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A systematic investigation has been carried out of the accuracy of molecular equilibrium structures
of 19 small closed-shell molecules containing first-row atoms as predicted by the following standard
electronicab initiomodels: Hartree–Fock~HF! theory, Mo” ller–Plesset theory to second, third, and
fourth orders~MP2, MP3, and MP4!, coupled-cluster singles and doubles~CCSD! theory; CCSD
theory with perturbational triples corrections@CCSD~T!#, and the configuration-interaction singles
and doubles ~CISD! model. For all models, calculations were carried out using the
correlation-consistent polarized valence double-zeta~cc-pVDZ! basis, the correlation-consistent
polarized valence triple-zeta~cc-pVTZ! basis, and the correlation-consistent polarized valence
quadruple-zeta~cc-pVQZ! basis. Improvements in the basis sets shorten the bond distances at all
levels. Going from cc-pVDZ to cc-pVTZ, bond distances are on the average reduced by 0.8 pm at
the Hartree–Fock level and by 1.6 pm at the correlated levels. From cc-pVTZ to cc-pVQZ, the
contractions are about ten times smaller and the cc-pVTZ basis set appears to yield bond distances
close to the basis-set limit for all models. The models HF, MP2, and CCSD~T! give improved
accuracy at increased computational cost. The accuracy of the Mo” ller–Plesset series oscillates, with
MP3 being considerably less accurate than MP2 and MP4. The MP2 geometries are remarkably
accurate, being only very slightly improved upon at the MP4 level for the cc-pVQZ basis. The
CCSD equilibrium structures are only moderately accurate, being intermediate between MP2 and
MP3. The accuracy of the CCSD~T! model, in contrast, is high and comparable to that observed in
most experimental studies and it has been used to challenge the experimentally determined
equilibrium structure of HNO. The CISD wave function provides structures of low quality.
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I. INTRODUCTION

In ab initio electronic-structure theory, the Schro¨dinger
equation is solved by introducing approximations in the o
and N-electron spaces: In the one-electron space, the
proximations are introduced by the truncation of the atom
orbital basis set; in theN-electron space, the approximation
are introduced by the adoption of some particular model
the representation of theN-electron wave function in Fock
space. These approximations in the one- andN-electron
spaces should be introduced in a systematic fashion—
establishing hierarchies of models for the wa
functions—so that the errors can be controlled and so
the solutions may be improved upon until in principle t
exact solution is recovered. Systematic comparisons of
results obtained at the different levels of the hierarchies
then be used to make judgements about the usefulness,
ity, and reliability of a particular molecular calculation an
also to extrapolate the results towards the exact solution
thus estimate probable errors.1,2

In this paper, we present a systematic investigation
6430 J. Chem. Phys. 106 (15), 15 April 1997 0021-9606/97/
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the accuracy obtainable inab initio electronic-structure pre
dictions of molecular equilibrium geometries, applying a h
erarchy of basis sets and a hierarchy of wave functions.
statistical significance, we have considered 19 small clos
shell molecules containing first-row atoms and a variety
chemical bonds; bonds between hydrogen and a first-
atom as well as single, double, and triple bonds involv
two first-row atoms. All molecules considered in this stu
are dominated by a single closed-shell electronic configu
tion. However, the dominance of the Hartree–Fock confi
ration in the wave function differs considerably among t
molecules in this study, which includes the ozone molec
with a significant contribution from a second electronic co
figuration.

Over the last decade, a considerable effort has been
rected towards developing hierarchical basis sets—tha
sequences of basis sets that allow the user to approach
basis-set limit by going to higher levels in the hierarchy. T
atomic natural-orbital~ANO! sets of Almlöf and Taylor3

provide the first example of such basis sets and the ANOs
Widmark et al.4 are another example. However, the mo
106(15)/6430/11/$10.00 © 1997 American Institute of Physics
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6431Helgaker et al.: Molecular equilibrium structures
successful of these new hierarchical basis sets are per
the correlation-consistent sets developed by Dunning
co-workers.5–9 Thus, for all wave functions considered
this study, we carry out calculations using the followin
three correlation-consistent sets: the correlation-consis
polarized valence double-zeta~cc-pVDZ! basis, the
correlation-consistent polarized valence triple-zeta~cc-
pVTZ! basis, and the correlation-consistent polarized
lence quadruple-zeta~cc-pVQZ! basis. For a few selecte
molecules and wave functions, additional calculations h
been carried out for even larger correlation-consistent b
sets.

Perhaps the simplestN-electron hierarchy of wave
function models is that provided by Mo” ller–Plesset perturba
tion theory ~MPPT!, containing the models Hartree–Foc
~HF!, second-order Mo” ller–Plesset ~MP2!, third-order
Mo” ller–Plesset ~MP3!, and fourth-order Mo” ller–Plesset
~MP4!, all of which have been included in this study. A
alternative hierarchy is that based on the coupled-clu
~CC! representation of the electronic structure. This parti
lar hierarchy contains the models HF, MP2, CCSD, a
CCSD~T!, where CCSD is the coupled-cluster singles a
doubles model10 and CCSD~T! corresponds to CCSD with
perturbative triples corrections added.11 In addition to these
models, we have included in our study the configuratio
interaction singles and doubles~CISD! model. Although this
model is considerably less important and less useful t
those belonging to the MPPT and CC hierarchies, its hist
cal importance makes its inclusion in this study worthwhi

Many investigations have appeared where the accu
of molecular equilibrium geometries has been examined
the standard wave function models.12–18 Our investigation
differs from the previous studies in being more systema
with regard to the approximations made in the one- a
N-electron spaces, thereby making it easier to identify a
separate the errors introduced at the different levels
theory. Previous studies have been less systematic in
respect and have in our opinion not always correctly se
rated the errors introduced in the one- andN-electron spaces
leading in some cases to incorrect conclusions concer
the quality of theN-electron models. The number of mo
ecules considered in this investigation is also larger than
previous studies and in a few cases new experimental re
have been found, more recent and accurate than those us
previous investigations, increasing the statistical significa
of the present study. It should be noted, however, that
present investigation concerns onlyclosed-shell molecule
containingfirst-row atoms. The results presented in this p
per therefore do not necessarily carry over to open-shell m
ecules or to molecules containing heavier elements suc
transition-metal compounds.

II. COMPUTATIONAL DETAILS

Calculations of the molecular equilibrium geometri
have been carried out for the 19 molecules in Table I us
the HF, MP2, MP3, MP4, CCSD, CCSD~T!, and CISD wave
functions. For all models, the calculations have been car
J. Chem. Phys., Vol. 106
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out using the correlation-consistent cc-pVDZ, cc-pVTZ, a
cc-pVQZ basis sets—the primary basis sets considere
this investigation. To explore basis-set saturation further,
ditional calculations have been carried out in the larger
pV5Z basis for the three molecules N2, H2O, and N2H2. The
correlation-consistent sets provide a hierarchy of molecu
basis sets, where the occupied Hartree–Fock atomic orb
are systematically supplemented with correlating functio
designed for an accurate and balanced description of co
lation effects in the atomic valence region.

In addition to exploring the convergence of the stand
correlation-consistent hierarchy of basis sets cc-pVXZ,
have for the three molecules N2, H2O, and N2H2 also con-
sidered the performance of two related correlation-consis
basis-set hierarchies: the augmented correlation-consis
sets aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ, and aug-
pV5Z; and the correlation-consistent core-valence sets
pCVDZ, cc-pCVTZ, and cc-pCVQZ. In the augmented ba
sets, the standard correlation-consistent basis sets have
augmented with diffuse functions so as to improve the r
resentation of the outer regions of the electronic system.8 In
the core-valence sets, the standard correlation-consisten
sis sets have been augmented with correlating function
large exponents, as appropriate for a description of corr
tion effects in the inner-valence and core regions.9

The CISD calculations and the largest HF and MP2 c
culations have been carried out using the Gauss
program.19 For the remaining calculations in this study, w
have used theACESII program.20 The calculated electronic
energies and equilibrium structures for the 19 sample m
ecules in Table I may be obtained upon request from
authors. We note that, in all calculations, all electrons w
correlated~i.e., the 1s orbitals were not kept frozen!. The
experimental bond distances for the 28 distinct bonds in
19 sample molecules are listed in Table II.

III. RESULTS

A. Measures of errors

In order to quantify the errors in the calculations, w
have considered several statistical measures. Let the ca
lated bond distances for a given method and for a given b
set be denoted byRi

calc and let the corresponding experime
tal numbers beRi

exp. The error is then given by

D i5Ri
calc2Ri

exp. ~1!

TABLE I. The 19 molecules, on which the statistical analysis is based.

HF, H2O, NH3, CH4, N2, CH2, CO, HCN, CO2, HNC, C2H2, CH2O, HNO,
N2H2, O3, C2H4, F2, HOF, H2O2
, No. 15, 15 April 1997
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6432 Helgaker et al.: Molecular equilibrium structures
We have, for each basis set and each method, calculate
mean errorD̄, the standard deviation in the errorsDstd, the
mean absolute errorD̄abs, and the maximum errorDmax for
then528 bond distances,

D̄5
1

n (
i51

n

D i , ~2!

Dstd5A 1

n21 (
i51

n

~D i2D̄!2, ~3!

D̄abs5
1

n (
i51

n

uD i u, ~4!

Dmax5max
i

uD i u. ~5!

Each measure characterizes a specific aspect of the pe
mance of the methods and the basis sets. Thus, the two
measuresD̄ andDstd characterize the distribution of error
about a mean valueD̄ for a given method and basis set, th
quantifying both systematic and nonsystematic errors.

TABLE II. Bond length of the molecules in Table I ordered according
increasing experimental values.

Molecule Bond Experiment~pm!

1 HF RFH 91.7a

2 H2O RHO 95.7b

3 HOF RHO 96.57c

4 H2O2 RHO 96.7d

5 HNC RHN 99.4e

6 NH3 RHN 101.2f

7 N2H2 RHN 102.8g

8 C2H2 RCH 106.2h

9 HNO RHN 106.3i

10 HCN RCH 106.5j

11 C2H4 RCH 108.1k

12 CH4 RCH 108.6l

13 N2 RNN 109.77a

14 CH2O RCH 109.9m

15 CH2 RCH 110.7n

16 CO RCO 112.8a

17 HCN RCN 115.3j

18 CO2 RCO 116.0o

19 HNC RCN 116.9e

20 C2H2 RCC 120.3h

21 CH2O RCO 120.3m

22 HNO RNO 121.2i

23 N2H2 RNN 125.2g

24 O3 ROO 127.2p

25 C2H4 RCC 133.4k

26 F2 RFF 141.2a

27 HOF RFO 143.5c

28 H2O2 ROO 145.56d

aReference 32. iReference 26.
bReference 33. jReference 38.
cReference 28. kReference 39.
dReference 31. lReference 40.
eReference 34. mReference 41.
fReference 35. nReference 42.
gReference 36. oReference 43.
hReference 37. pReference 44.
J. Chem. Phys., Vol. 106
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mean absolute errorD̄abs represents the typical magnitude
the errors in the calculations andDmax gives the largest error

B. Mean errors

We begin by considering the mean errors, which a
listed in Table III and plotted in Fig. 1. From Fig. 1, w
conclude that improvements in the one-electron basis sho
the bond lengths whereas improvements in theN-electron
description usually~but not invariably! increase the bond
lengths. Thus, going from the cc-pVDZ basis to the cc-pV
basis, the bond lengths are on the average reduced by 0.
at the Hartree–Fock level and by 1.6 pm at the correla
levels. Going from the cc-pVTZ basis to the cc-pVQZ bas
this contraction is much less pronounced—of the order of
pm. Clearly, for most methods and most applications,
cc-pVTZ basis should provide results sufficiently close to
basis-set limit.

For all basis sets, the bond distances increase in the
quence HF, CISD, MP3, CCSD, MP2, CCSD~T!, and MP4.
Moreover, the Hartree–Fock bond lengths are too short
the MP4 bond lengths are too long relative to experime
Thus, improvements in the description of correlation effe
tend to increase the bond lengths. We note, however,

TABLE III. The mean deviationsD̄ relative to experiment in the calculate
bond distances~pm!.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 22.01 22.80 22.91
MP2 1.29 20.15 20.26
MP3 0.40 21.16 21.30
MP4 1.77 0.30 0.24
CCSD 0.96 20.72 20.89
CCSD~T! 1.59 20.05 20.19
CISD 0.11 21.57 21.80

FIG. 1. Mean errorsD̄ relative to experiment in the calculated bond di
tances~pm!.
, No. 15, 15 April 1997
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6433Helgaker et al.: Molecular equilibrium structures
oscillatory behavior of the Mo” ller–Plesset sequence—th
MP2 bond lengths are intermediate between those obta
at the MP3 and MP4 levels.

Since improvements in the one-electron andN-electron
descriptions affect the bond lengths in opposite directio
there is considerable scope for cancellation of errors in
calculation of bond distances. For example, at the cc-pV
level, the CISD bond lengths arein the meanextremely ac-
curate with a mean deviation of only 0.1 pm, compared w
the CCSD~T! error of 1.6 pm, almost as large in magnitu
as the Hartree–Fock error of22.0 pm for this basis set
However, as the description of the one-electron space is
proved, the CISD bond distances shorten. At the cc-pV
level, the CISD bond distances are much less accurate
the other correlated wave functions, with an average erro
21.8 pm compared with the CCSD~T! error of20.2 pm and
the Hartree–Fock error of22.9 pm. A similar behavior is
observed for the MP3 bond distances, which are accurate~in
the mean! at the cc-pVDZ level~error 0.4 pm! but inaccurate
at the more complete cc-pVQZ level~error21.3 pm!.

Clearly, the CISD and MP3 models are not of suf
ciently high quality to yield accurate bond lengths for lar
basis sets. The CISD and MP3 models should therefore
be used for the calculation of molecular structures. Th
good performance at the cc-pVDZ level is fortuitous a
does not allow for an improvement of the one-electron
scription. It does explain, however, the success of the C
wave function in the 1970s for the calculation of molecu
structures for basis sets of polarized double-zeta quality.

At the cc-pVTZ level, two approximations stand o
from the others: MP2 with a mean error of20.15 pm and
CCSD~T! with a mean error of20.05 pm. At this level, the
MP4 distances~with a mean error of10.30 pm! are also
quite accurate, but less so than the simpler MP2 approxi
tion. Again, there appears to be a certain element of can
lation of error in these numbers. Thus, at the more elabo
cc-pVQZ level, the MP2 and CCSD~T! bond distances are
with mean errors of20.26 and20.19 pm, respectively, on
the average less accurate than at the cc-pVTZ level. Also
the cc-pVQZ level, the MP4 distances are finally sligh
more accurate than the MP2 distances~errors 10.24 and
20.26 pm, respectively!. We shall return to a discussion o
the possible sources of errors in these numbers later.

C. Standard deviations

Having discussed the mean errors in the calculated b
distances, it is appropriate also to consider the standard
viations in the errors and thus more fully characterize
distribution of errors in the calculations. The standard dev
tions are listed in Table IV and plotted in Fig. 2. Only fo
three models does the standard deviation decrease with
provements in the basis set: for MP2, for MP4, and in p
ticular for CCSD~T!. For MP3 and CCSD, the standard d
viation decreases from cc-pVDZ to cc-pVTZ but increases
we go to cc-pVQZ. For the CISD wave function, the sta
dard deviation increases monotonically and for Hartre
Fock it is always large.
J. Chem. Phys., Vol. 106
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D. Normal distributions

In Fig. 3, we have, for each basis set and eachN-particle
approximation, plotted the normal distributions

r~R!5Nc expF2
1

2 SR2D̄

Dstd
D 2G ~6!

based on the mean values and standard deviations in Ta
III and IV. In this expression,Nc is a normalization constant
Although we make no claim that the errors in the calcula
bond distances are indeed distributed according to the
mal distributions, these plots neatly summarize the per
mance of the various levels of theory.

We note that the Hartree–Fock wave function is char
terized by broad distributions centered off the origin, a
that its performance does not improve upon improvemen
the basis set. In contrast, the Mo” ller–Plesset bond distance
are characterized by distributions that are sharper and loc
closer to the origin. The relatively poor performance of t
MP3 bond distances compared with MP2 and MP4 is evid
from these plots. We also note that the progression of
MP4 distribution as the basis set is improved is somew
more satisfactory than that of MP2 theory—both with r
spect to the position of the peak and its width—but on
slightly so. Indeed, considering the significantly higher c
of the MP4 calculations, the improvement of MP4 over MP
is rather disappointing.

The performance of the CCSD model is also somew
disappointing; its performance is intermediate between

FIG. 2. Standard deviationsDstd in the errors relative to experiment in th
calculated bond distances~pm!.

TABLE IV. Standard deviationsDstd in the calculated bond distances rela
tive to experiment~pm!.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 2.22 2.21 2.25
MP2 0.77 0.73 0.67
MP3 1.02 0.93 1.04
MP4 0.84 0.65 0.54
CCSD 0.78 0.68 0.79
CCSD~T! 0.82 0.32 0.30
CISD 1.23 1.31 1.48
, No. 15, 15 April 1997
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FIG. 3. Normal distributionsr(R) for the errors in the calculated bond distances. The distributions have been calculated from the mean errors in Tab
the standard deviations in Table IV~pm!. For easy comparison, all distributions have been normalized to one and plotted on the same horizontal and
scales.
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of MP2 and MP3. Clearly, the CCSD wave function is n
particularly well suited for the calculation of bond distance
Only with the addition of triples corrections at the CCSD~T!
level does the coupled-cluster model yield satisfactory
sults. Indeed, at the cc-pVTZ and cc-pVQZ levels, t
CCSD~T! model performs excellently, with sharply peake
distributions close to the origin. From these investigations
appears that the inclusion of doubles amplitudes to sec
order at the MP2 level yields satisfactory results, but that
inclusion of doubles to higher orders~as in MP3, CISD, and
CCSD! without the simultaneous incorporation of triples@as
in MP4 and CCSD~T!# yields bond distances in worse agre
ment with the exact solution. We finally note that CISD pe
forms less satisfactorily than any other correlated meth
with the possible exception of MP3.

E. Mean absolute deviations

We now consider the mean absolute deviationsD̄abs
listed in Table V and plotted in Fig. 4. In Table VI, the mea
J. Chem. Phys., Vol. 106
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absolute deviationsD̄abs are scaled such that the CCSD~T!
error in the cc-pVQZ basis is equal to one. With the obvio
exceptions of MP3 and CISD at the cc-pVDZ level, Fig. 4
very similar to what we would obtain by plotting the abs
lute values of the mean valuesD̄ ~compare with Fig. 1!,
confirming the systematic nature of the errors usually
tained in ab initio calculations. From Fig. 4, the differen

TABLE V. The mean absolute deviationsD̄absrelative to experiment for the
calculated bond distances~pm!.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 2.11 2.80 2.91
MP2 1.29 0.58 0.54
MP3 0.88 1.16 1.30
MP4 1.77 0.51 0.41
CCSD 1.09 0.72 0.89
CCSD~T! 1.59 0.23 0.22
CISD 0.93 1.57 1.80
, No. 15, 15 April 1997
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6435Helgaker et al.: Molecular equilibrium structures
behavior of the wave functions at the cc-pVDZ level on o
side and the cc-pVTZ and cc-pVQZ levels on the other s
is quite evident. Among the correlated methods, the CI
and MP3 approximations perform best at the cc-pVDZ le
and worst at the cc-pVTZ and cc-pVQZ levels.

At this point, it is appropriate to comment on the relati
performance of the Mo” ller–Plesset approximations. Compa
ing with Hartree–Fock theory, we note that, for the cc-pVD
basis, the absolute mean errors relative to the uncorrel
description are 61%, 42%, and 84% at the MP2, MP3,
MP4 levels, respectively. Thus, for this basis set, the
provements on the uncorrelated description are small and
note that MP3 performs better than MP2 and MP4. At
cc-pVTZ level, the situation is reversed and the errors re
tive to the Hartree–Fock description are 21%, 41%, a
18%, respectively. Finally, for the cc-pVQZ basis, the err
at the MP2, MP3, and MP4 levels are 19%, 45%, and 14

These examples demonstrate quite clearly the oscilla
behavior of the Mo” ller–Plesset sequence and the inher
inadequacy of the cc-pVDZ basis set in recovering molecu
electronic correlation effects, indicating that any comparis
of the performance of correlated methodsrelative to experi-
mentbased on experience with the cc-pVDZ basis set sho
be treated with caution as it may give a completely fa
indication of the performance of the various models. T
small cc-pVDZ basis does not have the flexibility needed
a satisfactory description of the true correlation effects. T
cc-pVTZ basis, on the other hand, yields satisfactory res
for the bond distances and should be sufficient for most p
poses.

F. Maximum errors

Finally, in Table VII and Fig. 5, we have listed an
plotted the maximum errors for the various basis sets
N-electron approximations. These numbers are importan
providing worst-case errors for the different wave functio
and basis sets. Thus, we see that, for the cc-pVQZ basis
Hartree–Fock wave function may give errors as large as
pm, and that the maximum CISD and MP3 errors are as la
as 5.7 and 4.2 pm, respectively. The CCSD wave func

FIG. 4. Mean absolute errorsD̄abs relative to experiment in the calculate
bond distances~pm!.
J. Chem. Phys., Vol. 106
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may give errors as large as 3.1 pm at the cc-pVQZ lev
Again, the best methods are MP2, MP4, and CCSD~T!,
whose maximum errors are 1.7, 1.5, and 1.2 pm, resp
tively.

Some comments are in order for the maximum erro
First, these numbers are based on a rather small samp
molecules, containing elements from the first and sec
rows only. Clearly, larger errors may be obtained in calcu
tions on other systems and in particular in calculations
molecules involving heavier atoms. For example, for the v
tical cyclopentadienyl–iron distance in ferrocene, t
Hartree–Fock wave function overestimates the distance
21 pm,21 MP2 underestimates the same distance by 19 pm21

whereas CCSD and CCSD~T! give distances within 1–2 pm
of the experimental bond length.22 This particular example
illustrates that, although less accurate for molecules invo
ing first- and second-row atoms, the CCSD wave funct
appears to be more robust than MP2 theory for molecu
containing heavier atoms. It should also be noted that
maximum errors in Table VII may be associated with erro
in the experimental measurements rather than errors in
calculations, in particular for the most accurate methods.
shall return to this point shortly.

G. Detailed plots

In Figs. 6–9, we have plotted the differences betwe
the calculated and experimental bond lengths for the dif
ent wave functions: HF in Fig. 6; MP2, MP3, and MP4
Fig. 7; CCSD and CCSD~T! in Fig. 8; and CISD in Fig. 9. In
these plots, the 28 distinct bonds found in the 19 sam
molecules have been arranged in order of increasing exp

TABLE VI. The mean absolute deviationsD̄abs in the calculated bond dis-
tances relative to experiment in units of the deviation at the cc-pV
CCSD~T! level.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 9.40 12.49 12.98
MP2 5.76 2.60 2.40
MP3 3.94 5.17 5.80
MP4 7.90 2.28 1.84
CCSD 4.84 3.22 3.97
CCSD~T! 7.10 1.04 1.00
CISD 4.14 6.99 8.04

TABLE VII. The maximum absolute deviationsDmax in the calculated bond
distances relative to experiment~pm!.

cc-pVDZ cc-pVTZ cc-pVQZ

HF 7.52 8.29 8.45
MP2 3.16 1.62 1.67
MP3 2.75 3.87 4.24
MP4 3.84 1.77 1.48
CCSD 1.98 2.62 3.07
CCSD~T! 4.55 1.07 1.20
CISD 3.89 5.19 5.72
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6436 Helgaker et al.: Molecular equilibrium structures
mental bond length as given in Table II. Each figure conta
three plots—one for each of cc-pVDZ, cc-pVTZ, and c
pVQZ basis sets.

From Fig. 6, we note that the Hartree–Fock wa
function—almost without exception—gives bond lengt
that are too short compared with experiment. In contrast,
MP4 bond lengths in Fig. 7 are with very few exceptions t
long. The other models may give bond lengths that are ei
too short or too long, with a predominance of too long bon
at the cc-pVDZ level and too short bonds at the cc-pVTZ a
cc-pVQZ levels. In particular, at the cc-pVTZ and cc-pVQ
levels, the MP3, CCSD, and CISD models invariably gi
too short bond distances, whereas the cc-pVDZ CCSD~T!
model gives bond distances that are too long.

For the Hartree–Fock function, the largest deviatio
from experiment are found in O3 ~where two electronic con
figurations are important!, and for the electron-rich nonhy
drogen bonds in F2, HOF, H2O2, and N2H2. The MP2 model
describes these bonds surprisingly well, whereas the M
model still has problems for these bonds. Similar proble
are experienced by the CISD model and to some exten
the CCSD model. CCSD~T! describes these bonds quite a
curately.

The CCSD~T! results with the cc-pVQZ basis in Fig.
have a mean absolute deviation of 0.22 pm, smaller than
estimated error in many experimental investigations. T
maximum deviation for CCSD~T! in the cc-pVQZ basis oc-
curs for the NH bond length in HNO, which is a factor of 5

FIG. 5. Maximum errorsD̄max relative to experiment in the calculated bon
distances~pm!.

FIG. 6. The errors in the calculated bond lengths at the Hartree–Fock
~pm!.
J. Chem. Phys., Vol. 106
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larger than the mean error for this basis set and wave fu
tion. In the other wave-function models, the correspond
factors between the maximum and mean deviations are
tween 2.9 and 3.6. The large maximum error in CCSD~T!
compared with the mean error is probably due to an inac
rately determined experimental bond length for NH in HN
This conjecture is substantiated by the fact that the remain
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FIG. 7. Errors relative to experiment in the calculated bond lengths for
Mo” ller–Plesset models~pm!.

FIG. 8. Errors relative to experiment in the calculated bond distances a
CCSD and CCSD~T! levels ~pm!.
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6437Helgaker et al.: Molecular equilibrium structures
bond distances between hydrogen and first-row atoms
reproduced with an accuracy of a few tenths of a picome
in CCSD~T!, whereas the NH distance in HNO has an er
of 1.2 pm.

H. Basis-set convergence

We now examine in greater detail the basis-set conv
gence for the calculation of equilibrium structures. In Tab
VIII, we give the average and absolute average differen
shifts in the bond lengths from cc-pVDZ to cc-pVTZ~DDT!
and from cc-pVTZ to cc-pVQZ~DTQ!. The absolute averag
differential shifts decrease by a factor of 6–8 for all wav
function models going fromDDT to DTQ. Extrapolation
suggests shifts from cc-pVQZ to cc-pV5Z of the order of 0
pm or less. This result is confirmed by calculations on
selected molecules N2, H2O, and N2H2.

Basis-set saturation with respect to the addition of d
fuse functions has been investigated by carrying out calc
tions for the molecules N2, H2O, and N2H2 at the HF and
MP2 levels using the aug-cc-pVXZ~X5D,T,Q,5! basis sets.
The results show that the equilibrium geometries in the a
mented and nonaugmented basis sets approach each ot
higher levels and differ by less than 0.1 pm at the quintup
zeta level.

Flexibility in the core region has been examined by c
rying out calculations for the selected molecules N2, H2O,
and N2H2 at the HF, MP2, CCSD, and CCSD~T! levels using
the core-valence basis sets cc-pCVXZ~X5D,T,Q!. The ef-
fect of including the core orbitals is very small at th
quadruple-zeta level—for example, the N2 equilibrium bond
length is reduced by 0.03 pm going from cc-pVQZ to c
pCVQZ at the CCSD~T! level. Thus, the basis-set limit ap
pears to be obtained within a few tenths of a picometer us
the cc-pVQZ basis. It should be understood, however,
these results apply only to molecules containing no hig
than first-row atoms and that the importance of core-vale
and core correlation is considerably larger in systems c
taining heavier atoms. Also, we recall that all calculatio
presented in this paper have been carried out with all e
trons correlated.

The differential changes in the bond lengthsDDT and
DTQ given in Table VIII indicate that it becomes increa
ingly more important to use larger basis sets with impro
ments in the correlation description. The average and a
lute average differential shifts differ in sign only at theDDT

FIG. 9. Errors relative to experiment in the calculated bond distances a
CISD level ~pm!.
J. Chem. Phys., Vol. 106
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level. All bond distances thus become shorter when incre
ing the basis from double-zeta to triple-zeta quality, since
bonding region is only crudely described at the cc-pVD
level. The increased flexibility at the cc-pVTZ level in
creases the electron density in the bonding region and sh
ens the bond length. The average and absolute average
ferential shifts differ at theDTQ level for the correlated wave
functions since the additional flexibility in the basis can no
be used to adjust the finer details in the bonds and there
lead to either an increase or a decrease in the bond leng

The differential shifts in the bond lengths are similar f
all bond lengths at the correlated levels, differing subst
tially from the shifts obtained at the HF level. This behavi
is clearly seen from Fig. 10, where the differential shifts a
given for the HF, MP2, and CCSD~T! models.

he

FIG. 10. Differential changes in the bond lengths for HF, MP2, a
CCSD~T! ~pm!.

TABLE VIII. The average and absolute average differential shifts in bo
length from cc-pVDZ to cc-pVTZ~DDT! and from cc-pVTZ to cc-pVQZ
~DTQ! for the standard wave-function models~pm!.

uDDTu uDTQu DDT DTQ

HF 0.79 0.11 20.79 20.11
MP2 1.44 0.16 21.44 20.12
MP3 1.56 0.20 21.56 20.14
MP4 1.47 0.16 21.47 20.06
CCSD 1.68 0.23 21.68 20.17
CCSD~T! 1.64 0.20 21.64 20.14
CISD 1.68 0.27 21.68 20.24
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6438 Helgaker et al.: Molecular equilibrium structures
I. Systematic trends in the convergence towards the
FCI limit

From the material presented in this paper, some gen
trends in the convergence of the calculated bond distan
towards the FCI treatment may be discerned. Although
true nature of the convergence of the bond lengths with
spect to the correlation treatment must remain somewhat
certain as long as we cannot treat correlation effects to h
orders, it is interesting to speculate on the convergence b
on the data presently available to us.

In general, bonds are contracted by improvements in
basis sets and stretched by improvements in the correla
treatment. These generalizations, however, gloss over s
interesting details in the dependency of the bond lengths
the correlation treatment. Thus, among the methods tha
troduce correlation through the inclusion of doubl
excitations—that is, MP2, MP3, CCSD, and CISD—the si
plest treatment~MP2! gives the longest bond distances. An
further improvement in the treatment of the doubles c
tracts the bonds back towards the HF limit, the magnitude
this contraction depending on the nature of the improvem
in the correlation description. For the cc-pVQZ basis,
largest ‘‘back contraction’’ relative to MP2 is observed at t
CISD level and amounts to as much as 58%, which sho
be compared with the contractions of 39% at the MP3 le
and 24% at the CCSD level.

In very general terms, we may rationalize these obse
tions as follows:~1! The inclusion of doubles at the MP
level stretches the bonds since a new type of interac
among the electrons~parametrized by means of doubles a
plitudes! has been introduced. The bonds are stretched by
repulsive nature of this interaction.~2! Any further refine-
ment in the treatment of the interaction~by relaxation of the
amplitudes! reduces its overall repulsive character, allowi
the bonds to recontract somewhat.

By this argument, we expect a simple treatment of trip
to stretch the bonds further, and any relaxation of the w
function in the presence of the triples to contract the bo
again. However, since the triples are less important than
doubles, we expect these effects to be much smaller than
the doubles.

The simplest treatment of the triples occurs at the M
and CCSD~T! levels, the two methods differing from eac
other by the fact that, at the CCSD~T! level, the doubles have
been fully relaxed~in the absence of the triples! whereas no
such relaxation is carried out at the MP4 level. In agreem
with this observation, we find that MP4 and CCSD~T! both
increase the bond lengths~compared with MP3 and CCSD!
but that the MP4 bonds are the longest since neither
doubles nor the triples have been fully relaxed.

We also expect that a full relaxation of the triples at t
CCSDT level23–25should contract the bonds somewhat re
tive to CCSD~T!. This conjecture has been confirmed by
preliminary calculation on the nitrogen molecule. Goi
from CCSD~T! to CCSDT, the bond contracts from 111.8
to 111.80 pm at the cc-pVDZ level. At the cc-pVTZ leve
the bond distances are 110.06 and 110.00 pm, respecti
J. Chem. Phys., Vol. 106
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and 109.81 and 109.75 pm at the cc-pVQZ level. The c
tractions are thus 0.04, 0.06, and 0.06 pm at the cc-pV
cc-pVTZ, and cc-pVQZ levels, respectively.

The experimental bond length in the nitrogen molec
is 109.77 pm. Correcting the calculated CCSDT cc-pVQ
bond distance of 109.75 pm for basis sets effects~which
contract the bond by 0.13 pm at the MP2 level going fro
cc-pVQZ to cc-pV5Z! and the full inclusion of core and
core-valence correlation effects@which, at the CCSD~T!
level, contracts the bond by 0.003 pm going from cc-pVQ
to cc-pCVQZ#, we obtain a CCSDT limit of 109.62 pm, in
error by20.15 pm relative to experiment. For the nitroge
molecule, we therefore obtain the following errors relative
FCI in the CC hierarchy:23.21 pm ~HF!, 20.81 pm
~CCSD!, 20.15 pm~CCSDT!. For the HF wave function, we
have here used the cc-pVQZ value whereas for CCSD
have used the cc-pVQZ value, corrected for the same ba
set incompleteness error of 0.13 pm as in the CCSD~T! cal-
culation. From these numbers, we conclude that there
reduction in the error in the bond distance by a factor of 4
with each order in the coupled-cluster amplitudes.

We thus find that the smallness of the CCSD~T! error
arises from a cancellation of errors—the contraction t
would occur upon relaxation of the triples and upon exte
sion of the basis beyond cc-pVQZ is approximately balan
by the stretching that would occur upon the introduction
quadruples and higher amplitudes. The same cancellatio
errors is observed in MP2 theory, where the contraction t
occurs upon relaxation of the doubles is balanced by
stretching that occurs upon the introduction of triples a
higher amplitudes. At the MP2 level, the cc-pVQZ basis-
error is small relative to the total error in MP2. It is unknow
whether this cancellation of errors is fortuitous or a syste
atic one@and would occur also for CCSDT~Q! and higher-
order wave functions#.

IV. SUMMARY

In ab initio electronic-structure calculations, solutions
the Schro¨dinger equation are obtained by introducing a
proximations in the one- andN-electron spaces. We hav
investigated the accuracy that may be expected in the ca
lated equilibrium structures when such approximations
introduced in a hierarchical, systematic fashion. The o
electron space is spanned in a systematic fashion using
sequence of correlation-consistent polarized basis sets in
duced by Dunninget al.5–9 In theN-electron space, we hav
considered the hierarchy of models defined by the pertu
tion series HF, MP2, MP3, and MP4 as well as the coupl
cluster-based hierarchy HF, MP2, CCSD, and CCSD~T!. In
both hierarchies, the computational cost scales asn4, n5, n6,
and n7, wheren is the number of orbitals. We have als
considered calculations using the CISD model. For statist
significance, we have carried out calculations of equilibriu
structures for 19 closed-shell molecules containing first-r
atoms and a variety of chemical bonds.

The correlation-consistent basis sets give bond distan
that converge smoothly to within a few tenths of a picome
, No. 15, 15 April 1997
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6439Helgaker et al.: Molecular equilibrium structures
at the cc-pVQZ level. For the perturbation models, we fi
that the MP2 model gives remarkably accurate bond leng
which are only marginally improved upon by the MP4 mod
at the cc-pVQZ level. MP3 has significantly larger deviatio
from experiment than does MP2.

In the coupled-cluster hierarchy, the CCSD wave fun
tion gives bond lengths that are less accurate than thos
the MP2 level, whereas the accuracy at the CCSD~T! level is
comparable to that of most experimental investigations. T
mean absolute deviation between cc-pVQZ CCSD~T! bond
lengths and experimental bond lengths is 0.22 pm, to
compared with the experimental uncertainties, which are
ten of the order of a few tenths of a picometer. The larg
deviation between CCSD~T! and experiment is observed fo
the NH bond length in HNO, where the experimental bo
length is 1.2 pm longer than the CCSD~T! value. Based on
the documented high accuracy of the CCSD~T! model for the
other bond distances in this investigation, we conclude
the experimentally determined NH bond length in HNO
incorrect.26

It may be of some interest to note that, in our compa
son of the CCSD~T! model with experiment, we have invar
ably found that experimental reinvestigations of previo
measurements have improved the agreement with
CCSD~T! model. The most striking examples concern t
bond distances in H2O2 and HOF, for which the initial com-
parisons with old experimental work showed poor agreem
between experiment and theory~as for the NH bond length
in HNO discussed above!. More recent experimental resul
were then searched for and found to give significantly be
agreement with theory. Thus, experimental work on HOF
1972 determined the OF distance at 144.2 pm.27 In 1988, two
new experimentally derived structures were published, ba
on reinvestigations of high-resolution spectra using theor
cally determined anharmonic force fields.28,29 These investi-
gations put the OF distance at 143.5 pm~Ref. 28! and 143.6
pm,29 in better agreement with the cc-pVQZ CCSD~T! dis-
tance of 143.2 pm. Similarly, in early measurements, the
and OH distances in H2O2 were determined at 147.5 and 95
pm, respectively.30 In 1993, an analysis of recent microwav
measurements put these distances at 145.6 and 96.7 pm31 in
considerably better agreement with the cc-pVQZ CCSD~T!
distances of 145.0 and 96.1 pm. Clearly, differences
persist between theory and experiment for H2O2 and an ex-
perimental reinvestigation may be worthwhile for this mo
ecule.

The performance of the CISD model is so poor that t
model cannot be recommended for the calculation of eq
librium structures. Indeed, the accuracy of the geometry p
dictions of this model deteriorates markedly as we go fr
small to large basis sets. Thus, the initial success of the C
model in the early days of correlated calculations rests o
strong cancellation of basis-set and correlation errors at
cc-pVDZ level, in particular for small molecular systems.

Concerning basis sets, we find that, for all correla
models, basis sets of at least cc-pVTZ quality are mandat
On the other hand, the improvements observed in bond
tances when going to the larger cc-pVQZ basis sets ar
J. Chem. Phys., Vol. 106
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small that there is usually no need to go beyond the cc-pV
level. In general, therefore, molecular equilibrium structu
should be computed at the cc-pVTZ level. For the Hartre
Fock wave function, the basis-set requirements are m
modest. Thus, although there are noticeable system
changes in the bond distances between the cc-pVDZ
cc-pVTZ levels, the Hartree–Fock model is so inaccur
that for most applications the cc-pVDZ level should be s
ficient.
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