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Direct optimization of the atomic-orbital density matrix using
the conjugate-gradient method with a multilevel preconditioner
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Based on a recently proposed exponential parametrization of the one-electron atomic-orbital density
matrix of a single-determinant wave function@Chem. Phys. Lett.327, 397 ~2000!#, we present an
implementation of the direct optimization of the atomic-orbital density matrix as an alternative to
the diagonalization of the Fock–Kohn–Sham matrix when solving the Roothaan–Hall
self-consistent field equations. The optimization of the density matrix is carried out by the
conjugate-gradient method with a multilevel nondiagonal preconditioner and is well suited to linear
scaling. Although a diagonal preconditioner may be sufficient for minimal basis sets and large
highest occupied molecular orbital–lowest unoccupied molecular orbital~HOMO–LUMO! gaps, a
nondiagonal preconditioner is needed in more difficult cases—that is, for basis sets with polarization
and diffuse functions and for systems with small HOMO–LUMO gaps. Redundancies of the
exponential parametrization of the density matrix are handled by a projection technique, thereby
avoiding singular equations in the optimization of the density matrix. ©2001 American Institute
of Physics. @DOI: 10.1063/1.1415083#
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I. INTRODUCTION

In recent years, much work has focused on the deve
ment of ab initio and density-functional methods that a
able to treat large systems such as proteins and other
ecules of biological interest. In particular, efforts have be
made to reduce the computational cost and memory requ
ments so as to achieve a cost that scales linearly with the
of the system for sufficiently large systems.

For Hartree–Fock and Kohn–Sham theories, import
progress has been made. In particular, the complexity of
construction of the Fock and Kohn–Sham matrices has b
reduced to linear by means of the fast multipole meth
~FMM! and the tree-code method for long-range contrib
tions combined with efficient prescreening techniques1–6

Traditionally, Hartree–Fock and Kohn–Sham theories
formulated in the molecular-orbital~MO! representation,
where the MOs are obtained by diagonalizing the Fo
Kohn–Sham matrix using the Roothaan–Hall algorith
This diagonalization scales as the third power with the s
of the system. To achieve linear scaling also in this st
several alternatives have been suggested.7–17 Most of these
methods are based either on the use of localized orbital
on the direct optimization of the density matrix in th
atomic-orbital ~AO! basis without calculating the MOs. I
the latter approach, linear scaling is obtained by exploit
the sparsity of the Fock/Kohn–Sham, overlap, and den
matrices. So far, successful calculations have been repo
for basis sets such as STO-3G, 3-21G, and 6-31G** .11–14,18

In this paper, we present an AO density-based algorithm

a!Electronic mail: pou@chem.au.dk
9680021-9606/2001/115(21)/9685/13/$18.00
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may be used also for larger basis sets that contain diff
functions.

For various reasons, the optimization of the AO dens
matrix is a nontrivial task. First, it is not straightforward
develop a good preconditioner for the Hessian in the A
basis. Simple diagonal preconditioners have successf
been used in the canonical MO basis, where the Hessia
diagonally dominant. However, in the AO basis the Hess
is in general not diagonally dominant and a diagonal prec
ditioner is, therefore, not effective and has only been s
cessfully used with small basis sets. Furthermore, as the
volved equations are singular in the AO basis, it is import
to solve these equations in the subspace of nonsingular
rameters.

In Refs. 19 and 20 we proposed an exponential para
etrization of the AO density matrix of a one-determina
wave function. The parametrization is nonredundant and
sures that the AO density matrix fulfills the idempotenc
rank, and symmetry conditions of the Hartree–Fock a
Kohn–Sham density matrices. Using this parametrizati
we demonstrate how the Roothaan–Hall diagonalization
the Fock/Kohn–Sham matrix may be replaced by an unc
strained optimization of the AO density matrix, thereby r
taining the robust convergence of the Roothaan–H
iterations—in particular when accelerated with the dire
inversion in the iterative subspace~DIIS! algo-
rithm21,22—while avoiding diagonalization. Furthermore, w
demonstrate how this may be achieved by using
conjugate-gradient algorithm with a multilevel nondiagon
preconditioner. With this technique tight convergence crite
may be imposed, ensuring that molecular properties suc
gradients and polarizabilities may be calculated.
5 © 2001 American Institute of Physics
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II. ATOMIC-ORBITAL DENSITY MATRIX

A. Parametrization

For a one-determinant wave function, the density ma
D in the AO spin–orbital basis fulfills the symmetry, ran
and idempotency conditions

DT5D, ~1!

TrDS5Ne , ~2!

DSD5D, ~3!

whereS is the overlap matrix of the atomic spin orbitals a
Ne is the number of electrons. Conversely, any matrixD that
fulfills the conditions in Eqs.~1!–~3! is a valid density matrix
of a one-determinant wave function. It is, therefore, of int
est to develop an unconstrained parametrization that all
us to generate all valid density matrices from a valid ref
ence density matrix. In Refs. 19 and 20 we proposed
following parametrization

D~X!5exp~2XS!D exp~SX!, ~4!

whereX is an anti-Hermitian matrix andD any matrix that
satisfies Eqs.~1!–~3!. In the following, we assume that th
density matrix is real and thus restrict the rotation matrixX
to be antisymmetric.

B. Redundancies and nonorthogonal projectors

The exponential parametrization of the AO density m
trix in Eq. ~4! contains redundancies. To study these we
troduce thenonorthogonal projection matrices

P5DS, ~5!

Q5I2DS, ~6!

which fulfill the standard projection relations

P25P, ~7!

Q25Q, ~8!

PQ50. ~9!

However, the matricesP and Q are not symmetric. Rather
sinceSPandSQ are symmetric,P andQ satisfy the relations

PTS5SP, ~10!

QTS5SQ. ~11!

Equations~7! and~10! are the defining relations of a nono
thogonal projector from which all other relations follow.

Using Eqs.~7! and ~9!, it is easy to show that transfor
mations of the density matrix withPXPT andQXQT do not
change the density matrix19

D~PXPT!5D~0!, ~12!

D~QXQT!5D~0!. ~13!

The analogy with MO theory, where rotations among t
occupied orbitals or among the virtual orbitals do not chan
the density matrix, is obvious.

An arbitrary, antisymmetric rotation matrixX can be
separated into redundant and nonredundant parts as
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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X5~P1Q!X~PT1QT!5Xnr1Xrd. ~14!

where

Xnr5PXQT1QXPT, ~15!

Xrd5PXPT1QXQT. ~16!

To first order the expansions ofD(X) andD(Xnr) are iden-
tical, and we obtain

]D~X!

]Xmn
U

x50

5
]D~Xnr!

]Xmn
U

x50

. ~17!

Second and higher derivatives, by contrast, are in gen
different for D(X) andD(Xnr).

For many purposes it is convenient to introduce a diff
ent notation for the projectors. We define the projectorP as
the direct product matrix

P5P^ Q1Q^ P, ~18!

which projects onto the nonredundant parameter space

~PX!mn5(
ab

Pmn,abXab5~PXQT1QXPT!mn . ~19!

Note thatX is considered a vector inPX but a matrix in
PXQT andQXPT. WhetherX is to be considered as a vecto
or a matrix will in the following be clear from the context. I
we introduce

Q5I2P, ~20!

S5S^ S, ~21!

a set of equations forP, Q, andS similar to Eqs.~7!–~11!
are obtained. For example, Eq.~10! becomes

PTS5SP, ~22!

as is easily proved by using the elementary relations
direct-product matrices

PTS5~PT
^ QT1QT

^ PT!S^ S

5~PTS! ^ ~QTS!1~QTS! ^ ~PTS!

5~SP! ^ ~SQ!1~SQ! ^ ~SP!5SP. ~23!

C. Functions of the AO density matrix

Let us consider a function of the AO density matr
f (D). Depending on the choice of parametrization for t
density matrix, we have either of two functions

f ~X!5 f @D~X!#, ~24!

f nr~X!5 f @D~Xnr!#. ~25!

Expansion aboutX50 gives

f ~X!5 f ~0!1XTF@1#1 1
2X

TF@2#X1¯ , ~26!

f nr~X!5 f ~0!1XTPTF@1#1 1
2X

TPTF@2#PX1¯ , ~27!

whereF@1# and F@2# are the first and second derivatives
f (X) with respect toXmn . The gradient and the Hessian o
Eq. ~27! include the projection matrices. As the density m
trix is unaffected by a rotationQX, we have that
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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f ~QX!5 f ~0!, ~28!

which may be expanded to first order to give

QTF@1#50, ~29!

or equivalently

PTF@1#5F@1#. ~30!

The first derivatives off (X) and f nr(X) are therefore iden-
tical and the two functions have the same stationary poi
By contrast, the second and higher derivatives off (X) and
f nr(X) are in general different. The Hessian off nr(X) is
highly singular since all vectorsQX are eigenvectors with
zero eigenvalue, as is easily shown by using Eq.~9!

PTF@2#PQX50. ~31!

The vector spaceV0 that contains the singularitiesQX is the
null space ofPTF@2#P.

III. OPTIMIZATION OF DENSITY-DEPENDENT
FUNCTIONS

In this section we consider some aspects related to
optimization of functions of the AO density matrix. In pa
ticular, we discuss how singularities of the Hessian affect
solutions and how constraints may be imposed to make
solutions unique. The discussion in the present sectio
general. Details of our implementation are described in la
sections.

A. The Newton method

The Newton method is a natural point of departure
the optimization of the functionf nr(X). Using the gradient
and Hessian of Eq.~27!, the Newton equations become

PTF@2#PX!52PTF@1#, ~32!

whereX! is the solution vector. As the Hessian is singu
for vectors inV0 , a necessary condition for the existence
solutions to the Newton equations is that the right-hand s
is orthogonal toV0 . To demonstrate orthogonality, we writ
a vector inV0 asQV and use Eqs.~9! and ~29!

~QV!TPTF@1#5VTQTPTF@1#50. ~33!

The Newton equations, therefore, have a unique solutionX'
!

in the orthogonal complement toV0

~QV!TX'
! 50. ~34!

This requirement is equivalent to

PTX'
! 5X'

! , ~35!

where we have used Eq.~20! and the fact thatV is an arbi-
trary vector.

A general solutionX! to the Newton equations, Eq.~32!,
is obtained by adding toX'

! an arbitrary vectorX0 belonging
to V0

X!5X'
! 1X0 . ~36!

The X0 component may be fixed by supplementing Eq.~32!
with additional requirements. A natural choice is to minimi
the norm of the solution with respect to the standard nor
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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X0

iX'
! 1X0i1

25min
X0

~X'
! 1X0!T~X'

! 1X0!. ~37!

SinceX'
! is orthogonal toX0 , the minimizer corresponds to

X050. In this case, therefore, the condition@see Eq.~35!#

PTX!5X!, ~38!

fixes the solution to the singular Newton equations, Eq.~32!.
An alternative solutionX! is obtained by minimizing the

solution norm with respect to the norm defined byS
min
X0

iX'
! 1X0iS

25min
X0

~X'
! 1X0!TS~X'

! 1X0!. ~39!

Introducing an arbitrary variation in theV0 space

d05QV, ~40!

the solution to this minimization problem fulfills the relatio

d0
TSX!50. ~41!

Using Eqs.~11! and ~40! and the fact thatS is nonsingular,
we obtain

PX!5X!. ~42!

Thus, if the solution to the Newton equations is required
minimize the standard norm, we impose Eq.~38! on the so-
lution, whereas minimization with respect to theS norm
gives Eq.~42!. It is not obvious which norm is the bette
choice.

When the Newton equations are solved by iterat
methods such as the conjugate-gradient method~see Sec.
III B !, Eq. ~38! is automatically fulfilled. Once this solution
has been obtained, we may project withP to obtain

X̄!5PX!, ~43!

which is the solution that minimizes theS norm.

B. Conjugate-gradient method

Because of the large dimension of the Hessian, we m
use an iterative method to solve the Newton equations
popular iterative method is the preconditioned conjuga
gradient~PCG! method.23,24 The PCG method requires onl
the storage of the current approximation to the solution a
the previous search direction, but it is~for quadratic func-
tions! equivalent to a subspace method with the current
all previous directions included. As will be discussed lat
the convergence of the PCG method is critically depend
on the choice of preconditioner.

Let us briefly review the PCG method for solving a s
of linear equations

AX!5b. ~44!

In iterationk we know the current approximationXk to X!,
the current search directiondk , and the current residual

r k5b2AX k . ~45!

An improved approximation toX! is obtained by using the
algorithm

Xk115Xk1akdk , ~46!
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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ak5
r k

TĀ21r k

dk
TAdk

, ~47!

r k115r k2akAdk , ~48!

dk115Ā21r k1bkdk , ~49!

bk5
r k11

T Ā21r k11

r k
TĀ21r k

, ~50!

whereĀ is the preconditioner. The iterations are initialize
by a guessX0 to the solution, and by setting the initial d
rection equal toĀ21r0 .

We here consider the PCG method for solving the Ne
ton equations in Eq.~32!. As the PCG method converges in
number of iterations that is equal to or less than the dim
sion of the Hessian, it is advantageous to use the proje
rather than the unprojected Newton equations. Using the
dient and the Hessian of Eq.~27!, we obtain the residual

r k52PTF@1#2PTF@2#PXk5PTr k , ~51!

which emphasizes that the residual automatically fulfills p
jection withPT. If the inverse preconditionerĀ21 is the unit
matrix or more generally satisfies the equati
PTĀ21PTr k115Ā21PTr k11 , all directions are unaffected
by projections withPT. Moreover, if the initial approxima-
tion fulfills PTX05X0 , we have at each iteration an approx
mate solution that satisfies the equation

PTXk5Xk . ~52!

The PCG method then gives directly the solution that fulfi
Eq. ~38! and thereby minimizes the standard norm. Up
solution, we can project withP to obtain the solution tha
minimizes theS norm. Alternatively, we may project th
direction withP in each iteration. However, a closer analys
reveals that this procedure leads to the same iteration
quence as generated by projecting withPT and thus does no
provide any advantages.

IV. SOLUTION OF THE HARTREE–FOCK EQUATIONS
BY DIRECT ENERGY MINIMIZATION

A. Reformulation of the Roothaan–Hall scheme

The Hartree–Fock energy can be optimized efficien
by carrying out a sequence of Roothaan–Hall iterations
particular, in conjunction with the direct inversion in the
erative subspace~DIIS! algorithm.21,22 The Roothaan–Hal
equations were originally expressed as a pseudoeigenv
problem for the canonical MOs: From the MOs an improv
AO density matrix is constructed, a new Fock matrix is ge
erated from this density matrix and then diagonalized. Ho
ever, since the cost of the diagonalization scales cubic
with the size of the system, the determination of canon
MOs must be abandoned to achieve linear scaling. Inst
the AO density matrix is optimized directly.

In Refs. 19 and 20 it is described how the AO dens
matrix that represents the solution to the Roothaan–H
equations can be obtained by minimizing the sum of
energies of the occupied canonical orbitals
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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Ee5(
I

e I5TrDF. ~53!

Parametrizing the density matrix in terms of the antisymm
ric matrix X using Eqs.~4! and ~15!

Ee~X!5Tr exp~2XnrS!D exp~SXnr!F, ~54!

we may generate the AO density matrix of the Roothaa
Hall equations directly by minimizingEe(X). The elements
Xmn with m.n are the unconstrained variational paramet
and the redundancies are controlled by projections.

B. Newton method

To optimizeX and determine the AO density matrix, w
may use the Newton method. The Newton equations are
tained by expanding the energy functionEe(X) to second
order and setting the derivative with respect toXmn equal to
zero

PT~@FP~X!SDS#A!2PT~@@FDS#SP~X!S#A!

5PT~@FDS#A!. ~55!

We have here introduced the notation

@M #A5 1
2~M2MT!, ~56!

@M #S5 1
2~M1MT!, ~57!

for the antisymmetric and symmetric parts of a matrix,
spectively. The notationP(X) is used for the matrix obtained
by multiplying P and X. Equation~55! constitutes a set o
linear equations of the form

A~D!X5G~D!, ~58!

whereG(D) is the negative gradient andA(D) is the Hes-
sian.

It is instructive to express Eq.~58! in the unoptimized
canonical MO basis—that is, in a basis in which the Fo
matrix has diagonal occupied–occupied and virtual–virt
blocks but nonzero occupied–virtual blocks. In this basis
elements of the Hessian are given by~using A and B for
virtual orbitals andI andJ for occupied orbitals!

AAIBJ
MO 5~CTA~D!C!AIBJ5dABd IJ~eA2e I !, ~59!

where C is the MO–AO transformation matrix19 and the
virtual–occupied elements of Eq.~58! become

~eA2e I !XAI5FAI . ~60!

In standard MO theory the linear equations, Eq.~58!, are
therefore, trivially solved. In the AO basis the Hessian
neither diagonal nor diagonally dominant. The linear eq
tions must then be solved by iterative methods such as
PCG method. In the next section we discuss how Eq.~58!
may be solved in the AO basis using preconditioning.

V. PRECONDITIONING

A. Multilevel preconditioning

The convergence of the conjugate-gradient method
pends critically on the condition number of the Hessian m
trix A—that is, on the absolute value of the ratio of th
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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numerically largest eigenvalue to the numerically small
eigenvalue ofA. A large condition number corresponds to
large range of eigenvalues and results in slow converge
Conversely, a condition number close to one gives fast c
vergence. To accelerate convergence we may introduc
preconditioner,Ā, noting that the rate of convergence th
depends on the condition number ofĀ21A. Thus, conver-
gence is significantly improved by choosing a preconditio
such that

Ā21A'1. ~61!

However, the cost of introducing the preconditioner is th
in each iteration, we must solve the linear equations

Ār̃5r , ~62!

to obtain a new direction—see, for example, Eqs.~46!–~50!
for the PCG method. In addition to satisfying Eq.~61!, a
useful preconditioner should, therefore, have a structure s
that the solution to Eq.~62! is easy to obtain.

In electronic-structure calculations carried out in the M
basis,A is often diagonally dominant. A good choice of pr
conditioner is then simply the diagonal or the dominant p
of the diagonal ofA. An extreme example of diagonal dom
nance is provided by the Hessian in the canonical MO b
@Eq. ~58!#, which is diagonal according to Eq.~59!. By con-
trast, in the AO basis the Hessian is in general neither d
onal nor diagonally dominant and a diagonal preconditio
is, therefore, a poor choice. However, for small basis s
where the MO–AO transformation matrixC is close to a unit
matrix we see from Eq.~59! that the AO Hessian is nearl
diagonal. For extended basis sets, the matrixC contains very
large elements and is not diagonal dominant. In this case
AO Hessian is not diagonal dominant with both large a
small eigenvalues, leading to a large condition number.
creasing the size of the basis therefore increases the nu
of iterations needed to solve Eq.~58! by the conjugate gra
dient method.

In the following, we shall find it convenient to employ

hierarchyĀ,A% ,Ā̄
¯

,... of preconditioners. WhileĀ is the pre-
conditioner forA, the matrixA% is the preconditioner for the
equations involvingĀ, leading to a new set of linear equa

tions involving A% with preconditionerĀ̄
¯

, and so on. The
higher a preconditioner is placed in the hierarchyĀ,A% ,...,
the easier it is to solve the equations involving the precon
tioner and the poorer is the agreement betweenA and the
preconditioner. The advantage of multilevel precondition
is that we reduce the number of times the precondition
that are low in the hierarchy are multiplied with vectors.

B. Choice of preconditioners

According to Eq.~55! the Hessian is constructed from
the matricesF, S, and D. In our experience, it is better t
introduce preconditioners by approximating these matri
than to modify the Hessian directly~e.g., by setting some o
its elements equal to zero!. In practice, we use distance re
strictions to approximateF, S, andD, setting elements whos
AOs are separated by more than a preset cut-off thres
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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equal to zero, with tighter thresholds imposed for higher p
conditioners. For the highest preconditioner, the diagona
the exact Hessian is used.

In constructing the Hessian and its products with ve
tors, we also need to set up the projection matricesP andQ.
These matrices have hitherto been defined in terms of
exactD andS, which were used to calculate the Hessian
Eq. ~55!. When preconditioners with approximateD and S
are introduced,P and Q may also be modified, thereby in
troducing different projectors at each level of the precon
tioning.

Without such modified projection matrices, the operati
count for the matrix-vector product at the higher levels is n
significantly reduced compared with the lower levels. On
other hand, the use of modified projection matrices lead
different nonredundant spaces at the different levels. Th
the solution vector obtained at a given level of preconditio
ing will not contain all components of the solution at low
levels. In the following, we shall first consider the ca
where the same projection matrices are used for all prec
ditioners. Next, we discuss the modifications that are nec
sary when different projection matrices are used at differ
levels.

VI. MULTILEVEL PCG METHOD

In Fig. 1 we have illustrated the multilevel precond
tioned conjugate-gradient~MPCG! method for the optimiza-
tion of the Hartree–Fock density matrix and energy. T
optimization consists of a sequence of outer Fock iterati
at Level 1. At this level each iteration is initiated by th
construction of a Fock matrix from a given AO density m
trix. The inner iterations at Level 2 are then invoked, retu
ing an AO density matrix that is optimal for the given Foc
matrix. This density matrix is identical to the one obtained
the traditional orbital-based Roothaan–Hall scheme.

At Level 2 in Fig. 1, the density matrix is determined b
minimizing Eq. ~54!. This nonlinear optimization is carried
out by the PCG method, involving the calculation of th
gradient of Eq.~58! and preconditioning. In general, the pr
conditioner is nondiagonal and requires the solution of a
ear set of equations. These equations are solved by the
method at Level 3. At Level 3 a coarser preconditioner i
used and the resulting linear set of equations is solved
Level 4. At Level 4 we terminate the MPCG hierarchy b
using a diagonal preconditioner.

An important special case of MPCG arises when
exact Hessian is used as preconditioner at Level 2. In
case, the iterations at Level 2 are essentially the New
iterations, while the linear equations at Level 3 become
Newton equations.

In the following, we discuss our implementation of th
MPCG algorithm for the solution of the Hartree–Fock equ
tions, beginning with the PCG minimization at Level 2
Sec. VI A. Next, we consider the linear equations at Leve
and 4 in Sec. VI B. Finally, in Sec. VI C we discuss the u
of level-dependent projection matrices.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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agonal of the exact Hessian with elements given by

Amn,mn524@Fmm~SDS!nn1~SDS!mmFnn12Fmn~SDS!mn

2~FDS!mmSnn2Smm~FDS!nn14~FDS!mnSmn#.

~78!

The residualrn0 is given by

rn05Gn2ĀG̃n0 . ~79!

To obtain a preconditioned direction, we next solve the Level
4 equations

th

9690 J. Chem. Phys., Vol. 115, No. 21, 1 December 2001 Larsen et al.
A. PCG method for nonlinear minimization of Ee at
Level 2

At Level 2 the Fock matrixF and the overlap matrixS
are given as input and the optimal density matrix forEe is
determined, starting from an initial density matrixD0 . The
conjugate-gradient algorithm is initialized by calculating t
gradient

G054~FD0S2SD0F!. ~63!

Next, a linear set of equations is solved

ĀG̃05G0 , where PT~G̃0!5G̃0 , ~64!

to give the initial search direction

H05G̃0 . ~65!

Finally, the step lengtha0 is determined by minimizing
Ee(aH0) using a one-dimensional line search, leading to
step

X05a0H0 . ~66!

FIG. 1. The multilevel preconditioned conjugate-gradient method for
solution of linear equations.
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
The iteration procedure is then continued as

Dn115exp~2XnS!Dn exp~SXn!, ~67!

Gn1154~FDn11S2SDn11F!, ~68!

ĀG̃n115Gn11 , PT~G̃n11!5G̃n11 , ~69!

bn5
~Gn112Gn!TG̃n11

GnG̃n

, ~70!

Hn115G̃n111bnHn , ~71!

Xn115an11Hn11 , ~72!

where an11 is found using a one-dimensional line searc
Equation~70! is equivalent to Eq.~50! except thatGn

TG̃n11

vanishes for a quadratic function. Note thatG̃n , Hn11 , and
Xn fulfill PT(G̃n)5G̃n , PT(Hn11)5Hn11 , and PT(Xn)
5Xn , respectively. Equations~64! and~69!, which giveG̃n ,
are solved iteratively using the PCG method.

B. PCG method for linear equations at Levels 3 and 4

At Levels 3 and 4 the PCG method is used to solve s
of linear equations. At Level 3 we solve

ĀG̃n5Gn , ~73!

whereGn satisfies

PT~Gn!5Gn , ~74!

and we impose the condition

PT~G̃n!5G̃n . ~75!

The matrixĀ is defined by its action on a trial vector

Āx5PT~@ F̄P~x!S̄D̄S̄#A!1PT~@@ F̄D̄S̄#SP~x!S̄#A!. ~76!

Note carefully that we here employ the full projection mat
cesP and Q constructed from the exact matricesD and S,
even though we otherwise construct the Hessian from
approximate matricesF̄, D̄, and S̄, rather than fromF, D,
and S. The use of full projection matrices ensures that t
solution spaces are identical at Levels 2 and 3.

A nonvanishing initial guessG̃n0 is found as

G̃n05PT~Ādia
21Gn!. ~77!

Here, the first and second indices ofG̃n0 refer to the iteration
numbers at Levels 2 and 3, respectively, andAdia is the di-

e
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A% r̃n05PT~rn0!. ~80!

Although rn05PT(rn0) by construction, the projection ha
been included for numerical stability. The initial Level 3 d
rection is obtained as

dn05 r̃n0 . ~81!

The PCG method as described by Eqs.~46!–~50! may now
straightforwardly be applied. Note that in iterationk at Level
3, the relationsPT(rnk)5rnk , PT(dnk)5dnk , andPT(G̃nk)
5G̃nk are automatically fulfilled.

At Level 4 we employ a similar method to solve E
~80!, terminating the preconditioning hierarchy by using t
diagonal of the exact Hessian, Eq.~78!, as the precondi-
tioner.

C. Use of level-dependent projections matrices

In the above formulation of the MPCG method, we us
the same projection matrices at Levels 2–4, ensuring th
common nonredundant space is used at all levels. Howe

FIG. 2. The multilevel preconditioned conjugate-gradient method for
solution of linear equations using level-dependent projection matrices.
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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the use of a common projection matrix makes the lin
transformationsĀr̃ andA% r̃ nearly as time-consuming as th
linear transformationAr̃ , thereby reducing the advantages
the proposed multilevel scheme. We now consider the us
level-dependent projection matrices.

In Fig. 2 we have illustrated the MPCG method wi
level-dependent projection matrices. Let us consider Leve
We introduce the modified projection matrixP̄, defined as

P̄5P̄^ Q̄1Q̄^ P̄, ~82!

where

P̄5D̄S̄, ~83!

Q̄512P̄. ~84!

When approximations are introduced inS and D, the rank
and idempotency relations Eqs.~2! and~3! are only approxi-
mately satisfied, implying thatP̄ and Q̄ are not true projec-
tors ~unlike P andQ!. Nevertheless, we shall in the follow
ing assume thatP̄ andQ̄ are true projectors, realizing som
numerical noise is introduced in this manner. Since we
not need to solve the linear equations at Levels 3 an

e

FIG. 3. The natural logarithm of the maximum of the density matrix e
ments plotted as a function of the distance between the atoms tha
interacting for C24H50 for the STO-3G, 3-21G, 6-31G* , and cc-pVDZ basis
sets, and C18H38 for the aug-cc-pVDZ basis set.

FIG. 4. The natural logarithm of the maximum of the density matrix e
ments plotted as a function of the distance between the atoms tha
interacting for C24H26 for the STO-3G, 3-21G, 6-31G* , and cc-pVDZ basis
sets, and C18H20 for the aug-cc-pVDZ basis set.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



si

-
o

n

ua

W
id

f
be
n

if-
t

rix.
do

e
be
ver-

AO

n
an

AO
ns
the
of

-
ts.
ock

r-
d.
e-
i-
t
In
ck

AO

-
d.

le
t a

be

06

9692 J. Chem. Phys., Vol. 115, No. 21, 1 December 2001 Larsen et al.
exactly, we have so far not encountered any problems ari
from the approximate nature of the projectors.

Assuming thatP̄ andQ̄ and thusP̄ are bona fide projec
tors, we shall now discuss the complications that arise fr
the fact thatP̄ is different fromP. In the definition ofA in
Eq. ~76!, we used the full projection matrixP. With the use
of the simplified projectorP̄, the corresponding expressio
for Ā becomes

Āx5P̄T~@ F̄P̄~x!S̄D̄S̄#A!1P̄T~@@ F̄D̄S̄#SP̄~x!S̄#A!. ~85!

With this choice of preconditioner, we can solve linear eq
tions for right-hand sides that are orthogonal toQ̄V. How-
ever, the right-hand side at Level 3 (Gn) is orthogonal toQV
rather thanQ̄V. It may therefore be decomposed as

Gn5P̄T~Gn!1Q̄T~Gn!, ~86!

where the first component is large and the second small.
now solve the preconditioned problem with right-hand s
P̄T(Gn), giving a solution that fulfills the relation

P̄T~G̃n!5G̃n , ~87!

but leaveQ̄T(Gn) unchanged, corresponding to the use o
unit preconditioner. The preconditioned residual then
comesG̃n1Q̄T(Gn). This vector has a nonzero compone
in V0 , which we remove by projectingG̃n1Q̄T(Gn) with
PT.

Similar considerations hold at Level 4. The use of d
ferent projectors at different levels means that a small par

FIG. 5. The natural logarithm of the maximum of the density matrix e
ments plotted as a function of the distance between the atoms tha
interacting for C24H2 for the STO-3G, 3-21G, 6-31G* , and cc-pVDZ basis
sets, and C18H2 for the aug-cc-pVDZ basis set.

TABLE I. Number of surviving elements as a function of the distance
tween the interacting atoms using a neglect threshold of 1023 for C24H50

using various basis sets.

Basis set 1 2 3 4 5 6 7 8

STO-3G 1910 1696 1402 624 430 300 102
3-21G 6558 4528 3250 2020 704 560 208 12
6-31G* 9014 5728 3866 2152 838 308 72
cc-pVDZ 22 242 19 328 10 340 2768 38
aug-cc-pVDZ 32 094 26 716 20 682 18 028 14 964 13 036 10 068 8
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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the residual has been preconditioned with only a unit mat
However, as this component by construction is small, we
not expect this to affect the convergence.

VII. DIIS ACCELERATION SCHEME

From MO theory it is well known that the convergenc
of the Roothaan–Hall self-consistent field iterations may
accelerated and made more robust by using the direct in
sion in the iterative subspace~DIIS! algorithm. We here dis-
cuss the DIIS acceleration scheme in the context of an
density-based optimization.21,22

The idea of the DIIS scheme is to utilize the informatio
available from the preceding iterations by constructing
averaged, effective AO Fock matrix

~Fn!av5(
i 51

n

v iFi . ~88!

This effective Fock matrix is then used in place ofFn to
generate an improved set of MOs and thus an improved
density matrix. In this manner, the Roothaan–Hall iteratio
are stabilized and oscillations avoided. The weights of
averaged Fock matrix are found by minimizing the norm
the averaged error vector

~en!av5(
i 51

n

v iei , ~89!

where the error vector equals the gradient

ei54~SDiFi2FiDiS!, ~90!

subject to the constraint

(
i 51

n

v i51. ~91!

This is achieved by minimizing the Lagrangian

L5 (
i , j 51

n

v i^ei uej&v j2lS (
i 51

n

v i21D , ~92!

with respect to the weightsv i and the undetermined multi
plier l, leading to a linear set of equations for the weigh
For this procedure to work, we must store the previous F
matrices and error vectorsFn and en . However, since in
practice the oldest matrices carry little information of inte
est, only a few Fock matrices and error vectors are store

The DIIS algorithm must be modified slightly to be us
ful in density-matrix optimizations since, in order to min
mize Ee(X) of Eq. ~54!, we need a valid Fock matrix—tha
is, a Fock matrix constructed from a valid density matrix.
the usual MO implementation of the DIIS scheme, the Fo
matrix calculated according to Eq.~88! is not a valid Fock
matrix. To solve this problem, we therefore average the
density matrix rather than the Fock matrix

~Dn!av5(
i 51

n

v iDi . ~93!

This averaged density matrix is then purified~using
McWeeny’s scheme25! to yield a valid, effective density ma
trix from which the effective Fock matrix is constructe

-
re

-

0
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Thus, having obtained valid effective density and Fock m
trices, we may proceed to optimizeEe(X). Note that without
purification, this procedure yields the same effective Fo
matrix as Eq.~88! and that the purification introduce th
need for calculating a new Fock matrix.

Thus, the density-matrix implementation of DIIS diffe
from the MO implementation in that we construct an av
aged density matrix, Eq.~93!, rather than an averaged Foc
matrix, Eq. ~88!, storing in each iterationDn and en rather
than Fn and en . Close to convergence, the averaged Fo
matrix constructed according to Eq.~88! is a good approxi-
mation to the Fock matrix constructed from the~purified!
density matrix in Eq.~93!. We may then avoid the expensiv
construction of the Fock matrix by using Eq.~88! directly,
storingFn rather thanDn in each iteration.

VIII. COMPUTATIONAL DETAILS

The algorithm described above has been implemente
a local version of theDALTON program.26 To demonstrate the
capabilities of the algorithm, we report a series of test cal
lations. As typical examples of saturated and unsaturated
tems, we have used the normal alkanes C18H38, C24H50, and

TABLE II. The energy difference between the converged Hartree–F
energyEconv and the energy using the RH DIIS (ERH DIIS) algorithm and the
MPCG (EMPCG) with exact Hessian preconditioner for the alkene C24H26

using the cc-pVDZ basis set. The converged energy is2923.817 086 023
a.u.

ERH DIIS–Econv EMPCG–Econv

1 4.25 4.25
2 0.22 0.22
3 0.023 0.022
4 0.0015 0.0013
5 0.000 23 0.000 21
6 0.000 014 0.000 013
7 0.000 001 7 0.000 001 3
8 0.000 000 23 0.000 000 17
9 0.000 000 030 0.000 000 027

10 0.000 000 007 0.000 000 007
11 0.000 000 001 0.000 000 000
12 0.000 000 000 0.000 000 000
13 0.000 000 000 0.000 000 000
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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C30H62, the conjugated alkenes C18H20 and C24H26, and the
alkynes C18H2 and C24H2. These systems were selected
test our algorithm for different bonding situations. For a
kanes the density matrix decays rapidly with increasing
teraction distance. For alkenes and alkynes the density
trix decays more slowly because of the conjugation of th
p-electron systems.

The bond lengths were chosen to be 1.54, 1.33, and 1
Å for the single, double, and triple C–C bonds, respective
and 1.09, 1.076, and 1.06 Å for the C–H bonds of the
kanes, alkenes, and alkynes, respectively. The basis sets
sidered are STO-3G, 3-21G, 6-31G* , cc-pVDZ, and aug-cc-
pVDZ. The largest calculation includes 756 basis functio
The energies have been converged to at least 1029Eh .

IX. SPARSITY OF THE DENSITY MATRIX

In this section we examine the size of the elements of
AO density matrix,Dmn , as a function of the distance be
tween the centers of AOsm and n. The separation betwee
basis functionsm on carbon atomI andn on carbon atomJ is
denotedRIJ . The separation is one for AOs on neighborin
carbon atoms, two for next neighbors, and so on. We do
consider the elements of the Fock and overlap matrices
these are sparser than the density matrix. For more thoro
investigations of matrix sparsity for minimal basis sets, s
Refs. 11, 27, and 28.

In Fig. 3, we have plotted the natural logarithm of th
largest AO density matrix elements for a given atomic se
ration,RIJ , as a function ofRIJ between the carbon atoms o
the alkane—the hydrogen atoms are assigned the s
atomic number,m, as the carbon atom to which they bon
An exponential decay is clearly observed for STO-3
3-21G, 6-31G* , and cc-pVDZ, in accordance with previou
observations.14,27,29However, there is no correlation betwee
the size of the matrix elements and the size of the ba
Thus, the cc-pVDZ basis set has the smallest maxim
density-matrix elements, whereas the next smallest set 3-
has the largest elements~disregarding aug-cc-pVDZ!. Be-
cause of its diffuseness, the aug-cc-pVDZ basis set beh
differently, its matrix elements decrease very slowly w
increasing separation.

k

of

s the

41
011
TABLE III. The convergence at Level 2 after the first Fock iteration for the alkene C24H26 using the cc-pVDZ basis set for four different choices
preconditioner:~a! Exact at Levels 2 and 3,~b! RIJ510 at Levels 2 and 3,~c! RIJ516 at Levels 2 and 3, and~d! exact at Level 2 andRIJ510 at Level 3.
At each iteration we give the difference between the converged energy,Ee

conv, and the sum of the orbital energies obtained at each iteration as well a
gradient norm. The converged energy is2656.811 588 894 5 a.u.

Exact RIJ510 RIJ516 Exact/RIJ510

Ee –Ee
conv iGi Ee –Ee

conv iGi Ee –Ee
conv iGi Ee –Ee

conv iGi

1 0.021 1.80 0.191 5.69 0.030 2.05 0.021 1.80
2 0.000 006 2 0.034 0.056 2.57 0.000 39 0.17 0.000 006 1 0.033
3 0.000 000 000 3 0.000 23 0.010 1.29 0.000 000 73 0.0095 0.000 000 000 3 0.000
4 0.000 000 000 0 0.000 000 12 0.0018 0.63 0.000 000 004 0 0.000 68 0.000 000 000 0 0.000
5 0.000 37 0.29 0.000 000 000 0
6 0.000 12 0.17
7 0.000 038 0.11
8 0.000 016 0.072

10 0.000 007 0
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE IV. The convergence at Level 2 after the third Fock iteration for the alkene C24H26 using the cc-pVDZ basis set for four different choices
preconditioner:~a! Exact at Levels 2 and 3,~b! RIJ510 at Levels 2 and 3,~c! RIJ516 at Level 2 and 3, and~d! exact at Level 2 andRIJ510 at Level 3. At
each iteration we give the difference between the converged sum of orbital energies,Ee

conv, and the sum of orbital energies obtained at each iteration as
as the gradient norm. The converged energy is2621.218 704 107 1 a.u.

Exact uI 2Ju510 uI 2Ju516 Exact/uI 2Ju510

Ee –Ee
conv iGi Ee –Ee

conv iGi Ee –Ee
conv iGi Ee –Ee

conv iGi

1 0.000 000 001 6 0.000 41 0.000 0007 1 0.041 0.000 000 072 0.0028 0.000 000 001 6 0.000 4
2 0.000 000 000 0 0.000 001 1 0.000 000 65 0.012 0.000 000 000 0 0.000 075 0.000 000 000 0 0.000
3 0.000 000 10 0.0060
4 0.000 000 031 0.0033
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For the alkenes in Fig. 4, an exponential but oscillat
decay is observed. The decay is slower than for the alka
but almost independent of the basis set. For the alkyne
Fig. 5, the STO-3G basis exhibits an oscillatory behav
similar to that of the alkenes, whereas the other basis
display a slow, nonexponential decline. Again, the aug-
pVDZ basis behaves differently for the alkene and alky
the matrix elements decrease very slowly with increas
separation~and are larger than for the alkane!.

In practice, what matters most is not so much the larg
matrix element but rather the total number of large eleme
In Table I we have listed the number of matrix elements w
uDmnu.1023 as a function of the atomic separationRIJ for
C24H50. The percentage of surviving elements is 24%, 20
13%, and 18% for the STO-3G, 3-21G, 6-31G* , and cc-
pVDZ basis sets, respectively.

We note that the HOMO–LUMO gap differs greatly fo
the different basis sets and molecules. For the alkanes it
the range 0.56~cc-pVDZ!–0.89~STO-3G!, with the aug-cc-
pVDZ basis having a gap of only 0.42. For the alkene a
alkyne, the range for the HOMO–LUMO gap is 0.30–0.
and 0.14–0.15, respectively.

We have seen that all matricesD, F, andS may be trun-
cated according to a distance criteria—that is, for each
these matrices, there is a distanced such that the matrix
elementsMIJ vanish if the distance betweenI andJ exceeds

TABLE V. The norm of the residual at Level 3 using an exact precon
tioner and approximate preconditioners.

Level 1: iter. 1, Level 2: iter. 1 Level 1: iter. 4, Level 2: iter. 1

Exact RIJ510 RIJ516 Exact RIJ510 RIJ516

1 1835.6 1835.7 1835.6 1.40 1.41 1.40
2 0.020 220.9 16.5 0.000 093 0.19 0.20
3 0.0022 49.5 2.28 0.038 0.041
4 0.000 20 26.1 0.35 0.0060 0.0066
5 0.000 017 21.6 0.022 0.0013 0.0014
6 0.000 002 3 15.4 0.0087 0.000 25 0.000 29
7 10.5 0.000 049 0.000 064
8 7.06
9 4.13

10 2.83
11 2.10
12 1.68
13 1.40
14 0.91
15 0.56
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d. Moreover, the product of such sparse matrices will also
a sparse matrix, whose nonzero distance is related to
nonzero distances of the matrices entering the product.
example, for two matricesA and B with nonzero distances
dA anddB , respectively, the product matrixAB has nonzero
matrix elements only for distances smaller thandA1dB . The
Hessian times a sparse matrix may thus be evaluated
sequence of sparse matrix multiplications to give a spa
matrix, in accordance with the linear scaling principle.

X. OPTIMIZATION OF C24H26 IN THE CC-PVDZ BASIS

In the present section we examine the convergence
C24H26/cc-pVDZ calculations using the MPCG approach
Fig. 2, discussing each of the four levels in turn.

A. Level 1: Fock iterations

Table II describes the convergence at Level 1, giving
each iteration the energy difference between the conver
Hartree–Fock~HF! energy Econv and the energy obtaine
using the MPCG algorithm and exact preconditioning. F
comparison the energy difference is also given for the
DIIS algorithm. The behavior of the two methods is nea
identical, both converging to 1023Eh in 5 iterations and to
1029Eh in 11 iterations. The small differences that are o
served between the two methods arise from the slightly
ferent implementations of DIIS, which for MPCG involve
not only the construction of an averaged density matrix
also its purification. Before we go on to study the high
levels, we recall that the Fock iterations at Level 1 are

-

TABLE VI. The norm of the residual at Level 4 at the first iteration s
quence at this level in the first Fock iteration and in a later iteration
quence.

ir i ir i

1 1.933105 1.60
2 2.743104 0.35
3 7.753103 0.14
4 2.683103 0.052
5 1.273103 0.031
] ] ]

25 1.15 0.000 032
26 0.90 0.000 028
27 0.68 0.000 021
28 0.55 0.000 019
29 0.44 0.000 016
30 0.37 0.000 014
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TABLE VII. Number of iterations at Levels 2 and 3 for alkanes of various lengths using the STO-3G, 3-
and 6-31G* basis sets. The cut-off criteria were 4, 4, and 5 for the STO-3G, 3-21G, and 6-31G* basis sets,
respectively.

Preconditioner

STO-3G 3-21G 6-31G*

C18H38 C24H50 C30H62 C18H38 C24H50 C30H62 C24H50

Exact Level 2 1–2 1–2 1–2 1–2 1–2 1–2 1–3
Level 3 1–3 1–3 1–3 1–3 1–3 1–3 1–4

Nondiagonal Level 2 1–2 1–2 1–2 1–2 1–2 1–2 1–3
Level 3 1–3 1–3 1–3 1–4 1–4 1–4 1–5

Diagonal Level 2 1–10 1–10 1–10 1–30 1–30 1–30 1–35
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only iterations that require the construction of the Fock m
trix from two-electron integrals. Thus, at all higher leve
only one-electron matrices are manipulated.

B. Level 2: Optimization of Ee

In Tables III and IV the convergence at Level 2 is illu
trated for the first and third Fock iterations, respective
which are chosen as typical global and local regions. In b
regions four preconditioning schemes are investigated:

~1! Exact Hessian for Levels 2 and 3;
~2! Hessian with cut-off atRIJ510 for Levels 2 and 3;
~3! Hessian with cut-off atRIJ516 for Levels 2 and 3;
~4! Exact Hessian at Level 2 and Hessian with cut-off

RIJ510 for Level 3.

In all cases, a diagonal unit preconditioner was used as
conditioner at Level 4. The energy differences between
converged sum of the orbital energies,Econv, and the energy
sum that is obtained at each iteration is given together w
the norm of the gradientG.

The iterations with the exact Hessian preconditioner
hibit quadratic convergence, the number of correct dig
about doubling in each iteration. This is expected as the P
method with the exact Hessian preconditioner is essent
equivalent to Newtons method for optimizingEconv. In the
first Fock iteration ~Table III!, four PCG iterations are
needed for convergence with the exact Hessian preco
tioner whereas in the third Fock iteration~Table IV!, only
two iterations are needed. In the PCG calculation with
exact Hessian at Level 2 but an approximate Hessian
Level 3, the convergence is much the same, suggesting
the use of a hierarchy of preconditioners is a sound idea

When an approximate preconditioner is used at Leve
the convergence is slower than with the exact Hessian
193.157.137.211. This article is copyrighted as indicated in the abstract
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particular with cut-off atRIJ510. However, we note tha
tight convergence is seldom needed at Level 2, in particu
in the global region of the Fock iterations.

C. Level 3: Solution of linear equations with a
nondiagonal preconditioner

In Table V we have illustrated the convergence of t
PCG method for solving the linear equations at Level
using as examples the first Level-2 iteration of the first a
fourth Fock iterations. With an exact Hessian preconditio
convergence to a residual smaller than 1025 is rapid with six
Level-3 iterations needed for the first Fock iteration and o
two for the fourth Fock iteration. With approximate preco
ditioners the convergence is noticeably slower in the fi
Fock iteration, in particular with the smallest cut-off atRIJ

510. Recall that slow convergence with this cut-off was a
observed at Level 2 in the same Fock iteration. In the fou
Fock iteration, the convergence is rapid in all cases.

D. Level 4: Solution of linear equations with a diagonal
preconditioner

To illustrate the convergence at Level 4, we have
Table VI listed the residual of two typical Level-4 iteratio
sequences with unit preconditioner. The residual decrea
rapidly in the first few iterations but then grinds almost to
halt. This behavior is fairly typical for the conjugate-gradie
method and indicates that the optimization should be ‘‘res
by recalculating the residual at Level 3 and restarting
optimization at Level 4. So far, we have not given mu
attention to the iterations at Level 4, but we shall consid
the convergence at this level more carefully in the future
improve convergence.
and
itioner.
TABLE VIII. Number of iterations at Levels 2 and 3 for alkanes of various lengths using the cc-pVDZ
aug-cc-pVDZ basis sets. For the cc-pVDZ basis set a cutoff of 6 was used for the non-diagonal precond

Preconditioner

cc-pVDZ aug-cc-pVDZ

C18H38 C24H50 C30H62 C18H38

Exact Level 2 1–3 1–3 1–3 3–4
Level 3 1–4 1–4 1–4 2–3

Nondiagonal Level 2 1–3 1–3 1–3 ¯

Level 3 1–6 1–7 1–7 ¯

Diagonal Level 2 1–40 1–40 1–40 ¯
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE IX. Number of iterations at Levels 2 and 3 for alkenes using the STO-3G, 3-21G, 6-31G* , cc-pVDZ,
and aug-cc-pVDZ basis sets. For the first four basis sets we studied C24H26, whereas for the aug-cc-pVDZ basi
set C18H20 was studied. The cut-off criteria for the nondiagonal preconditioner were 6, 7, 10, and 16 fo
STO-3G, 3-21G, 6-31G* , and cc-pVDZ, respectively.

Preconditioner STO-3G 3-21G 6-31G* cc-pVDZ aug-cc-pVDZ

Exact Level 2 1–2 1–2 1–2 1–3 1–4
Level 3 1–2 1–3 1–3 1–3 4–9

Nondiagonal Level 2 1–4 1–4 1–6 1–4 ¯

Level 3 1–4 1–6 1–9 1–6 ¯

Diagonal Level 2 1–10 1–40 1–55 1–90 ¯
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XI. COMPARISONS OF DIFFERENT BASIS SETS AND
MOLECULES

We now proceed to discuss and compare the overall c
vergence for alkanes, alkenes, and alkynes using diffe
basis sets and preconditioners. In particular, we have u
the basis sets STO-3G, 3-21G, 6-31G* , cc-pVDZ, and aug-
cc-pVDZ with three preconditioning schemes: The ex
Hessian at Levels 2 and 3, diagonal Hessian at Level 2~no
higher levels!, and nondiagonal, approximate Hessians
Levels 2 and 3. The smallest and largest number of iterat
needed for the different basis sets and preconditioners
listed in Tables VII and VIII for the alkanes, in Table IX fo
the alkenes, and in Table X for the alkynes.

With the exact Hessian preconditioner, convergence
straightforwardly obtained—even for the alkyne in the au
cc-pVDZ basis set. Moreover, the number of iterations
almost independent of molecule and basis set.

With a diagonal preconditioner the convergence is
general slow and unsystematic. The number of iterations
creases with the size of the basis set but is nearly inde
dent of the size of the molecule. Because of the more d
calized electronic structure, the convergence is slower for
alkenes than for the alkanes. Using a diagonal preconditio
with the STO-3G basis set, Scuseriaet al.12 have reported
convergence in fewer iterations. However, their converge
threshold is not nearly as tight as ours. In general, STO
calculations are quite easily converged with a diagonal p
conditioner.

Finally, we consider the nondiagonal preconditioner. F
the alkanes we used cut-off thresholds of 4, 4, 5, and 6
the STO-3G, 3-21G, 6-31G* , and cc-pVDZ basis sets, re
spectively. For the alkenes the corresponding thresholds
6, 7, 10, and 16. With these cut-offs convergence is m
faster than with the diagonal preconditioner and, in fact,
significantly slower than with the exact precondition
Moreover, the number of iterations increases only sligh
193.157.137.211. This article is copyrighted as indicated in the abstract
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with the size of the basis set. One of the most difficult ca
is the optimization of C24H26 in the cc-pVDZ basis, which
was discussed in great detail in Sec. X.

In conclusion, the exact Hessian preconditioner wo
well for all molecules and basis sets we have considered
expected, approximate preconditioners work better for
alkanes than for the alkenes and alkynes, which have spa
density matrices and smaller HOMO–LUMO gaps. We no
however, that the convergence of the alkenes and alky
considered here is probably more difficult than that of m
biological systems.

In our calculations the reference to the MO basis has
been completely eliminated as we have used a simple Hu¨ckel
guess for the initial density matrix. For minimal basis se
such as STO-3G a simple guess is obtained by using the
matrix and ensuring that the rank condition is fulfilled. F
larger basis sets we may construct an initial density ma
using the STO-3G density matrix as a first guess. We m
also use a less crude cut-off for the preconditioner in the fi
iterations and a cruder one as convergence is approache

XII. CONCLUSIONS

We have presented an implementation of the direct o
mization of the density matrix in the AO basis as an alter
tive to the diagonalization of the Fock matrix. Our optimiz
tion is based on an unconstrained but nonredund
exponential parametrization of the AO density matrix. T
Fock iterations of the Roothaan–Hall scheme are retain
but the diagonalization of the Fock matrix is replaced by
direct minimization of the AO density matrix. For this min
mization we propose the use of the conjugate-gradient a
rithm with a nondiagonal multilevel preconditioner. With a
exact Hessian preconditioner and use of projectors to con
the redundancies, a robust second-order convergence is
tained for all systems we have considered: alkanes, alke
and alkynes with basis sets STO-3G, 3-21G, 6-31G* , cc-
g the
TABLE X. Number of iterations at Levels 2 and 3 using the exact preconditioner for various alkynes usin
STO-3G, 3-21G, 6-31G* , cc-pVDZ, and aug-cc-pVDZ basis sets.

Preconditioner

STO-3G 3-21G 6-31G* cc-pVDZ aug-cc-pVDZ

C18H2 C24H2 C24H2 C24H2 C18H2 C24H2 C18H2

Exact Level 2 1–2 1–2 1–3 1–3 1–3 1–3 1–6
Level 3 1–2 1–2 1–2 1–4 1–4 1–4 3–11
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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pVDZ, and aug-cc-pVDZ. All calculations are in accordan
with the linear-scaling principle, involving only simpl
sparse matrix additions and multiplications.

The cost of the calculations are reduced by using
proximate Hessian preconditioners, where elements of
overlap, Fock, and density matrices are neglected based
simple distance criterion, with the optimal cut-off thresho
depending on the diffuseness of the basis set and the de
of electron delocalization. Additional reductions are possi
by introducing a hierarchy of preconditioners. Tighter cut-
thresholds can be imposed on the higher precondition
without affecting the overall convergence.

In short, we have demonstrated that linear scaling m
be achieved for large molecules using basis sets that con
polarization and diffuse functions. Although our impleme
tation is based on the exponential parametrization of the d
sity matrix, the preconditioners suggested here may be
ployed also with conjugate-gradient implementations that
not based on this particular parametrization.
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