ 

(9) 

= (01 V-O)kl k)( (kiA If) -l)kj(O IA 10» <fl V"'/IO). 
( 10) 

In particular, we shall see how the spin-forbidden transi
tion moments may be obtained from the quadratic resi
dues. 

2. Phosphorescence matrix elements as residues of 
quadratic response functions 

Phosphorescence involves the spin-forbidden radiative 
transitions between molecular electronic energy levels, usu
ally from the first excited triplet state 1

3f) to the singlet 
ground state 110). The transition probability is determined 
by the transition dipole matrix element between the initial 
and final states (10 I r 1

3 f). For exact spin eigenfunctions, 
such transitions are strictly forbidden since the dipole tran
sition moment vanishes 

(11) 

for states of different multiplicities. However, if electronic 
spin-orbit interactions Hso are taken into account, the ini
tial and final states are no longer pure spin states. Through 
first order in Hso, we obtain 

(101 rI 3f)(I) = (IO(O) +30(1) I rI3.f0) + l.fl» 

= (10(0) I rll.ft) + eO(1) I r 131'°». (12) 

Therefore, to arrive at spin-forbidden transition rates, we 
must calculate the spin contaminations of the initial and 
final states. Using standard perturbation theory, the spin 
contaminants can be expanded in a set of intermediate 
states 

(13) 

I lk(O» (lk(O) In. 13.f0» 
11.f I» = I so. 

Ik Wj-Wk 

Inserting Eqs. (13) in Eq. (12), we obtain the conven-

tional sum-over-state expression for the phosphorescence 
matrix elements 

(14) 

The term in brackets in Eq. (9) is identical to Eq. (14) if 
we set WI equal to zero and make the substitutions A -. r 
and V-O)I--+Hso' Phosphorescence matrix elements may 
therefore be evaluated from residues of the response func
tion «r;Hso, V"'2) )o,"'Z' 

B. Singlet and triplet MCSCF quadratic response 
functions 

In the following, we describe how the quadratic re
sponse function may be determined for a MCSCF wave 
function. In particular, we focus on how phosphorescence 
matrix elements may be determined from the residues of 
MCSCF response functions. 

1. Expressions for linear and quadratic response 
functions 

Since the linear response functions have already been 
treated in great detail,6,7 we here focus on the quadratic 
response function. In particular, we generalize the formal
ism of Ref. 8 to the case where we no longer have permu
tation symmetry in the two-electron integrals and where 
the operators may have both singlet and triplet symmetry. 
We use a general formalism that gives us the singlet and 
triplet response functions as special cases. 

The MCSCF reference state is a linear combination of 
configuration state functions (CSF) 

(15) 

which in tum are constructed from Slater determinants 

(16) 
r 

where a~ belongs to an orthonormal set of spin orbitals. 
The complement of the reference state is spanned by oper
ators acting on the reference state. These operators may be 
orbital excitation operators 

(17) 

where S is + or - for singlet and triplet orbital excita
tions, respectively, or state transfer operators 

R;=li}(OI (18) 
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which may create either a singlet or triplet excitation when 
operating on 10). For convenience, these operators and 
their adjoints are collected in a row vector 

T= (q; R; qi R i ) (19) 

and a general vector in this basis is written as a column 
vector 

(20) 

Thus Nj may refer either to an orbital rotation parameter 
or to a state transfer parameter [a configuration interaction 
(CI) coefficient]. The quadratic response functions are de
rived in Ref. 9 for an MCSCF wave function and an im
plementation was given in Ref. 6 for singlet one- and two
electron operators. We refer to these papers for details 
concerning the determination of matrices given below. 

The quadratic response function may be written (Ein
stein summation convention) 

< (A;B,C) ) CUpCU2 

+N'j(fJJl) (AJi] +A1Jl )Nk( fJJ2) -Nj(fJJl +fJJ2) 

X (EJ/~ +EJ!~-fJJlSJ/~ 

(i) E[3] times two vectors 

(21) 

where the vectors Na, Nb
, and NC are the solutions of three 

linear response equations 

Nb(UJl) = (E[21_UJ1S[21) -IB[II, (22) 

Equations (21) and (22) contain a number of response 
matrices, all of which are defined in Ref. 9. The one-index 
matrices have the structure of an MCSCF gradient and are 
therefore called gradient vectors. They are defined as 

AJlJ=(OI [A,TjJ 10), 

BJ1l=<01 [Tl,B] 10 ), 

CJlJ=(OI [TJ,C] 10) 

(23) 

The matrices E[2] and S[2] in Eq. (22) are the Hamiltonian 
and overlap matrices in the operator basis [Eq. (19)] 

The two-index matrices in Eq. (21) are defined similarly. 
The three-index matrices are higher-order generalizations 
of the two-index matrices, but are never constructed ex
plicitly. 

We evaluate the matrix-vector products using direct 
CI techniques, and in the case of the three-index matrices, 
we construct the products with two vectors directly. This 
leads to four types of expressions to be evaluated: 

(25) 
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(ii) S[3] times two vectors 

(iii) B[2] times a vector 

and equivalently for e[2]. 

(iv) A[2] times a vector 

HOI [qj.A(K)] 10) 

AJ11Nk=-
-(OIA(K)Ij) 

!(Ol [qpA(K)] 10) 

(jIA(K) 10) 

Vahtras et al.: Phosphorescence lifetime of formaldehyde 

0 0 
1 - (oLIA Ij) 1 S~ 

+- +2(0IAI0) J 
2 0 0 

UIA loR) Sj 

2. Evaluation of the quadratic response function expressions 

(26) 

(27) 

(28) 

Equations (25)-(28) all contain gradient vectors of operators which mayor may not be one-index transformed. 
Consider, e.g., Eq. (25). The unperturbed Hamiltonian Ho appears in three forms-as it is 

1 
Ho= Lh,fi(+)rs+2 L (rsltu)e(+,+)mu, 

rs pqrs 
(29) 

where the excitation operators are defined as in Ref. 7, 

E(S) pq=a~qa +Sa1Pq{3; e(S I>S 2) pqrs=E(S \) pqE(S2) rs- E(S) ~rq , (30) 

and where S has the same meaning as in Eq. (17), + for singlet and - for triplet (satisfying S=S\S2); as a one-index 
transformed operator 

Ho(bK) = [ ~ bK,fi(Sb),..,Ho] 

1 1 
= Lh,:sE(Sb)rs+2 L (rs ltu)e(SI»+)mu+2 L (rsltu)e(+,Sb)rstu 

rs rstu rstu 

(31) 
rs rstu 

where the one-index transformed integrals are defined as 
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his= I (bK,lzls-hn bK/s), 
t 

(rsltu)= I rbKro(vsltu)-(rvltu) bKus ], 
v 

u 

(32) 

(33) 

(34) 

and S b is the spin associated with operator B; or as a dou
ble one-index transformed operator 

Ho(bK,cK)={ ~ CKrsE'(Sc)m[ ~ bKII~(Sb)tu'Ho] 

=h~(S~c)rs+ I O~ltu)e(Sa,+)rstu 
rslu 

(35) 
rslu 

where the double one-index transformed one-electron inte
gral is a one-index transformation of integral (32) with the 
transformation matrix cK, 

h"fs= I (CKnhts-hit cKts ) 
I 

and the double one-index transformed two-electron inte
gral refers to the "left-transformed" two-electron integral 
(33) 

(fSltu)= I [CKro(vsltu)-(roltu) cKvs ], (36) 
u 

v 

Further, Eqs. (25)-(28) also contain the modified states 
(aL I and lOR) which are defined as 

(aLI = IS~(nl· 
tt 

The key operations will be the evaluation of two types of 
gradients-an orbital gradient 

Fpq=(LI [E(Sg)qp,H(SI,S2)] IR) 

and a CI gradient 

where H(SI,S2) is a general two-electron operator 

(38) 

(39) 

H(S"S2) = II ~(S)pq+ I gpq~(SI,S2)pqrs, (40) 
pq pqrs 

or in special cases, a one-electron operator. I can be any 
one-electron integral and g any two-electron integral over 
the Hamiltonian or any observable A, B, or C. They may 
also refer to one-index transformed integrals. In what fol-
lows, we denote inactive orbitals by i, j, k, ... , active orbitals 
by x, y, ... , secondary orbitals by a, b, c, ... , and general 
orbitals by p, q, r,... . The density matrices 

~y= (LIE(S)xyIR), ~~:~= (L le(SI,S2)xyzwIR) 
(41) 

are simplified for inactive or secondary orbital indices 

DJ,i=~= (1 +S)8ip' 

D%a=~p=O, 

~)q~2=~;;1= (1 +SI)n:;8ip-8ip!', 

~!2=~~1 = (1 +S2)n;:8ir-8~ 

cfIS2=cflS2=0. apqr pqra (42) 

This implies that for each special case of orbital index 
combinations, an orbital gradient defined by Eq. (38) can 
be written as 

Fai= (1 +SgS)~i(L IR) +2~i' 

Fia= -2F{a(L IR) -2F!a, 
F wi= 2F7vi(L I R) - ~P!S: + 2~i- etW' 

Fiw= - 2F{w (L I R) + FfxITw~ - 2Ftw + QfW' 

Faw=~JTrl + {faw, 

F = -F.. ,."sgS_nB 
wa xaU x'w \taW' 

F wv=F7v~f - ~~s: + (fwu- e;W' 

(43) 

where the generalized Fock and Q matrices are defined by 

F~q=1 pq+ (1 +SI)gkkpq+ (1 +S2)gpqkk-gpkkq-gkqpk, 

2~= [( 1 +SgS2)gxypq+ (1 +SgSl)gpqxy-gpyxq 

-gxqpY]~f, 
.nA _ ~gSl,S2 -Pl,SgS2 
\tpq-gxpyzUxqyz +gxyzpUxyzq , 

(44) 

For example, the double one-index transformed Hamil
tonian in Eq. (35) contributes to the Fock and Q matrices 
with the one-electron operator I pq = hpq and two two
electron operators, one with integrals gpqrs = (pq I rs) and 
spins SI =S~c and S2= +, and one with integrals gpqrs 
= (pql rs) and spins SI =Sb and S2=Sc· 

An expectation or transition value of the Hamiltonian 
in Eq. (40) is given by 

(L IH(SI,S2) IR)=~(1+S)(hkk+F{k)(LIR) +~~y 

+ gxyzA~:~. ( 45) 

The CI gradient (j I HI 0) is constructed using the deter
minant based direct technique of Olsen et af. 10 The advan
tage of using a determinant-based formalism is that alpha 
and beta spins can be treated separately which reduces the 
dimensionality of the problem considerably. 

In the next section, we discuss the explicit construction 
of the Fock and Q matrices and also, for the CI gradient, 
the extraction of two-electron integrals over active orbitals. 
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III. IMPLEMENTATION 

A computer coding of the present formalism was car
ried out and included in the RESPONSE program package 
for calculation of MCSCF response properties and excita
tion energies.6-8 It is interfaced with the SIRIUS program 
for calculations of MCSCF wave functions ll and the HER
MITI2 program for generating various types of one- and 
two-electron integrals over Gaussian atomic orbitals. The 
algorithm for calculation of spin-orbit integrals was given 
in our previous paper on spin-orbit coupling in mole
cules. 13 

The implementation is direct in the sense of direct CI. 
It is also direct in another sense, the one-index transfor
mations of the integrals are direct. This means that the 
construction of the Fock and Q matrices associated with 
the one-index transformed operators is done from the orig
inal MO integrals and the transformation matrix instead of 
transforming the integrals in advance and storing them on 
file. The algorithm is 

(i) for each unique orbital pair c,d read all two
electron integrals (ab 1 cd) into the one-electron distribu
tion Hcd(a,b); 

(ii) determine if a given distribution may contribute to 
the Fock or Q matrices, or the active two-electron integrals 
(over four active orbitals); 

(iii) distribute the correct combination of integrals and 
transformation matrices. 

For the untransformed Hamiltonian, we may restrict 
c,d to occupied-occupied orbitals; for a one-index trans
formed Hamiltonian, we need general-occupied distribu
tions; and for the double one-index transformed Hamil
tonian, we need general-general (all) distributions. For 
the untransformed spin-orbit operator, we need general
occupied distributions and for the one-index transformed 
spin-orbit operator, we need general-general distributions. 
The reason why we need more distributions for the spin
orbit operator than for the Hamiltonian is that we do not 
have particle permutation symmetry in the integrals. In a 
scheme where we perform the one-index transformation in 
advance and store the transformed integrals on an inter
mediary file, we would only have to read the occupied
occupied distributions for the Hamiltonian and general
occupied distributions for the spin-orbit operator. The 
advantage of the direct scheme is that it reduces I/O as 
well as the demand for disk space. 

Briefly told, the phosphorescence transition matrix el
ements are obtained in the following way: 

(i) The singlet ground state function /10(0» is calcu
lated. 

(ii) The MCSCF triplet excitation eigenvalue equation 
is solved. This step identifies the triplet excitation vector 
and energy (frequency of emitted light) 

(46) 

(iii) Two sets of MCSCF linear response equations are 
solved. The solution vectors determine effectively the spin 
contaminations of the initial and final states. No interme
diate states are involved 

TABLE I. Transition dipole moments (10- 3 bohr) of the 3A" triplet 
components of formaldehyde. 

Correlation 
level Basis set Polarization 3A"(x) 

SCF A x -0.008 
y 
z 

Aa x 0.071 
y 
z 

B x 0.009 
y 
z 
x 0.080 
y 
z 

CAS A x -0.029 
y 
z 

Aa x 0.079 
y 
z 

B x -0.027 
y 
z 
x 0.072 
y 
z 

'Planar singlet ground state geometry. 

Nr(lUf) = [(E[2) -lU,tS[2) -lr[l)t]t, 

N so=(E(2!)-IHM}. 

3A"(y) 3A"(z) 

-0.160 -0.700 
0.113 3.341 

-0.144 
2.311 

-0.153 -0.685 
0.101 3.186 

-0.151 
2.260 

-0.211 -0.495 
0.023 2.171 

-0.192 
1.480 

-0.218 -0.508 
0.022 2.234 

-0.210 
1.568 

(47) 

(iv) The spin-forbidden transition moments are calcu
lated 

_COlrl~j~~solJ) + (OIHsol~~(jlrlJ») 

= -N;(lUf)H~~jllf-NJo(rJl! +rif! )Xlf+Nj(lUf) 

(E[3] E[3] . s[3] ) NSoX X jml+ jlm-lUrjlm m If· (48) 

We see that only the final singlet electronic state (the ref
erence state) is calculated explicitly, but although the cal
culation of intermediate states is avoided, it is still possible 
to reexpress the final equations in terms of contributions 
from individual states. This is done here, but only to in
vestigate the convergence of the conventional sum-over
state expansion. 

IV. APPLICATION 

A. The lifetIme of the 3 A" state of formaldehyde 

As a first demonstration of the above described re
sponse function method, we present calculations of the 
phosphorescence lifetime of the first triplet state of form
aldehyde. This species is chosen because it has previously 
been the object for phosphorescence calculations as well as 
experiments, and because it is a small nondegenerate poly
atom with a comparatively simple excitation spectrum. 
Further calculations on phosphorescence lifetimes on other 

J. Chem. Phys., Vol. 97, No. 12, 15 December 1992 

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



Vahtras et al.: Phosphorescence lifetime of formaldehyde 9185 

TABLE II. Excitation energies and phosphorescence lifetimes of the 3 A" triplet components of formaldehyde. 

Correlation 
level 

SCF 

CAS 

Basis set 

A3s2pld 
A3s2pld> 
B4s3p2dlj 
B4s3p2dll' 
A3s2pld 
A3s2pld> 
B4s3p2dlj 
B4s3p2dll' 

Excitation 
energy (a. u. ) 

0.0823 
0.1265 
0.OS15 
0.1251 
0.1064 
0.1454 
0.1077 
0.1456 

"High temperature limit (equal population of spin sublevels). 
!>Planar singlet ground state geometry. 

species, including extensive tests on one- and N-particle 
basis sets and the role of vibrational averaging etc. will be 
given in forthcoming publications. 

The calculations were carried out using the atomic nat
ural orbital (ANO) basis set of Widmark et al. 14 at two 
contraction levels. At the first level (basis set A), the prim
itive set is contracted to 3s2pld for carbon and oxygen and 
2s1p for hydrogen. At the second level (basis set B), the 
primitive set is contracted to 4s3p2dlj for carbon and ox
ygen and 3s2pld for hydrogen. We performed self
consistent field (SCF) and complete active space (CAS) 
calculations at both the singlet and triplet geometries, 
taken from Raynes. IS At the singlet geometry, the carbon
hydrogen distance is 1.12 A, the carbon-oxygen distance is 
1.21 A, and the HCH angle is 115°. At the triplet geometry, 
the carbon-hydrogen distance is 1.10 A, the carbon
oxygen distance is 1.28 A, the HCH angle degree is 116.5", 
and the "methyl tiIt" is 38.5". The molecule is oriented 
with the C-O bond along the z axis and the methyl group 
is placed in the xz plane (singlet geometry) and is tilted in 
the y direction (triplet geometry). The active spaces for the 
CAS calculations were chosen on the basis of MP2 natural 
orbital occupation numbers. The core orbitals on the car
bon and oxygen atoms were inactive and the active spaces 
were 8a'4o" and 6a14b22b l for the triplet and singlet ge
ometries, respectively, thus employing a full valence corre
lating space. 

The dipole transition moments are given in Table I and 
the lifetimes and excitation energies in Table II. Surpris
ingly, we observe large correlation effects for the slow com
ponents, but small effects for the fast z component which 
dominates the transition. Correlation, therefore, does not 
affect the average (high temperature limit) lifetime. Exper
imental lifetimes are not sufficiently accurate to favor any 
particular theoretical value. Our estimate of 0.02 s falls 
within the range of theoretical values 0.01-0.06 that have 
been reported. The use of the singlet geometry apparently 
gives an error of a factor of 2 at the SCF level, but the 
difference is small at the CAS level. Contrary to other 
theoretical works, 16,17 we find an increase in the lifetime as 
we move from the planar geometry to the pyramidal. Our 
value is in agreement with the interchange perturbation 
theory (lPT) calculations of Phillips and Davidson. 18 We 
cannot make a component-by-component comparison with 

Tx Ty 1"z -rA 

1277 2.159 0.007179 0.0215 
4.617 1.108 0.004313 0.0129 

1135 2.553 0.008124 0.0243 
3.700 1.040 0.004667 0.0139 

74.11 0.857 0.007817 0.0232 
2.414 0.413 0.006934 0.0204 

50.66 0.7S1 0.007110 0.0211 
2.887 0.344 0.006 153 O.OISI 

the results of Phillips and Davidson since they have a dif
ferent orientation of the molecule, but the averaged result 
is 0.017 s (IPT) vs 0.021 (this work) for basis set B at the 
CAS level. Another difference between our approaches is 
that Phillips and Davidson only include the one-electron 
spin-orbit operator and simulate the two-electron effects 
with shielded nuclear charges, whereas we include the full 
Breit-Pauli spin-orbit operator. 

In our approach, the sums over states of the phospho
rescence matrix elements in Eq. (48) have been evaluated 
implicitly by solving two sets of linear equations. Alterna
tively, these sums over states may be calculated explicitly 
in terms of excited intermediate states. To examine the 
convergence of such explicit summations, we have calcu
lated the contributions from the ten lowest states of singlet 
and triplet spin symmetries for the z polarization direction. 
The calculations have been carried out at the SCF level 
using basis set A and the ground state equilibrium geome
try. The results are given in Tables III and IV for singlet 
and triplet intermediate states, respectively. 

The excitation energies and matrix elements between 
the singlet reference state 10) and the intermediate excited 
states I k) were obtained from linear response theory6,7 
while the elements between the excited triplet If> and the 
intermediate states I k) were calculated from quadratic re
sponse theory. In Tables III and IV we have listed both the 

TABLE Ill. Sum over singlet states of A I symmetry at the SCF level (C2v 

symmetry). I k) is the kth excited singlet state of AI symmetry (k=O 
refers to the reference state). Term (k) is the k+ Ith term of the first sum 
in Eq. (14) and Sum (k) is the accumulative sum. 

k (Olzlk) (k 1 ff,., II>" Wk Term (k}a Sum (k)a 

-0.898 0.378 0.342 1.577 1.577 
2 -0.S61 -0.051 0.444 -0.138 1.439 
3 0.000 -0.006 0.551 0.000 1.439 
4 0.019 0.010 0.590 0.000 1.439 
5 0.908 0.012 0.593 -0.023 1.416 
6 -1.015 0.056 0.61S 0.116 1.531 
7 -0.020 0.030 0.696 0.001 1.533 
8 0.035 0.121 0.760 -0.007 1.526 
9 0.363 -0.113 0.S05 0.060 1.5S6 

10 0.537 -O.ISO 0.815 0.141 1.721 

aIn units of 10-3 a.u. 
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TABLE IV. Sum over triplet states of A2 symmetry at the SCP level (C2v 
symetry). Ik} is the kth exicted triplet state of A2 symmetry. Term (k) is 
the kth term of the second sum in Eq. (14) and Sum (k) is the accumu
lative sum. 

k (0 I H'so I k}a (klzlJ> Wk Term (k)a Sum (k)a 

I=f -0.296 0.743b 0.127 1.738 1.738 
2 0.108 -1.008 0.367 0.297 2.035 
3 0.004 -0.134 0.495 0.001 2.036 
4 -0.012 -0.402 0.514 -0.009 2.027 
5 -0.217 -0.184 0.625 -0.064 1.963 
6 -0.151 -3.154 0.706 -0.676 1.287 
7 0.390 0.364 0.854 -0.166 1.121 
8 -0.197 0.077 0.974 0.016 1.137 
9 -0.004 0.061 1.006 0.000 1.137 

10 -0.052 -5.881 1.139 -0.269 0.868 

aIn units of 10-3 a.u. 
bPor k= f the calculated dipole moment is actually the difference (fl zlJ> 
-(OlzIO} [see Eq. (10)]. 

individual contributions to the phosphorescence transition 
moments and the accumulated sums. 

The convergence of the sum-over-state approach is 
slow. This may be seen by comparing the exact transition 
moment at this level of theory (2.311, see Table I) with the 
transition moment 1.727+0.868=2.595 calculated from 
the ten lowest states of each spin multiplicity. Although 
the major contributions are from the lowest states of sin
glet and triplet symmetries (1.577 and 1.738), higher in
termediate states cannot be neglected. The contributions 
from the individual intermediate states vary considerably 
and may be both positive and negative. Langhoff and Dav
idson have in a configuration-interaction approach in
cluded 100 terms in both singlet and triplet sums, and 
concluded likewise that high-energy intermediate states 
cannot be neglected and that the sums converge slowly 
when the states are ordered according to energy. 

It should be noted that the evaluation of a matrix ele
ment, such as (kl Irsolf), requires the solution of one set of 
linear response equations as well as the calculation of two 
roots of the linear response eigenvalue equations. There
fore, the cost of evaluating such a matrix element is com
parable to that of calculating the phosphorescence matrix 
element itself. 

V. SUMMARY 

We have derived a formalism for calculation of qua
dratic response properties for multiconfiguration state 
wave functions. This formalism represents an approach for 
obtaining quadratic, nonlinear, functions and the corre
sponding molecular properties that is general in several 
respects. It is general in the sense that it does not assume 
any permutational symmetry of the operators involved. It 
applies optionally to singlet and triplet perturbations and 
can therefore handle all linear and quadratic (nonlinear) 
properties that are represented by these perturbations or by 
combinations thereof. It is general in the sense that it is 
implemented for reference wave functions the accuracy of 
which can be systematically improved in an open-ended 
fashion. It is also general in the sense that it addresses a 

large set of properties for arbitrary systems, like closed
and open-shell molecules and radicals, and states, like 
ground, excited. and transitions states. 

The linear and quadratic response functions are ob
tained by iterative solutions of linear sets of equations 
and/or eigenvalue equations. With this we obtain an ana
lytic transferability between the wave functions and its 
properties, in that once the parameters of the former has 
been determined, all its properties are obtained analytically 
without further approximations or interference from the 
user. The property calculation, like here the determination 
of the phosphorescence lifetimes, is not much more costly 
than the optimization of the reference state and its total 
energy. This represents a well defined and much more ef
ficient alternative to property calculations than finite field 
and sum-over-states procedures used in conventional ap
proaches for calculation of molecular properties. The con
vergence for such state summations is slow already for 
linear properties, and even more so for nonlinear properties 
like for phosphorescence moments, where individual con
tributions of intermediate states are of arbitrary sign. This 
was independently confirmed by the present work. 

The application we chose to present here refers to the 
phosphorescence, or "afterglow," effect. which is due to a 
process constituting a nonlinear singlet (dipole) and triplet 
(spin-orbit) perturbation, the latter is here represented by 
the full Breit-Pauli spin-orbit operator. Phosphorescence 
lifetimes have been considered difficult, which is reflected 
by the large fluctuations of published results. The present 
application on formaldehyde encourages further work on 
the phosphorescence effect. 
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