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We present gauge-origin independent calculations of the Cotton–Mouton effect of liquid water. The
liquid is represented by a semi-continuum model such that the central molecule is surrounded by its
first solvation shell, which explicitly accounts for the strong interaction between the water molecule
of interest and its closest neighbors. The long-range interactions with the solvent are modeled by a
dielectric continuum surrounding the water molecule and the first solvation shell. We employ large
basis sets, using London atomic orbitals in order to obtain gauge-origin independent results close to
the Hartree–Fock limit. It is demonstrated that the direct interaction between neighboring molecules
leads to a large effect on the calculated Cotton–Mouton constant, which undergoes a sign change
from the gas to liquid phase, as observed previously for the linear electro-optical effect@K. V.
Mikkelsenet al., J. Chem. Phys102, 9362~1995!#. Our best estimate for the molar Cotton–Mouton
constant,238.1•10220 G22 cm3 mol21 ~corrected for local field effects!, is in reasonable
agreement with the experimental value of2118(15)•10220 G22 cm3 mol21. We expect that the
remaining discrepancy is mainly due to an inadequate treatment of electron correlation. ©1998
American Institute of Physics.@S0021-9606~98!50102-X#
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I. INTRODUCTION

In recent years, significant progress has been made
cerning theab initio calculation of the molecular Cotton
Mouton effect, see the review by Rizzo, Rizzo and Bisho1

and references therein. The use of London atomic orbitals2 in
a mixed analytical–finite field approach ensures gauge-or
independent results and rapid basis set convergence,3 en-
abling studies of larger molecular systems.4,5 The recent
implementation of cubic response theory complements
development by allowing studies of the effects of dispers
on the Cotton–Mouton constant.6,7

In spite of a renewed interest in the experimental g
phase Cotton–Mouton measurements1—motivated in part by
the possibility of verifying quantum electrodynamical pr
dictions of magnetic-field induced birefringence
vacuum8—most experimental investigations have been p
formed on liquid samples.9 In contrast, the onlyab initio
calculations of the Cotton–Mouton constant of liqu
samples presented so far are those of Part I in this series10 In
that paper, we presented an approach for calculating
Cotton–Mouton constant of a molecule embedded in a

a!Permanent address: University of Oslo, Box 1033, Blindern, N-0315 O
Norway.
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mogeneous, polarizable and dielectric medium.10 London
atomic orbitals2,11 were used in order to obtain gauge-orig
independent results and fast basis-set convergence, as
served for a number of other magnetic properties to wh
the London atomic-orbital formalism has been applied.12–14

In Part I of this series, it was demonstrated that the
fects of a surrounding dielectric medium are large, leading
an increase in the Cotton–Mouton constant of the water m
ecule of almost 40%, an effect almost ten times larger th
that of electron correlation. However, the change is in
wrong direction as compared with the experimental value
2118(15)•10220 G22 cm3 mol21 determined by Williams
and Torbet.15 In particular, our best correlated result
293.15 K (15.16•1020 G22 cm3 mol21) is off by a factor of
28 compared with experiment. However, it is well know
that, in liquid water, the effects of hydrogen bonding
optical molecular properties are inadequately described w
out the inclusion of a first solvation shell. In particula
nuclear shieldings and magnetizabilities have been dem
strated to pose a challenge,16,17and it has been demonstrate
that the utilization of a semi-continuum model is crucial
order to reproduce the experimental sign and magnitude
the linear electro-optical effect.18

It is the purpose of this paper to investigate the reas
o,
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600 Ruud et al.: The Cotton–Mouton effect of water. II
for the large discrepancy between the experimental and
oretical value for the Cotton–Mouton constant of liquid w
ter. In particular, we investigate—through the use of sup
molecular and semi-continuum models—whether a m
realistic treatment of the direct interactions will result in
sign for the Cotton–Mouton constant of liquid water
agreement with experiment.

In Sec. II, we present the basic equations and definiti
related to the Cotton–Mouton constant. Section III gives
computational details for our approach. In Sec. IV we d
cuss our results, and Sec. V contains some concluding
marks.

II. THEORY

When light passes through a sample perpendicular to
direction of an applied magnetic field, an induced birefr
gence leading to an anisotropy in the refractive index is
served. The effect was discovered by Cotton and Mou
and bears their names.19 A fundamental contribution to the
theoretical understanding of this property of matter w
given by Buckingham and Pople,20 who showed that, for a
diamagnetic system, the anisotropy of the refractive inde
proportional to the molar Cotton–Mouton constantmC

mC5
2pNA

27
@Dh1Q~T!#, ~1!

where we have introduced~using the Einstein summatio
convention!

Dh5 1
15 ~3hab,ab2haa,bb!, ~2!

Q~T!5
1

15kT
~3aabjab2aaajbb!. ~3!

In these expressions,NA is Avogadro’s number,k Boltz-
mann’s constant,T the temperature,Dh the hypermagnetiz-
ability anisotropy,a the electric polarizability tensor, andj
the magnetizability tensor. In our notation, the first two
dices of the hypermagnetizability tensorh refer to the elec-
tric field and the last two to the magnetic field. Althoug
originally derived for diamagnetic gases, Eq.~1! can be con-
sidered to be valid also for dense fluids, provided that c
rections are made for local fields,9 a point to which we shall
return in the discussion of our results.

The contribution to the molar Cotton–Mouton consta
in Eq. ~1! consists of a temperature-dependent part—kno
as ‘‘the Langevin term’’ or the molecular orientation
term—and a temperature-independent term related to the
permagnetizability

h52
]4«~B,E!

]E2]B2 U
B,E50

5
]2j~E!

]E2 U
E50

. ~4!

Except for atoms and for molecules of cubic or icosahed
symmetry ~where the Langevin term vanishes because
symmetry!, the molar Cotton–Mouton constant is usua
dominated by the Langevin term. The only known except
to this rule is the isolated water molecule,1,3,10 where, ac-
cording to theoretical calculations, the Langevin term
J. Chem. Phys., Vol. 108,
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counts for less than 10% of the total molar Cotton–Mout
effect.3,10 In our previous paper, it was demonstrated that
Langevin term decreases when the molecule is embedde
a dielectric medium, and that the relative importance of
Langevin term is further reduced by a simultaneous incre
in the hypermagnetizability anisotropy.10

Nowadays, the calculation of polarizabilities and magn
tizabilities may be considered a straightforward applicat
of linear response theory.21 For the magnetizabilities we em
ploy London atomic orbitals2 in order to obtain gauge-origin
independent results and fast basis-set convergence.11,12 Sev-
eral investigations have demonstrated the efficacy of Lon
atomic orbitals for obtaining accurate magnetizabilities.22,23

In calculating the hypermagnetizability, we resort to a mix
finite-field/linear-response approach, in which we evalu
the hypermagnetizability as a finite difference of magne
abilities obtained in various electric fields~calculated ana-
lytically using London atomic orbitals in the presence of
finite electric field!,3 as indicated by the latter part of Eq.~4!.

In this work, as in our previous paper on the Cotton
Mouton effect of liquid water,10 the long-range effects of the
surrounding solvent are modeled by a homogeneous, po
izable, dielectric medium,24–27 expressing the polarization
energy in a multipolar expansion truncated at orderl 510.
All reorthonormalization terms appearing due to the use
London atomic orbitals have been accounted for as descr
elsewhere.28 We do not discuss our implementation in fu
ther detail, but refer instead to Part I of this series.10 How-
ever, whereas the static Cotton–Mouton constant was c
sidered in that paper, we shall here also discuss the effec
dispersion on the observed molar Cotton–Mouton consta

The optical response of a solute molecule is crucia
dependent on the different degrees of freedom in the
rounding solvent. Considering the response to hig
frequency electromagnetic radiation only, it may, to a fi
approximation, be accounted for by just two contribution
~1! the contribution from the optical degrees of freedo
which concern the electronic subsystem of the solvent;
~2! the contributions from the inertial degrees of freedo
which comprise the remaining, non-electronic degrees
freedom of the solvent. In the context of continuum mode
this approximation implies that the polarization vectorP of
the dielectric medium has only an optical and an iner
contribution

P5Pop1Pin , ~5!

with the corresponding dielectric constantseop ande in . The
concept of nonequilibrium solvation arises since onlyPop

may equilibrate to the instantaneous changes in the mol
lar electronic subsystem, caused by the incident electrom
netic radiation. The inertial polarization contributionPin re-
mains unaltered, reflecting the inertia of the non-opti
degrees of freedom of the solvent to such perturbations.

Equilibrium solvation arises when the distinction b
tween optical and inertial polarization contributions is aba
doned. The entire polarization vector is then equilibrated
the molecular subsystem, thereby overestimating the po
No. 2, 8 January 1998
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601Ruud et al.: The Cotton–Mouton effect of water. II
ization response. Clearly, such an approach is valid only
the limit where the solute–solvent system is subject to
static electromagnetic field.

Recently, a linear-response approach for the calcula
of molecular second-order properties in a nonequilibri
solvation model was developed by Mikkelsen a
Sylvester–Hvid.29 This approach is here used to investiga
the effects of dispersion on the Langevin term of the mo
Cotton–Mouton constant. Although a computer code is c
rently under development,30 unfortunately no code is ye
available for the evaluation of the hypermagnetizability a
isotropy of solvated molecules using the nonequilibrium s
vation model. However, we shall see that the neglect of
persion on the hypermagnetizability anisotropy may saf
be assumed to lead to negligible errors in the total Cotto
Mouton constant of water.

III. COMPUTATIONAL DETAILS

All calculations were performed using our previous
described implementation of the mixed finite-field/analytic
derivative approach for evaluating hypermagnetizabilities
ing London atomic orbitals and the polarizable dielect
continuum model.10 Because of the considerable size
these calculations–the~H2O!5 cluster contains 460 basi
functions—the calculations were performed with a para
implementation of our code, Refs. 31 and 32. The calcu
tions of the nonequilibrium solvation polarizability were al
done using the parallel implementation extended to incl
the theory for nonequilibrium linear response calculation29

Both MPI and PVM have been used as message pas
interfaces in our calculations, and the calculations have b
run on three different parallel computer facilities: An IBM
SP2 cluster, a Cray-T3E MPP machine, and an SGI-Or
2000 MPP machine. The number of CPUs used in the ca
lations ranges from 7 to 16. All calculations were perform
with the Dalton quantum chemistry program.33

As in our preceding paper, we have used the augme
correlation-consistent polarized valence triple-zeta~aug-cc-
pVTZ! basis of Dunning and Woon.34,35 This basis contains
a total of 92 basis functions for a single molecule and 3
and 460 functions for the~H2O!4 and ~H2O!5 clusters, re-
spectively. Basis-set superposition errors~BSSEs! have not
been investigated, but we note that the augmen
correlation-consistent basis sets have been shown to
only minor BSSEs in the calculation of molecul
energies36,37 and similar small errors in the
magnetizabilities.38

The geometry of the water cluster was taken from
x-ray structure of cubic ice determined by Narten.39 Previ-
ously, the same geometry has been used to study the ef
of hydrogen bonding on the linear electro-optical effe
(b(2v;v,0))27 and the nuclear shieldings an
magnetizability16 of liquid water.

In order to be able to compare our estimated Cotto
Mouton constant of liquid water directly with the experime
tal results of Williams and Torbet,15 we have calculated the
polarizability of the semi-continuum model using a fr
J. Chem. Phys., Vol. 108,
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quency of 632.8 nm for the incident light in conjunction wi
accounting for nonequilibrium solvation effects.29 In the
nonequilibrium semi-continuum calculations, in which o
water cluster is surrounded by the dielectric medium,
dielectric was characterized bye in578.54 andeop51.774,
which for the equilibrium calculations specializes
e578.54. The multipolar expansion of the polarization e
ergy is truncated at orderl 510, and the radius of the cavit
is 8.73a0. This radius represents the distance from the cen
of mass of the supermolecule to the most distant atom, p
the van der Waals radius of this atom.

The Cotton–Mouton constant is an extensive prope
Its extraction from the supermolecular calculation is acco
plished by the differential shell method of Ref. 18, perform
ing four separate calculations of the Cotton–Mouton co
stant:

mC(1): Central water molecule plus the first solvatio
shell.

mC(2): First solvation shell only.

mC(3): Central water molecule plus first solvation she
surrounded by the dielectric medium.

mC(4): First solvation shell surrounded by a dielectr
medium.

We obtain the molar Cotton–Mouton constant in the s
permolecular model by taking the differencemC(1)2mC(2)

and in the semi-continuum model by taking the differen

mC(3)2mC(4).

IV. RESULTS

Our results are collected in Table I, together with tho
of our previous paper,10 and the experimental value of Wil
liams and Torbet.15

Commenting first on the results of the previo
investigation—that is, on the ‘‘gas-phase’’ and ‘‘dielectri
continuum’’ results in Table I—we note that the mol
Cotton–Mouton constant increases quite dramatically w
the molecule is embedded in a dielectric medium. At t
correlated level, the molar Cotton–Mouton constant
creases by 36%, an effect caused exclusively by the incre
in the hypermagnetizability anisotropy. At room temper
ture, the Cotton–Mouton constant of the water molec
~both in the gas phase and in a dielectric medium! is domi-
nated by the temperature-independent~hypermagnetizability!
contribution.

When the water molecule is surrounded by its first s
vation shell, large changes are observed in the mo
Cotton–Mouton constant. First, both the hypermagnetiza
ity and the Langevin contribution change sign, giving a si
change for the Cotton–Mouton constant. Second, whe
the magnitude of the hypermagnetizability termdecreasesby
almost an order of magnitude, the magnitude of the Lange
term increasesby a factor of approximately 30, making thi
term the largest contribution to the Cotton–Mouton const
at room temperature.

Embedding the supermolecule in a dielectric mediu
we again observe large changes in the hypermagnetizab
anisotropy contribution, which now becomes positive ag
No. 2, 8 January 1998
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TABLE I. The dependence of the Cotton–Mouton constantmC 5 A 1 B/T of liquid water~A 5 Dh in units
of 10220 G22 cm3 mol21, B 5 Q~T! 3 T in units of 10220 G22 cm3 mol21 K!, and average value (mCave, in
units of 1020 G22 cm3 mol21) in the 283.15 K to 293.15 K temperature range. Results obtained at the SCF
with various solvent models and the aug-cc-pVTZ basis set. The results are compared to the results
previous investigation.10

Phase Wave function
Solvent
model

Cavity
radius A B mCave Ref.

Gas SCF None 8.87 230.14 9.67 10

Gas MCSCF None 9.05 311.5 10.13 10

Liquid SCF Continuum 3.98 Å 14.45 67.06 14.68 10

Liquid MCSCF Continuum 3.98 Å 14.94 64.58 15.16 10

Liquid SCF Supermolecule 21.34 27690.4 228.5 This work
Liquid SCF Semi-continuum 8.73 Å 0.04 27826.0 227.6 This work
Liquid SCF Semi-continuuma 8.73 Å 0.04 26788.4 224.0 This work
Liquid SCF Semi-continuumb 8.73 Å 0.06 210777.3 238.1 This work

Liquid Experiment 2118~15! 15

aNon-equilibrium solvation theory used for evaluating the polarizability anisotropy at the frequency 632.8
used in the experiment~Ref. 15!. No frequency used in the determination of the A term, see discussion in

bNon-equilibrium solvation theory used for evaluating the polarizability anisotropy at the frequency 632
as used in the experiment~Ref. 15!. No frequency used in the determination of the A term, see discussio
text. In addition, the result has been corrected for local field effects on the electric field as discussed in t
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but two orders of magnitude smaller than for the isola
gas-phase molecule. All in all, upon solvation, t
hypermagnetizability-anisotropy term decreases by three
ders of magnitude. Only minor changes are observed in
Langevin term when the supermolecule is embedded in
dielectric continuum.

At room temperature, therefore, the calculated Cotto
Mouton constant of liquid water is dominated by the Lang
vin term. Thus, going from the gas-phase—where the hyp
magnetizability anisotropy contribution is dominant—to t
liquid phase, the water molecule loses its ‘‘spherical’’ ch
acter and the Cotton–Mouton constant becomes domin
by the Langevin term. This change is a most tangible in
cation of the changes in the electronic structure that oc
upon solvation.

The fact that rather large changes in the hypermagne
ability anisotropy are observed when embedding the su
molecule in the dielectric medium may indicate that lon
range effects may still affect the hypermagnetizabil
anisotropy significantly. Therefore, we cannot rule out
possibility that the addition of a second solvation shell w
lead to further changes in this property. However,
changes would be expected to be smaller than our repo
changes, and probably lead, according to the trend in Tab
to a more negative value for the hypermagnetizability anis
ropy.

Because of the smallness of the hypermagnetizability
isotropy, to a first approximation it appears reasonable
restrict the investigation of dispersion and nonequilibriu
solvation effects to the Langevin term. We observe o
modest changes in the Langevin term compared to
changes observed when the water molecule is surrounde
its first solvation shell. The Langevin term is reduced
approximately 14% taking dispersion into account, a cha
which, however, is larger than that caused by embedding
supermolecule in a dielectric medium.
J. Chem. Phys., Vol. 108,
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When comparing theoretically calculated results with e
periment, it is important to correct the theoretical results
local field effects. As discussed by Williams, in a simp
Lorentz picture the local electric field experienced by a m
ecule can be related to the applied field through a local fi
factor9

Elocal5
«12

3
Eapplied'

n212

3
Eapplied, ~6!

where« is the optical dielectric constant of the medium, a
n its refractive index. For water at room temperatu
n51.3333, leading to a local field correctio
Elocal51.26Eapplied. Our corrected result for the mola
Cotton–Mouton constant at the frequency 632.8 nm thus
comes238.1•10220 G22 cm3 mol21. Comparing this with
the experimental result,2118(15)•10220 G22 cm3 mol21,
we observe that now—in contrast to the results obtained
our previous paper10—we have the same sign as experime
but that we still differ by a factor of approximately thre
from experiment. Still, this represents a significant improv
ment upon the predictions of the simple dielectric continu
model, where our results differed from experiment by a fa
tor of 28.

It is important to note that, whereas the hypermagne
ability anisotropy~which was shown to be practically una
fected by electron correlation10! dominated our calculated
value for the Cotton–Mouton constant within the dielect
continuum model, for the semi-continuum model the Lang
vin term dominates. For the gas-phase molecule, we n
from Table I that the Langevin term increases by almost 4
when the effects of electron correlation are included in
calculation. Electron-correlation effects on the polarizabil
and magnetizability anisotropies may thus lead to la
changes in the calculated molar Cotton–Mouton const
However, with presentab initio programs, it is difficult to
No. 2, 8 January 1998
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603Ruud et al.: The Cotton–Mouton effect of water. II
employ size-extensive correlated wave functions to calcu
the polarizability and magnetizability of the water cluste
Presently, we are not able to quantify the importance of e
tron correlation for the semi-continuum model.

V. CONCLUDING REMARKS

Our calculations have shown that the difference in s
previously observed10 between experimental observatio
and theoretical calculations on the molar Cotton–Mou
constant of liquid water was due to an inadequate treatm
of the short-range interactions between the water molec
in the liquid. Considering the accuracy of the theoretica
calculated Cotton–Mouton constant of the isolated wa
molecule3,10 and our confirmation of the experimental sig
for the Cotton–Mouton constant of liquid water, this sig
change appears to be a physical characteristic of the cha
that occur on going from the gas to liquid phase for wat
Still, it would be of interest to have this proposition verifie
by gas-phase measurements of the Cotton–Mouton con
of water. Such measurements would also be able to con
the ‘‘spherical’’ character of the water molecule in the g
phase.

Our calculations show that the change in sign for
Cotton–Mouton constant of water can be interpreted a
reduction of the ‘‘spherical’’ character of the water molecu
when going from the gas-phase~where the hypermagnetiz
ability anisotropy contribution dominates! to the liquid phase
~where the Langevin term almost exclusively determines
observed Cotton–Mouton constant!.

Our best result,238.1•10220 G22 cm3 mol21 ~cor-
rected for local-field effects! at the frequency of 632.8 nm
still differs from the experimental result by a factor of 3. W
believe that this difference to a large extent is due to
neglect of electron correlation in our supermolecular cal
lations. The use of a fixed solvation shell structure instead
averaging over dynamic structures may also explain par
the discrepancy because of the large changes introduce
the first solvation shell. In addition, inadequacies in the
permagnetizability anisotropy contribution caused by an
proper description of interactions between the water m
ecule and solvent molecules outside the first solvation s
may also be a cause of the lack of agreement as may als
neglect of rovibrational corrections, although we anticip
these effects to be smaller than the effects of a proper
scription of electron correlation and averaging of dynam
structures.
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