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Hartree-Fock calculations of atomic axial tensors (AATs) and atomic polar tensors (APTs) are 
presented for HF, H20, NH3, CH4 , cyclopropane, carbodiimide, allene, and oxirane. London atomic 
orbitals are used for the axial tensors. The basis set convergence of the London AATs is found to be 
considerably faster than for the distributed origins (DO) approach. Indeed, the convergence of the 
London axial tensors is comparable to that of the polar tensors, indicating that the differential 
intensities of vibrational circular dichroism can be calculated as accurately as the total intensities of 
infrared spectroscopy. Dipole and rotational strengths are reported for NHDT, 
trans-cyclopropane-1 ,2-d 2' carbodiimide, allene-1 ,3-d 2' and trans-oxirane-2,3-d 2 • 

I. INTRODUCTION 

Whereas the absorption intensities of infrared (IR) spectra 
are determined by the vibrational dipole strengths, the differ
ential intensities of vibrational circular dichroism (VCD) are 
determined by the vibrational rotational strengths. In the 
double harmonic approximation, dipole strengths are ob
tained from the atomic polar tensors (APTs) and the trans
formation matrix from Cartesian to normal coordinates. 
Double harmonic rotational strengths require in addition the 
atomic axial tensors (AATs).1 Therefore, to obtain differen
tial absorptions to the same accuracy as infrared absorptions, 
the AATs must be calculated as accurately as the APTs. 

The AATs depend on the gauge origin for the external 
magnetic vector potential. For exact wave functions, the ori
gin dependence vanishes when the rotational strengths are 
formed in the double harmonic approximation.2 The same is 
true for approximate wave functions calculated from com
plete basis sets, but for finite basis sets invariance of the 
rotational strengths is not guaranteed. Ab initio calculations 
of AATs thus present two challenges: (i) to calculate AATs 
that yield gauge independent rotational strengths; (ii) to cal
culate AATs as accurately as APTs in order to arrive at VCD 
intensities which are as reliable as IR intensities. The first 
problem must be solved before it is meaningful to address 
the other. 

Of the methods developed to solve the gauge origin 
problem in VCD calculations, the most popular is the distrib
uted origins (DO) approach due to Stephens.2 However, 
Hartree-Fock (HF) calculations indicate that DO AATs con
verge slower than APTS.3 The gauge problem has also been 
treated using the localized orbitalllocal origin (LORG) 
method at the HF level4 and the correlated second-order po
larization propagator approach (SOPPA).5 Although LORG 
has been successful for nuclear magnetic shieldings,6 the 

convergence of the LORG AATs is not known. 
It has recently been demonstrated that the London 

atomic orbital (LAO) [also known as the gauge-independent 
atomic orbital (GIAO)] method solves the gauge problem in 
ab initio VCD calculations regardless of the ansatz for the 
wave function.? The gauge origin dependence vanishes when 
rotational strengths are formed from LAO axial tensors, pre
cisely as for exact wave functions. The LAO scheme has 
been implemented for AATs at the HF and multiconfigura
tional self-consistent field (MCSCF) levels? 

Encouraged by pilot calculations on ammonia,? we here 
present a systematic study of the convergence characteristics 
of the London method for atomic axial tensors. We have 
carried out a large number of calculations on small and me
dium sized molecules at the Hartree-Fock level. The mol
ecules (HF, H20, NH3, CH4 , cyclopropane, carbodiimide, 
allene, and oxirane) have been chosen such that a variety of 
first and second period atoms are represented and such that 
both single and double bonds are present. Moreover, DO 
calculations have been published for these molecules. The 
DO method has been regarded as the best method for VCD 
calculations, and it has been advised that other schemes be 
tested against it. 3,8 

The gauge origin problem is common to all properties 
involving an external magnetic field, for example, molecular 
magnetizabilities, nuclear magnetic shieldings, and circular 
dichroism. A common problem asks for a common solution. 
The London method, in contrast to LORG and DO, repre
sents such a solution,9 Other types of orbitals also ensure 
gauge invariance,9,10 but the LAOs are unique in the sense 
that for a one-center one-electron problem, the unperturbed 
London orbitals are correct to first order in the magnetic field 
regardless of the origin of the vector potential?,10 Therefore, 
within the orbital approximation magnetic properties should 

6620 J. Chern. Phys. 100 (9), 1 May 1994 0021-9606194/100(9)/6620181$6.00 © 1994 American Institute of Physics 

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



Bak et al.: Convergence of axial tensors 6621 

be most compactly described by London atomic orbitals. 
The LAOs were introduced by London in 1937 for cal

culating magnetizabilities II and have been widely used in 
semiempirical calculations. Ab initio LAO calculations have 
mostly been restricted to nuclear shieldings. At the HF level 
their use was pioneered by Hameka in the sixties 12 and 
Ditchfield in the seventiesP Recent implementations have 
been presented by Wolinski, Hinton, and Pulay l4 and by 
Haser et al. 15 Correlated LAO shieldings have been calcu
lated by Fukui, Miura, and Matsuda!6 and by Gauss!? using 
second-order M!1l11er-Plesset (MP2) theory, and recently by 
Ruud et al. 18 using MCSCF wave functions. London calcu
lations of magnetizabilities have been reported by Ruud 
et al. 19 These papers demonstrate the superior convergence 
characteristics of the London method for magnetic proper
ties, in particular magnetizabilities. 

In Sec. II we briefly describe the London approach. The 
double harmonic dipole and rotational strengths of vibrations 
are given in terms of the axial and polar atomic tensors and 
the vibrational normal coordinates. Expressions for Hartree
Fock AATs and APTs are presented. The calculations are 
described in Sec. III and the results discussed in Sec. IV, 
where we compare the accuracy of AATs and APTs for dif
ferent basis sets. 

II. THEORY 

A. The harmonic vibrational dipole and rotational 
strengths 

In the harmonic approximation the dipole and rotational 
strengths D and R of a fundamental vibrational transition n 
are taken as3 

(1) 

(2) 

where Wn is the vibrational frequency of the nth transition 
and P n and Mn are the polar and axial tensors in normal 
coordinates 

p n.f3=:L P~{3S~n' (3) 
Ma 

- _"" M M 
M n.f3= £.J M a{3S an . (4) 

Ma 

Here s'1n is the Cartesian to normal coordinate transforma
tion matrix and P'1f3 and M'1f3 are the components of the 
atomic polar tensor (APT) and the atomic axial tensor 
(AAT). Both tensors contain an electronic and a nuclear con
tribution 

P~f3= E~{3+ N':{3' 

M M -1M JM 
af3- af3+ af3' 

The electronic parts are defined as 

(5) 

(6) 

(7) 

1M == \ aO(R,B) I aO(R,B») 
af3 aR aB R=IL Ma (3 "0 

and the nuclear parts as 

N':p=ZMOa{3 , 

B=O 

(8) 

(9) 

(10) 

In these equations IO(R,B» denotes the electronic ground 
state at geometry R in the presence of a magnetic field B. 
The Cartesian coordinates of nucleus M and electron i are 
given as RMa and ri{3' Ro is the equilibrium geometry and 
ROM'Y the yth Cartesian coordinate for nucleus M. B (3 is the 
,Bth Cartesian coordinate of the magnetic field. The charge of 
nucleus M is denoted ZM and Ea{3'Y is the antisymmetric unit 
third-rank tensor. The oaP is the Kronecker delta. 

B. Electronic components of APT and AAT for London 
HF wave functions 

Expressions for the electronic components of the APTs 
and London AATs have previously been presented at the 
MCSCF level.7 We here give the simpler Hartree-Fock 
equations, referring to Ref. 7 for details. 

An LAO function WfL is obtained from a conventional 
atomic orbital X

fL 
by attaching a phase factor that depends on 

the electronic coordinates r and the vector potential AM 
wfL=exp(-iA~.r)XfL· (11) 

The vector potential depends on the gauge origin 0 and rep
resents the external field at the nuclear position RM where X

fL 
is centered 

(12) 

As seen from Eqs. (7) and (8), the electronic contributions to 
the atomic tensors are obtained by differentiating the elec
tronic wave function with respect to the nuclear coordinates 
and the field. When LAOs are used, the expressions for HF 
wave functions become7 

E':{3= t [ -2( a~~a jr{31 ~j) 

+ ~ (:::a -2K;iRMa
») < ~klr{31 ~j> ]Dij, (13) 

1M = "" [<cp(RMa)1cp(B{3» + "" (KI (RMa)_D(RMa» up £.J .1 i .lj £.J lk ik 
ij k 

(14) 

where the r (3 are the components of the electronic coordinate 
and D ij the one-electron density matrix. The K~(P) and KiY) 

denote the real and imaginary parts of the orbital excitation 
operator amplitudes differentiated with respect to P. The un
modified molecular orbitals (UMO) are defined as linear 
combinations of London orbitals 
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TABLE 1. Basis sets. TABLE II. Geometries. a 

Label Contractions Molecule Atom(s) x y z 

DZ' 
DZllpb 

TZllP" 
TZlIPbd 

TZl2P" 
VD/3pf 

(9s5pI4s)- [4s2p12s1 
(9s5pldI4s1p)- [4s2p Idl2s1p] 

(11s6p IdI5s1p)- [5s4p Id/3s1p] 
(11s6p2dI5s2p)- [5s4pld/3s1p] 
(11 s6p2dl5s2p) - [5s4p2d13s2p I 

(13s8p3dIlOs3p) - [8s6p3dI6s3p] 

aDZ by Dunning (Ref. 21) with scale factor 1.2 for H. 
bDZ by Dunning (Ref. 21) augmented by polarization functions: H p( 1.0); 
C d(0.8); N d(0.8); 0 d(0.9); F d( 1.2). 

<J'Z by Dunning (Ref. 22) augmented by polarization functions: H p( 1.0); 
C d(0.8); N d(0.8); 0 d(0.9); F d( 1.2). 

dTZ by Dunning (Ref. 22) augmented by polarization functions which are 
each contracted of two primitive Gaussians using equal contraction coeffi
cients: H p(1.5,O.5); C d(1.2,0.4); N d(1.35,0.45); 0 d(1.35,0.45); 
F d(2.0,O.6667). 

"TZ by Dunning (Ref. 22) augmented by polarization functions: H 
p( 1.5,0.5); C d( 1.2,0.4); N d( 1.35,0.45); 0 d(1.35,0.45); F 
d(2.0,O.6667). 

fBasis from Stephens et al. (Ref. 8) based on the orbital set of van Duijn
eveldt (Ref. 23). 

(15) 

where K,.t.i are the molecular orbital (MO) amplitudes ob
tained by optimizing the HF state at B = 0 and R = No. The 
UMO amplitudes are thus independent of the geometry and 
the field. In Eqs. (13) and (14) a shorthand notation is used 
for some of the UMO integrals. The UMO overlap integral is 
defined as 

Sij= (I/Iil 1/1) (16) 

and the half-derivative anti symmetric integrals as 

(17) 

In general, a derivative UMO contains a part that cannot be 
expanded in the basis set. The integral 

( (~Ma)1 (B.{3» = (~I Bl/li) _ ~ (~I ,I, ) 
cp 1.1 cp 1.} BR BB .LJ BR 'I'k 

Ma f3 k Ma 

x ( I/Ikl ::~) (18) 

represents the overlap between such parts of differentiated 
UMOs. The electronic contributions to the atomic tensors are 
thus determined by atomic integrals, some entities that are 

HF F 0.0 0.0 0.0 
H 0.0 0.0 1.732800 
0 0.0 0.0 0.0 
HI-2 0.0 ± 1.431530 -1.109410 
N 0.0 0.0 0.0 
HI-2 -0.885499 ±1.533729 -0.719763 
H3 1.770998 0.0 -0.719763 

C~ C 0.0 0.0 0.0 
HI-2 0.0 ±1.683396 1.190341 
H3-4 ±1.683396 0.0 -1.190341 

Cyclopropane Cl 0.0 1.651 825 0.0 
C2-3 :;:1.430523 -0.825913 0.0 
H4-5 0.0 2.727768 :;: 1.738702 
H6-7 :;:2.362315 -1.363884 -1.738702 
H8-9 :;:2.362315 -1.363884 1.738702 

Carbodiimide Cl 0.0 0.0 0.044370 
N2-3 0.0 :;:2.269441 -0.082265 
H4 -1.058469 -3.499986 0.878865 
H5 1.058469 3.499986 0.878865 

Allene Cl 0.0 0.0 0.0 
C2-3 0.0 0.0 ±2.472 500 
H4-5 0.0 ± 1.762 900 3.527600 
H6-7 ±1.7629oo 0.0 -3.527600 

Oxirane Cl 0.0 0.0 1.512211 
C2-3 0.0 :;: 1.381390 -0.805940 
H4-5 :;: 1.748934 -2.379468 -1.201879 
H6-7 :;:1.748934 2.379468 -1.201879 

aAlI geometries have been used in previous VCD calculations. We refer to 
(i) Stephens et al. (Ref. 8) for the HF, H20, NH3 , and CH4 geometries; (ii) 
Jalkanen et al. (Ref. 3) for the cyclopropane and carbodiimide geometries; 
(iii) Annamalai et al. (Ref. 26) for the allene geometry; (iv) Stephens, Jal
kanen, and Kawiecki (Ref. 27) for the oxirane geometry. Coordinates in 
atomic units. 

determined in the HF optimization, and the differentiated 
orbital excitation operator amplitudes. The amplitudes are 
determined by response equations as described by Helgaker 
and J~rgensen20 and by Ruud et al. 19 

C. Gauge origin dependence 

The APTs do not involve the magnetic field. They are 
therefore not affected by the use of London orbitals and are 
independent of the gauge of the magnetic field. In contrast, 
the AATs are affected by the use of London orbitals and 
depend on the gauge origin. For two different gauge origins 
Oland O2 that are related by the vector V 

02=01+V (19) 

the APTs and London AATs fulfill the relations 7 

TABLE III. Electronic energies obtained for the various basis sets. Values in atomic units. 

Basis set HF H2O NH3 CH4 Cyclopropane Carbodiimide Allene Oxirane 

DZ -100.021971 -76.009256 -'-56.175995 -40.185455 -117.017532 -147.835290 -115.829790 -152.810086 
DZlIP -100.047878 -76.046473 -56.209331 -40.207494 -117.083995 -147.925806 -115.883 276 -152.903932 
TZlIP -100.060710 -76.055993 -56.216240 -40.213 319 -117.096924 -147.947657 -115.901 673 -152.921574 
TZlIPb -100.062 175 -76.058911 -56.218604 -40.213 499 -117.098234 -147.952436 -115.903 156 -152.923937 
TZl2P -100.063283 -76.060 272 -56.219779 -40.213 567 -117.099 725 -147.956127 -115.904855 -152.926220 
VD/3P -100.068859 -76.065114 -56.223388 -40.215848 
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TABLE IV. Atomic Axial Tensors as obtained from the VD/3P London basis set for HF, H20, NH3, and CH4 , 

and from the TZ/2P basis set for cyclopropane, carbodiimide, allene, and oxirane. Zero components are omitted. 
Values in atomic units. 

N M~x M~y M':z 

HF F -0.142 
H 0.332 

HP 0 0.182 
H2 -0.190 0.262 

NH3 N 0.100 
H3 -0.091 

CH4 C 
H3 -0.090 

Cyclopropane CI -0.183 
H4 -0.116 -0.110 

Carbodiimide CI -0.050 -0.017 
N2 0.044 0.048 -0.656 
H4 -0.020 0.061 0.332 

Allene CI 0.D75 
C2 -0.470 
H4 0.086 0.192 

Oxirane 01 -0.692 
C2 0.101 0.048 
H4 -0.016 0.065 -0.029 

(20) 

(21) 

The rotational strength calculated from these tensors is origin 
independent 

(22) 

M~x M~y M~z MN 
zx M'j, M':z 

0.142 
-0.332 
-0.152 

0.172 -0.246 
-0.100 

0.089 0.224 -0.272 

0.090 0.127 -0.127 
-0.072 

0.160 -0.044 
0.193 0.037 

-0.023 -0.007 -0.013 0.686 0.045 0.003 
-0.162 0.006 -0.185 -0.355 0.083 -0.019 

0.D75 
0.286 

-0.Q28 0.200 
0.225 

-0.062 -0.358 
0.029 0.006 -0.121 -0.047 0.023 0.008 

The gauge dependence of the AATs in finite basis set calcu
lations thus appears in the same way as for exact wave func
tions provided London orbitals are used, and the London 
rotational strengths are origin independent. 

III. CALCULATIONS 

Our objective is to compare the basis set convergence of 
London axial tensors with that of the polar tensors and the 
DO axial tensors. We have calculated the SCF atomic tensors 
for eight molecules containing atoms from the first and sec-

TABLE V. Atomic polar tensors as obtained from the VD/3P basis set for HF, H20, NH3, and CH4 , and from 
the TZl2P basis set for cyclopropane, carbodiimide, allene, and oxirane. Zero components are omitted. Values 
in atomic units. 

N P~x P~y P':z P~x P~y P~z P'/.x P'j, P':z 

HF F -0.438 -0.438 -0.407 
H 0.438 0.438 0.407 

H2O 0 -0.708 -0.557 -0.428 
H2 0.354 0.278 -0.057 -0.059 0.214 

NH3 N -0.376 -0.376 -0.590 
H3 0.088 0.101 0.422 0.138 0.197 

CH4 C 0.083 0.083 0.083 
H3 -0.098 0.109 0.062 0.109 -0.021 

Cyclopropane Cl 0.181 -0.209 0.125 
H4 0.D75 -0.061 0.043 0.097 -0.062 

Carbodiimide Cl 0.385 -0.122 0.052 3.407 0.366 
N2 -0.507 0.131 -0.069 -0.041 -2.230 0.022 -0.124 -0.249 -0.480 
H4 0.315 -0.070 0.044 0.015 0.527 -0.003 0.D75 0.071 0.297 

Allene CI -0.219 -0.219 0.939 
C2 -0.312 0.215 -0.459 
H4 0.174 -0.016 -0.050 -0.012 -0.005 

Oxirane 01 -0.436 -0.393 -1.074 
C2 0.362 0.255 0.001 0.1lI 0.424 
H4 -0.072 -0.087 -0.040 -0.041 -0.029 -0.056 0.001 -0.035 0.057 
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TABLE VI. Basis set dependence of mean deviations,' relative mean deviations,b and, in brackets, maximum deviationsC of p~p and M~p from VD/3P 
results.d Values in atomic units. 

Molecule Tensor DZ DZilP TZI1P TZI1Pb TZl2P VD/3P 

HF pF 0.101 24% (0.102) 0.023 5% (0.034) 0.026 6% (0.036) 0.021 5% (0.026) 0.011 3% (0.012) 0.000 0% (0.000) 
MF (LAO) 0.056 40% (0.056) 0.023 16% (0.023) 0.024 17% (0.024) 0.015 11% (0.015) 0.010 7% (0.010) 0.002 2% (0.002) 
MF (Do)e 0.190 136% (0.190) 0.070 50% (0.070) 0.026 19% (0.026) 0.003 2% (0.003) 
pH 0.101 24% (0.102) 0.023 5% (0.034) 0.026 6% (0.036) 0.021 5% (0.026) 0.011 3% (0.012) 0.000 0% (0.000) 
MH (LAO) 0.036 11 % (0.036) 0.006 2% (0.006) 0.005 2% (0.005) 0.001 0% (0.001) 0.002 1 % (0.002) 0.003 1 % (0.003) 
MH (DO)e 0.14544% (0.145) 0.054 16% (0.054) 0.021 6% (0.021) 0.003 1 % (0.003) 

HzO po 0.106 19% (0.244) 0.042 7% (0.086) 0.039 7% (0.093) 0.028 5% (0.056) 0.015 3% (0.027) 0.000 0% (0.000) 
MO (LAO) 0.045 27% (0.060) 0.015 9% (0.024) 0.018 11% (0.024) 0.011 7% (0.015) 0.006 4% (0.009) 0.002 1 % (0.002) 
M O (Do)e 0.268 162% (0.289) 0.101 61% (0.106) 0.033 20% (0.033) 0.003 2% (0.003) 
pH 0.06333% (0.122) 0.021 11% (0.043) 0.020 10% (0.047) 0.014 8% (0.028) 0.0084% (0.016) 0.000 0% (0.000) 
MH (LAO) 0.025 12% (0.033) 0.007 3% (0.011) 0.007 3% (0.013) 0.003 2% (0.006) 0.001 1% (0.003) 0.001 0% (0.002) 
MH (DO)e 0.115 53% (0.143) 0.047 22% (0.058) 0.016 8% (0.020) 0.002 1 % (0.002) 

NH3 pN 0.087 19% (0.174) 0.045 10% (0.098) 0.050 11 % (0.095) 0.043 10% (0.075) 0.021 5% (0.050) 0.000 0% (0.000) 
MN (LAO) 0.006 6% (0.006) 0.010 10% (0.010) 0.001 1% (0.001) 0.001 1 % (0.001) 0.001 1% (0.001) 0.000 0% (0.000) 
MN (DO)e 0.256 256% (0.256) 0.107 107% (0.107) 0.113 113% (0.113) 0.036 36% (0.036) 0.001 1% (0.001) 
pH3 0.049 35% (0.096) 0.023 17% (0.036) 0.022 16% (0.035) 0.017 12% (0.025) 0.011 8% (0.016) 0.000 0% (0.000) 
M H3 (LAO) 0.013 8% (0.021) 0.005 3% (0.011) 0.0063% (0.010) 0.004 3% (0.008) 0.001 1% (0.003) 0.001 1% (0.002) 
M H3 (Do)e 0.09859% (0.163) 0.047 28% (0.075) 0.047 28% (0.076) 0.017 10% (0.028) 0.002 1 % (0.002) 

CH4 
pC 0.054 65% (0.054) 0.025 30% (0.025) 0.040 48% (0.040) 0.038 46% (0.038) 0.027 33% (0.027) 0.000 0% (0.000) 
pH3 0.031 39% (0.043) 0.012 15% (0.017) 0.007 9% (0.012) 0.0078% (0.011) 0.0067% (0.010) 0.000 0% (0.000) 
M H3 (LAO) 0.013 12% (0.015) 0.004 4% (0.005) 0.003 2% (0.003) 0.002 2% (0.002) 0.002 2% (0.002) 0.001 1% (0.001) 
M H3 (DO)e 0.09791% (0.114) 0.055 52% (0.065) 0.019 17% (0.022) 0.001 1% (0.001) 

'Mean deviations are defined as {(L"plp~p- P~p(VD/3P)Dln} and {(L"pIM~p- M~p(VD/3P)i)ln} where n is the number of nonzero components. 
~elative mean deviations are defined as the mean deviation relative to the mean value of nonzero tensor components. 
"Maximum deviations are defined as the maximum of Ip~p- P~p(VD/3P)1 and IM~p- M~p(VD/3P)1 for all a and {3. 
~e M~p(VD/3P) values are taken as the average of the LAO and DO values. 
"The DO values are based on results from Ref. 8. 

ond periods: HF, H20, NH3 , CH4 , cyclopropane, carbodiim
ide, allene, and oxirane. For optically active isotopomers of 
ammonia, cyclopropane, carbodiimide, allene, and oxirane 
we have also calculated the dipole and rotational strengths of 
vibrations. 

All molecules were studied with the DZ, DZllP, TZllP, 
TZlIPb, and TZl2P basis sets listed in Table I. For the 

% 
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-- M(LAO) 

80 -0- M(DO) 

60 

40 

20 

o 
DZ DZJ1 P TZl1 P TZl1 Pb TZI2P VD/3P 

FIG. 1. Relative mean deviations of atomic tensors as a function of basis 
set. The values are an average for HF, H20, NH3, and C~. 

smaller molecules HF, H20, NH3 , and CH4 we also used the 
larger VD/3P basis. All sets except TZlIPb have previously 
been used in DO calculations for at least one of the 
molecules.3,8,24-27 The geometries and energies are given in 
Tables II and III. The gauge origin is in all cases chosen to 
coincide with the origin of the coordinate system. 

The wave functions were generated by the SIRIUS pro
gram and the integrals by the HERMIT program.28,29 The re
sponse equations were solved by the ABACUS program, 
which has also been used to calculate the atomic tensors, the 
normal coordinates and the dipole and rotational strengths.3D 

IV. RESULTS AND DISCUSSION 

The atomic tensors obtained with the largest basis set of 
each molecule are collected in Tables IV and V. For the 
smaller systems HF, H20, NH3 , and CH4 it was possible to 
use the large VD/3P basis, and we discuss these molecules 
first. 

A. Axial and polar tensors for HF, H20, NH3 , and CH4 

At the VD/3P level, the largest difference between the 
London and DO axial tensors is 0.006 a.u., indicating that 
the VD/3P AATs are close to the Hartree-Fock limit. The 
polar tensors are not affected by the use of LAO or DO 
techniques and our APTs are therefore identical to those ob
tained in the DO calculations. Since polar tensors are known 
to converge faster than DO AATs, we may also assume that 
the VD/3P APTs are close to the Hartree-Fock limit. It is 
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TABLE VII. Basis set dependence of mean deviations, relative mean deviations, and, in brackets, maximum deviations of P~(3 and M~(3 from 17J2P results.· 
Values in atomic units. 

Molecule Tensor DZ DZJIP TZlIP TZlIPb 17J2P 

Cyclopropane pCI 0.040 23% (0.069) 0.D15 9% (0.024) 0.010 6% (0.019) 0.006 3% (0.013) 0.000 0% (0.000) 
MCI (LAO) 0.041 33% (0.069) 0.010 8% (0.011) 0.009 7% (0.009) 0.010 8% (0.012) 0.012 10% (0.017) 
MCI (DO)b 0.199 162% (0.297) 0.085 70% (0.130) 0.012 10% (0.018) 
pH4 0.02131% (0.028) 0.009 14% (0.012) 0.002 3% (0.004) 0.001 2% (0.003) 0.000 0% (0.000) 
MH4 (LAO) 0.020 19% (0.032) 0.006 6% (0.008) 0.004 4% (0.008) 0.004 4% (0.006) 0.003 3% (0.005) 
MH4 (DO)b 0.056 54% (0.084) 0.021 20% (0.029) 0.004 3% (0.005) 

Carbodiimide pC 0.055 6% (0.096) 0.0364% (0.051) 0.036 4% (0.056) 0.026 3% (0.039) 0.000 0% (0.000) 
MC(LAO) 0.032 52% (0.055) 0.016 26% (0.053) 0.010 15% (0.016) 0.007 11 % (0.017) 0.003 5% (0.008) 
MC (DO)b 0.067 108% (0.134) 0.027 43% (0.053) 0.002 3% (0.007) 
pN 0.06014% (0.100) 0.022 5% (0.041) 0.0194% (0.049) 0.011 3% (0.035) 0.000 0% (0.000) 
MN (LAO) 0.03621% (0.078) 0.013 8% (0.044) 0.013 8% (0.034) 0.008 5% (0.022) 0.007 4% (0.020) 
MN (DO)b 0.08148% (0.154) 0.022 13% (0.049) 0.007 4% (0.021) 
pH 0.041 26% (0.061) 0.010 6% (0.024) 0.009 6% (0.021) 0.0064% (0.015) 0.000 0% (0.000) 
MH (LAO) 0.014 10% (0.037) 0.005 4% (0.016) 0.006 4% (0.014) 0.004 3% (0.011) 0.004 3% (0.006) 
MH (DO)b 0.026 20% (0.058) 0.D15 12% (0.025) 0.004 3% (0.006) 

Allene pCI 0.020 5% (0.033) 0.0123% (0.019) 0.002 0% (0.002) 0.002 1 % (0.002) 0.000 0% (0.000) 
MCI (LAO) 0.01723% (0.017) 0.001 1% (0.001) 0.007 9% (0.007) 0.007 10% (0.007) 0.000 0% (0.000) 
pC2 0.041 12% (0.069) 0.D15 5% (0.022) 0.005 1% (0.011) 0.003 1% (0.005) 0.000 0% (0.000) 
MC2 (LAO) 0.059 15% (0.110) 0.0144% (0.015) 0.020 5% (0.024) 0.012 3% (0.016) 0.000 0% (0.000) 
pH 0.029 56% (0.043) 0.011 21% (0.019) 0.004 7% (0.007) 0.00 1 3% (0.003) 0.000 0% (0.000) 
MH (LAO) 0.027 21 % (0.039) 0.008 7% (0.009) 0.006 4% (0.011) 0.003 2% (0.005) 0.000 0% (0.000) 

Oxirane po 0.055 9% (0.072) 0.023 4% (0.054) 0.0173% (0.023) 0.013 2% (0.029) 0.000 0% (0.000) 
M O (LAO) 0.048 11 % (0.058) 0.020 4% (0.030) 0.008 2% (0.013) 0.007 2% (0.009) 0.000 0% (0.000) 
pC 0.049 21 % (0.067) 0.023 10% (0.038) 0.012 5% (0.018) 0.0063% (0.019) 0.000 0% (0.000) 
MC (LAO) 0.041 29% (0.104) 0.008 6% (0.016) 0.003 2% (0.007) 0.003 2% (0.006) 0.000 0% (0.000) 
pH 0.013 29% (0.026) 0.009 19% (0.017) 0.004 8% (0.007) 0.002 4% (0.004) 0.000 0% (0.000) 
MH (LAO) 0.D15 38% (0.037) 0.0049% (0.011) 0.002 6% (0.005) 0.002 5% (0.003) 0.000 0% (0.000) 

'Mean deviations, relative mean deviations, and maximum deviations are defined as in Table VI, with the M~(3(17J2P) values taken as the average of the LAO 
and DO values. 

t>nte DO values are based on results from Ref. 3. 

therefore reasonable to use the VD/3P results as benchmark 
for comparing the convergence of the APTs and AATs. To 
avoid any bias, we take the average value of the LAO and 
DO VD/3P results as reference for the axial tensors. 
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RG. 2. Relative mean deviations of atomic tensors as a function of basis 
set. The values are an average for cyclopropane, carbodiimide, allene, and 
oxirane. 

Table VI contains the mean and maximum errors of the 
atomic tensors for HF, H20, NH3 , and CH4 with respect to 
the VD/3P basis. The mean errors averaged over all mol
ecules are plotted in Fig. 1. Both the mean and maximum 
errors of the London AATs are significantly smaller than the 
corresponding DO numbers. In fact, the convergence of the 
London AATs is in most cases faster than that of the polar 
tensors. Closer inspection of Table VI reveals that for all 
hydrogen atoms the London AAT errors are smaller than the 
APT errors. This is also true for the nitrogen atom in NH3 , 

but for fluorine in HF and oxygen in H20 the London AAT 
errors are larger than the APT errors. 

TABLE VIII. Frequencies, dipole strengths, and rotational strengths for the 
ammonia isotopomer NHDT as calculated from the VD/3P basis set. Fre
quencies in cm -I, dipole strengths in 10-40 esu2 cm2, and rotational 
strengths in 10-44 esu2 cm2• 

Frequency Dip. str. Rot. str. 

3615 3.51 0.12 
2640 4.27 -0.66 
2209 4.51 0.76 
1598 59.70 -5.81 
1296 47.09 12.08 
981 421.11 -6.43 
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TABLE IX. Frequencies, dipole strengths, and rotational strengths for 
trans-cyc\opropane-I,2-d2 as calculated from the TZl2P basis set. Units are 
as in Table VIII. 

Frequency Dip. str. Rot. str. 

3276 20.54 -6.76 
3234 28.62 31.29 
3232 4.06 -20.44 
3184 27.48 -4.32 
2382 4.30 8.61 
2370 21.70 -8.19 
1619 0.76 -0.64 
1487 1.09 5.68 
1442 2.68 -6.97 
1271 2.27 16.13 
1271 0.09 -2.72 
1236 9.03 -5.20 
1202 13.36 7.69 
1152 3.88 -10.95 
1088 1.80 -3.81 
993 9.13 -4.94 
905 82.02 2.54 
842 96.86 7.81 
818 32.99 -5.71 
727 8.38 1.80 
713 1.25 -0.89 

At the DZ level the relative-mean (maximum) errors are 
17% (40%) for LAO AATs, 114% (256%) for DO AATs, and 
32% (65%) for APTs. This basis is clearly inadequate for 
dipole and rotational strengths. Inclusion of polarization 
functions improves the numbers considerably, and at the 
TZl2P level the errors are 2% (7%) for LAO AATs, 17% 
(36%) for DO AATs, and 8% (33%) for APTs. 

B. Axial and polar tensors for cyclopropane, 
carbodiimide, allene, and oxirane 

The largest basis set for cyclopropane, carbodiimide, al
lene, and oxirane is TZl2P and this is used for calculating 
mean and maximum deviations, see Table VII. From our 
experience with the smaller molecules we expect the TZl2P 
LAO AATs and APTs to be less than 10% away from the 
Hartree-Fock limit. For cyclopropane and carbodiimide we 
have also calculated the deviations of the DO AATs of Jal
kanen et al. 3 For these two molecules the reference is taken 

TABLE X. Frequencies, dipole strengths; and rotational strengths for car-
bodiimide as calculated from the TZl2P basis set. Units are as in Table VIII. 

Frequency Dip. str. Rot. str. 

3803 37.10 62.24 
3796 377.15 -59.04 
2302 1946.00 2.83 
1374 0.33 -1.72 
849 118.99 158.60 
837 2812.80 -215.31 
742 845.63 -291.J4 
615 0.21 4.82 
596 1384.42 8.87 

TABLE XI. Frequencies, dipole strengths, and rotational strengths for 
allene-I,3-d2 as calculated from the TZl2P basis set. Units are as in Table 
VIII. 

Frequency Dip. str. Rot. str. 

3204 1.46 5.20 
3203 2.25 -5.19 
2373 12.34 -1.38 
2357 1.60 1.47 
2039 206.52 -0.19 
1485 0.06 -1.07 
1415 1.70 3.09 
1129 1.78 -7.81 
1025 147.31 -70.35 
982 1.04 -4.23 
939 213.94 129.40 
936 14.43 -21.01 
759 46.00 -27.43 
438 67.82 -30.01 
433 70.41 29.53 

as the average of the LAO and DO AATs, even though the 
results for the smaller molecules suggest that the LAO AATs 
are more accurate than the DO AATs. 

Table VII shows that for cyclopropane and carbodiimide 
the DO AAT basis set errors are all larger than the APT 
errors. For the hydrogen atoms in cyclopropane, carbodiim
ide, allene, and oxirane the deviations are smaller for LAO 
AATs than for APTs. For the heavier atoms the situation is 
less clear and it is reasonable to say that the LAO AAT and 
APT errors are similar. These findings agree with the results 
for the four smaller molecules. 

In Fig. 2 we have plotted the relative deviations aver
aged over the tensor components of cyclopropane, carbodi
imide, allene, and oxirane. For DZ the mean (maximum) 
deviations from TZl2P are 25% (52%) for LAO AATs, 78% 
(162%) for DO AATs, and 21% (56%) for APTs. For TZlIP 
the numbers are 5% (11%) for LAO AATs and 3% (4%) for 
APTs. 

TABLE XII. Frequencies, dipole strengths, and rotational strengths for 
trans-oxirane-2,3-d2 as calculated from the TZJ2P basis set. Units are as in 
Table VIII. 

Frequency 

3203 
3200 
2360 
2345 
1542 
1483 
1332 
1269 
1269 
1058 
1033 
965 
872 
833 
754 

Dip. str. 

51.J3 
6.72 
8.25 

46.22 
8.76 
1.42 

25.73 
5.35 
6.72 

86.80 
21.56 

125.33 
50.23 

216.71 
0.98 

Rot. str. 

25.77 
-22.44 

12.00 
-12.05 
-9.53 
-1.96 

6.29 
II.J 1 
6.87 

-35.30 
0.79 
2.21 
1.62 

14.22 
0.48 
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C. Dipole and rotational strengths 

Of the eight molecules treated in this paper only one
carbodiimide-is optically active at the reference geometry. 
Isotope substitution makes ammonia, cyclopropane, allene, 
and oxirane optically active. In Tables VIII-XII we report 
the harmonic frequencies and the double harmonic vibra
tional dipole and rotational strengths for NHDT, 
trans-cyclopropane-l ,2-d 2, carbodiimide, allene-l ,3-d 2, and 
trans-oxirane-2,3-d2 as obtained with our best basis sets. 

The frequencies and rotational strengths for the ammo
nia isotopomer NHDT in Table VIII agree well with our best 
London SCF results.7 lalkanen et al. have calculated the di
pole and rotational strengths of NHDT using the common 
origin (CO) and the DO methods.24,25 Since these authors 
employ an empirical force field, full agreement with our ab 
initio results is not to be expected even in the Hartree-Fock 
limit. Our results and the VD/3P results of lalkanen et al. 
agree qualitatively. 

The dipole and rotational strengths of 
trans-cyclopropane-l ,2-d 2 and carbodiimide in Tables IX 
and X may be compared to CO and DO calculations by lal
kanen et al. 3 lalkanen et at. use an empirical force field for 
trans-cyclopropane-I,2-d2 and a 3-21G SCF force field for 
carbodiimide. Our results and the TZ12P results of lalkanen 
et al. agree roughly although the agreement is worse than for 
NHDT, in particular for trans-cyclopropane-l ,2-d2 • Also, the 
sign of rotational strengths is reversed in our calculations as 
compared to the calculations of lalkanen et al. 3 

The results for allene-I,3-d2 in Table XI may be com
pared to the DO calculations by Annamalai et al. 26 Using an 
empirical force field, Annamalai et al. carried out calcula
tions with three different basis sets, including TZ12P. As ex
pected, only a rough agreement with our results is observed. 
Again the sign of the rotational strengths is reversed in the 
two sets of calculations. 

The trans-oxirane-2,3-d2 results in Table XII may be 
compared with the DO calculations by Stephens, lalkanen, 
and Kawiecki.27 Stephens et al. employ a 6-3IG(ext) basis 
and a scaled SCF 6-3IG(ext) force field. Qualitative agree
ment is observed between the two calculations and the signs 
of the rotational strengths agree. 

v. CONCLUDING REMARKS 

The problems associated with the calculation of AATs 
are twofold: the calculated AATs should yield gauge invari
ant rotational strengths and be as accurate as the correspond
ing APTs. It has previously been shown that the London 
method solves the gauge invariance problem.7 From the cal
culations presented here we conclude that the London 
method also solves the second problem, yielding axial ten
sors that are at least as accurate as the polar tensors. There
fore, the differential intensities of VCD may be calculated as 
accurately as the total absorption intensities of infrared spec
troscopy. 

The faster convergence of the London AATs as com
pared to conventional AO calculations is consistent with our 
experience with magnetizabilities and nuclear shieldings. It 
arises since the London orbitals respond correctly to the ap
plied field regardless of the choice of gauge origin.1· l0 Apart 
from solving the gauge origin problem, the London phase 
factors significantly improve the basis convergence in mag
netic calculations and their use is to be strongly advocated 
for molecular magnetic properties. 
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