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Accuracy of spectroscopic constants of diatomic molecules
from ab initio calculations
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The basis-set convergence of cc-pVXZ basis sets is investigated for the MP2 and CCSD equilibrium
bond distances and harmonic frequencies of BH, HF, CO, N2 , and F2 by comparing with explicitly
correlated R12 results. The convergence is, in general, smooth but slow—for example, for harmonic
frequencies at the quadruple-zeta level, the basis-set error is typically 7 cm21; at the sixtuple-zeta
level, it is about 2 cm21. For most constants, the convergence can be accelerated by using a
two-point linear extrapolation procedure. Equilibrium bond distances, harmonic frequencies,
anharmonic contributions, vibration-rotation interaction constants, and rotational constants for the
vibrational ground state have been calculated for the same set of molecules using standard wave
function and basis-set levels ofab initio theory. The accuracy of the calculated constants has been
established by carrying out a statistical analysis of the deviations with respect to experiment. The
largest errors for bond distances and harmonic frequencies calculated at the core-corrected
CCSD~T!/cc-pV6Z level are 0.4 pm and 13.4 cm21, respectively. Much smaller errors occur for the
anharmonic contributions. ©2003 American Institute of Physics.@DOI: 10.1063/1.1533032#
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I. INTRODUCTION

The accuracy of quantum-chemical wave-function cal
lations is affected by two approximations: the truncation
the one-electron expansion introduced through the choic
the basis set, and the incomplete description within
N-electron Fock space introduced through the choice of
wave-function model. The apparent error of a quantu
chemical calculation is a superposition of the basis-set e
and theN-electron error.1,2 To establish the accuracy of
givenN-electron model~i.e., the intrinsic error of the model!,
the basis-set error must be removed. The basis-set erro
be separated from theN-electron error by determining th
results that would be obtained inthe basis-set limit—that is,
the result that would be obtained for a complete~infinite!
basis. Although this limit can sometimes be established
carrying out sequences of calculations in large basis sets,
an advantage if the limit can be established using an alte
tive strategy such as the R12 method.3–7 The R12 method
constitutes the simplest realization of the explicitly-co
relatedr i j -dependent approach to quantum chemistry, wh
the Coulomb cuspand more generally the short-rang
electron–electron interactions are correctly describ
ensuring high-accuracy in the description of dynami
correlation.1,8
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With the use of R12 results, the rate of convergence
the correlation energy towards the basis-set limit has rece
been investigated for various wave-function models us
correlation-consistent basis sets.9 In particular, it has been
established that the slow but smooth convergence of the
relation energy can be accelerated considerably by the a
cation of a simple two-point linear extrapolation pr
cedure.1,9 Indeed, the correlation energies extrapolated fr
moderately large correlation-consistent basis-sets are in
fect agreement with the basis-set limit. The same is true
energy differences such as atomization energies, reaction
thalpies, and the interaction energies of hydrogen-bon
systems.10,11 With regard to properties other than energi
and their differences, the two-point extrapolation proced
has been observed to accelerate the convergence toward
basis-set limit for the molecular electric dipole moment, o
tained as the first derivative of the molecular energy.12 Also,
in a study of the two-electron Darwin correction to the to
energy, extrapolation was essential for achieving fast con
gence to the basis-set limit.13 Extrapolation procedures othe
than linear two-point scheme have been proposed for obt
ing basis-set limit results.14–16 Use of extrapolation for ge-
ometry optimization has been considered by Chuang
Truhlar.17,18

In this paper, we extend the study of basis-set conv
gence to the spectroscopic constants of diatomic molecu
the equilibrium bond distanceRe , the harmonic frequency
9 © 2003 American Institute of Physics
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ve , the anharmonic constantvexe , the vibration-rotation
interaction constantae , and the rotational constant of th
vibrational ground stateB0 . Although our investigations are
restricted to the five systems BH, HF, CO, N2 , and F2 , the
results should be of general validity. Since the spectrosco
constants are obtained by differentiation of the total ene
the two-point linear extrapolation is expected to acceler
the basis-set convergence of the spectroscopic constants
note that high level calculations of spectroscopic consta
for some of the molecules of interest have been reported
many other authors.2,19–21

In Sec. III, we investigate, for second-order Mølle
Plesset~MP2! perturbation theory and for the coupled-clus
singles-and-doubles~CCSD! model, the basis-set conve
gence ofRe , ve , andvexe by comparison with R12 results
We also explore whether the convergence is accelerate
the application of the two-point linear extrapolation proc
dure. Next, in Sec. IV, we carry out a complementary stu
of the accuracy~by comparison with experiment! of the
spectroscopic constants at various standard wave-func
and basis-set levels. In that section, we also examine
influence of core correlation and the reference geometry
the accuracy of the calculated spectroscopic constants.
standard wave-function models considered are the Hartr
Fock ~SCF! model, MP2 theory, the CCSD model, and t
CCSD model with a perturbative correction for triple excit
tions @the CCSD~T! model#.22 Section V contains some con
cluding remarks.

II. COMPUTATIONAL DETAILS

The equilibrium bond distanceRe , the harmonic fre-
quencyve , the anharmonic constantvexe , the vibration-
rotation interaction constantae , and the rotational constan
of the vibrational ground stateB0 have been determined fo
the following single-configuration dominated diatomic mo
ecules: BH, HF, CO, N2 , and F2 . For each molecule, we
have calculated the total energyE(R) at a dense grid of bond
distancesR, separated from each other by 0.005a0 . From
these energies, derivatives of the energy up to fourth o
have been determined by finite difference, taking care
avoid numerical instabilities and truncation errors. Fina
the potential-energy curves and their derivatives up to fou
order have been determined by third-order polynomial in
polation.

For each of the models SCF, MP2, CCSD, a
CCSD~T!, we have used the correlation-consistent polariz
valenceX-tuple zeta (cc-pVXZ) basis sets,23 the augmented
cc-pVXZ (aug-cc-pVXZ) basis sets,24 and the correlation-
consistent polarized core-valenceX-tuple zeta (cc-pCVXZ)
basis sets25 of Dunning and co-workers. In the cc-pCVXZ
basis, the calculations have been performed both with
valence electrons@cc-pCVXZ ~val!# and with all electrons
@cc-pCVXZ ~all!# correlated. The calculations have been c
ried out for the cardinal numbers 2<X<5; in addition, va-
lence calculations have been carried out in the cc-pV
basis.

The spectroscopic constants have been extrapolated
ing the two-point linear extrapolation procedure1,9 in the fol-
lowing manner: Assume that calculations have been p
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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formed for the two cardinal numbersX21 and X. The
extrapolated potential-energy surface is then obtained
combining the plain Hartree–Fock energy of cardinal nu
ber X with the correlation energy obtained by applying t
extrapolation formula to the correlation energies of cardi
numbersY5X21 andX,

EXY
corr5

EX
corrX32EY

corrY3

X32Y3 . ~1!

The molecular properties are obtained by applying the
trapolation scheme in the same manner to the calculated
rivatives. Note that, since the extrapolation formula Eq.~1! is
linear in the energies, it does not matter whether the extra
lations are carried out before or after differentiation. To d
tinguish between the extrapolated and unextrapolated s
troscopic constants, we shall refer to the latter as theplain
constants, wherever necessary. We have also investig
what happens when extrapolated correlation energyEXY

corr is
added to Hartree–Fock energy obtained at sixtuple level;
found no significant improvement in the quality of the e
trapolated spectroscopic constants using such an appr
~compared to using Hartree–Fock energy calculated
X-tuple level for a givenEXY

corr as described above! and will
thus not discuss this approach in any detail.

For the MP2 and CCSD models, results close to
basis-set limit have been obtained by using the explici
correlated R12 model, correlating only the valence electro
These R12 calculations have been carried out in
19s14p10d8 f 5g3h basis of uncontracted spherica
harmonic Gaussians for B, C, N, O, and F, and in
9s6p4d3 f basis for H. These basis sets have been gener
by augmenting the 19s14p8d6 f 4g3h basis of Ref. 26 with
tight d, f, and g sets in an even-tempered manner. T
9s6p4d3 f basis for H is given in Ref. 27. For B, a simila
basis set was not available; it has therefore been constru
in the course of the present work following the prescriptio
of Ref. 26. All basis sets are available from the authors up
request.

III. CONVERGENCE OF THE SPECTROSCOPIC
CONSTANTS TO THE BASIS-SET LIMIT

In Sec. III A, we analyze the convergence of th
CCSD/cc-pVXZ results to the CCSD-R12 results for th
spectroscopic constantsRe , ve , and vexe . Next, in Sec.
III B, we investigate whether the convergence is improved
two-point extrapolation. To confirm the conclusions abo
the cc-pVXZ basis-set convergence drawn in Secs. III A a
III B, we perform in Sec. III C a similar analysis for the MP
model. For this particular model, R12 calculations have b
carried out by invoking two different closure approximatio
for the three- and four-electron integrals, that is, the stand
approximations A and B; see Ref. 27.

A. Convergence of the plain CCSD
spectroscopic constants

In this section, we compare the CCSD equilibrium bo
distances, harmonic frequencies, and anharmonic cons
calculated using the cc-pVXZ basis sets (2<X<6) with the
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE I. The statistical analysis over the deviation of the CCSD/cc-pVXZ spectroscopic parameters from the CCSD-R12 results. The statistical measur
the bond distances are in pm and for the other constants in cm21.

Bond distances Harmonic frequencies Anharmonicity

D̄ Dstd D̄abs
Dmax D̄ Dstd D̄abs

Dmax D̄ Dstd D̄abs
Dmax

D 2.20 1.49 2.20 4.52 249.43 51.30 49.43 140.70 0.62 1.41 0.92 3.04
T 0.45 0.27 0.45 0.78 27.77 16.39 16.20 21.07 20.13 0.63 0.41 1.08
Q 0.14 0.16 0.17 0.38 22.14 9.53 7.68 13.85 20.10 0.14 0.12 0.30
5 0.06 0.07 0.07 0.17 20.92 4.34 3.48 6.39 0.05 0.06 0.05 0.15
6 0.03 0.04 0.04 0.09 20.82 1.85 1.73 2.51 20.06 0.11 0.08 0.24
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results of the CCSD-R12 calculations, here assumed to
resent the CCSD basis-set limit. In the statistical analysis,
use the error quantity

D i5Pi
calc2Pi

R12, ~2!

wherePi
calc is the value of the spectroscopic constant at

CCSD/cc-pVXZ level of theory andPi
R12 is the correspond-

ing CCSD-R12 value. In the analysis, we consider the m
error D̄, the standard deviationDstd, the mean absolute erro
D̄abs, and the maximum absolute errorDmax ~see Table I!.
Normal distribution plots for the electronic energies, equil
rium bond distances, and harmonic frequencies are give
Fig. 1.

The mean absolute and maximum errors show that
CCSD bond distances, harmonic frequencies, and anha
nicities converge smoothly towards the R12 results. The o
exception are the anharmonicities, which only conve
smoothly up toX55. However, the errors in cc-pV6Z anha
monicities are so small that this behavior may reflect~nu-
merical! uncertainties in the R12 results or errors in the n
merical differentiation. The largest discrepancies
anharmonicities are observed for the HF molecule, for wh
the R12 anharmonicity is 88.5 cm21, whereas the quintuple
zeta ~5Z! and sixtuple-zeta~6Z! results are 88.7 and 88.
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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cm21, respectively. At the quadruple-zeta~QZ! level, the
largest error in the anharmonicity is 0.3 cm21. For all prac-
tical purposes, therefore, the anharmonicity is converged
ready at the QZ level.

For bond distances and harmonic frequencies, we n

that the mean errorsD̄ are quite small at the QZ level
namely, 0.14 pm and22.14 cm21, respectively. However,

the QZ mean absolute errorsD̄abs are quite large for the
frequencies~7.68 cm21!, indicating large fluctuations aroun
the basis-set limit—see also the normal-distribution plots
Fig. 1. These observations are of some interest since the
basis is often employed in accurate calculations of spec
scopic constants with the CCSD~T! model ~for which the
basis-set errors are similar to those of the CCSD model!. As
we increase the cardinal number fromX54 to X55, the
statistical error measures are reduced by a factor of two
similar reduction occurs as we go fromX55 to X56. At the
cc-pV6Z level, the mean absolute basis-set errors are
pm and 1.73 cm21, respectively, for bond distances and ha
monic frequencies, the corresponding maximum absolute
rors being 0.09 pm and 2.51 cm21. Thus, even in this very
large basis, the harmonic frequencies are still a few w
numbers away from convergence.
h the
FIG. 1. The plots of normal distributions~referring to the basis-set limit results! for energies, bond distances, and harmonic frequencies calculated wit
CCSD model using the cc-pVXZ basis-set family.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE II. The plain CCSD/cc-pVXZ and the extrapolated CCSD/cc-pV(X21)XZ spectroscopic constants compared with the CCSD-R12 results. The
distances are in pm and the other constants in cm21.

BH HF CO N2 F2

Plain Extrap. Plain Extrap. Plain Extrap. Plain Extrap. Plain Extrap

Re T/DT 123.44 123.17 91.52 91.52 112.87 112.70 109.67 109.41 139.46 139.
Q/TQ 123.22 123.20 91.37 91.34 112.43 112.30 109.31 109.16 139.07 138.
5/Q5 123.15 123.12 91.40 91.42 112.36 112.30 109.22 109.15 138.85 138
6/56 123.14 123.14 91.42 91.44 112.33 112.30 109.19 109.16 138.77 138
R12 123.12 91.43 112.30 109.16 138.68

ve T/DT 2360.6 2368.9 4212.1 4209.9 2222.9 2231.8 2423.9 2440.2 1012.5 1019
Q/TQ 2369.2 2372.1 4204.9 4203.8 2234.8 2242.4 2435.6 2445.6 1015.6 102
5/Q5 2370.8 2371.4 4197.4 4192.1 2236.3 2238.5 2439.9 2443.9 1021.7 102
6/56 2371.0 2370.5 4193.3 4189.2 2237.2 2238.5 2441.3 2443.1 1024.0 102
R12 2371.6 4191.0 2238.5 2443.2 1026.5

vexe T/DT 48.3 49.3 87.4 86.6 11.8 11.8 13.0 12.9 9.4 9.0
Q/TQ 48.0 47.6 88.3 89.1 12.0 12.0 12.9 12.8 8.8 8.5
5/Q5 48.3 48.5 88.7 88.3 12.1 12.1 12.9 12.9 8.8 8.7
6/56 48.2 48.1 88.3 87.9 12.1 12.1 12.9 12.9 8.7 8.7
R12 48.3 88.5 12.1 12.9 8.7
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B. Convergence of the extrapolated CCSD
spectroscopic constants

For correlation energies~and hence total energies!, con-
vergence is significantly accelerated by the two-point lin
extrapolation formula Eq.~1!.1,9 In the following, we shall
investigate whether this formula produces a similar conv
gence acceleration for spectroscopic constants.

In Table II, we have listed the extrapolated cc-pV(X
21)XZ bond distances and harmonic frequencies for 3<X
<6, together with the plain cc-pVXZ constants. For com
parison, we have included the CCSD-R12 results. In gene
extrapolation accelerates convergence but is least satisfa
at the DT level. For bond distances, the extrapolation in g
eral gives a better agreement with the R12 results—for2 ,
for example, the cc-pV~56!Z bond distance has an error o
0.01 pm while the plain cc-pV6Z result is in error by 0.0
pm. The extrapolated cc-pV~56!Z bond distances differ from
the CCSD-R12 results by at most 0.02 pm~BH molecule!.

However, the convergence of the extrapolated CC
bond distances is not as smooth as the convergence o
extrapolated correlation energy.9 For BH, for example, the
cc-pV~TQ!Z distance of 123.20 pm is less accurate than
cc-pV5Z distance of 123.15 pm~when compared with the
R12 result of 123.12 pm! and does not represent much of
improvement on the cc-pVQZ result of 123.22 pm. Similar
for HF, the cc-pV~TQ!Z distance of 91.34 pm is further awa
from the R12 result of 91.43 pm than both the cc-pVQ
~91.37 pm! and cc-pV5Z~91.40 pm! distances.

To see if this behavior arises since the large charge
larization of BH and HF requires more diffuse basis fun
tions, we have also investigated the convergence using
aug-cc-pVXZ basis-set~with and without extrapolation!. For
BH, extrapolation now gives results more in line with tho
obtained for the other molecules, the TQ bond distance be
as accurate as the 5Z result. For the HF molecule, howe
the problem with the TQ bond distance persists when diff
functions are added to the basis set.
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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For the harmonic frequencies, the extrapolation acce
ates the convergence but less uniformly than for correla
energies and even for bond distances. For HF, for exam
the TQ harmonic frequency~4203.8 cm21! is further away
from the R12 result~4191.0 cm21! than is the plain cc-pV5Z
frequency~4197.4 cm21! and is hardly better than the plai
cc-pVQZ frequency~4204.9 cm21!. Moreover, for BH and
HF, the Q5 frequencies are closer to the R12 results than
the cc-pV~56!Z frequencies. In short, although extrapolatio
in general accelerates the convergence of bond distances
harmonic frequencies, the improvement is less uniform a
less reliable than for total energies.

The results presented above have been obtained a
CCSD/cc-pVXZ or CCSD/cc-pV(X21,X)Z optimized ge-
ometry, that is, at the minimum of the potential-energy cu
of interest. Thus, as we increaseX, we change not only the
basis set but also the geometry at which the electronic
nuclear contributions to the spectroscopic constants are
culated. This results in a rather complicated basis-set de
dence of the spectroscopic constants. Alternatively, we m
study the second derivatives at a fixed reference geometr
that only the basis set changes withX, making the basis-se
sequence perhaps more amenable to extrapolation. To e
ine the influence of the choice of reference geometry on
extrapolation, we have therefore analyzed the ratio given

G5
D̄~X21!X

D̄X

. ~3!

Here D̄ (X21)X is the mean error relative to R12 of the e
trapolated constant, whereasD̄X is the corresponding error o
the plain constant. For a successful extrapolation, this rati
small. In Table III, we have given these ratios—using bo
the mean error and mean absolute error—for the harmo
frequencies both at the fixed R12 geometry (GR12) and at the
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE III. The G ratio of Eq.~3! for the CCSD and MP2 energies and harmonic frequencies calculated using cc-pVXZ basis. For the harmonic frequencie
the ratio is given for both optimized (Gopt) and fixed (GR12) geometry.

Mean error Mean abs. error

E ve ~R12! ve ~opt.! E ve ~R12! ve ~opt.!

CCSD T 0.45 0.82 0.00 0.45 0.83 0.47
Q 0.09 0.42 21.27 0.09 0.64 0.67
5 20.12 20.05 20.13 0.12 0.39 0.18
6 20.10 20.30 0.93 0.10 0.36 0.44

MP2 T 0.51 0.83 1.27 0.51 0.83 0.42
Q 0.26 0.32 0.90 0.26 0.56 0.91
5 0.09 20.11 0.20 0.09 0.24 0.45
6 0.10 20.59 20.81 0.10 0.65 0.51
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R12
optimized geometry (Gopt); for comparison, we have in
cluded the ratio for the total energy~which is the same at the
two geometries!.

In general, the ratio becomes smaller withX, reflecting a
somewhat faster convergence towards the basis-set limi
the extrapolated results.GR12 for frequencies is smaller tha
the ratio for energies only forX55, which is due to the
uniform distribution of errors~and thus their cancellation in
the mean error! rather than outstandingly better quality of th
extrapolated frequencies at this level; indeed, the ratio in
~3! obtained—withX55—for frequencies usingDstd and
D̄absat the R12 geometry is 1.41 and 0.39, respectively. O
erwise, theGR12 for frequencies is 2–5 times larger than t
ratio for energies. For the optimized geometry the differen
are larger—theGopt for frequencies is 2–10 times larger tha
the ratio for energies. It is also worth noticing the val
21.27 in theve ~opt! column showing that the extrapolatio
at the optimized geometry at this level does not improve
accuracy of the harmonic frequencies~compared to the basis
set limit!. The extrapolation applied to the harmonic freque
cies determined at the fixed~R12! geometry thus yields
faster basis-set convergence than in the case when the
mized geometry is used, since for the latter case the su
position of two effects occurs: the extension of basis set
the change in geometry.

A similar analysis for the anharmonicities shows th
extrapolation accelerates the basis-set convergence in a
systematic manner than for the energy or the harmonic
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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quencies. In particular,GR12 andGopt at the 56-level are 2.57
and 2.82, respectively. As mentioned above, the anhar
nicities are practically converged at the QZ level and
errors at 5Z and 6Z level are so small that this behavior m
equally well arise from numerical uncertainties in the R
results.

C. The basis-set convergence for the MP2
spectroscopic constants

The statistical analysis of the deviations
MP2/cc-pVXZ bond distances, harmonic frequencies, a
anharmonicities from the MP2-R12 results is given in Ta
IV. Experience has shown that the standard approximatio
tends to overestimate the magnitude of the correlation ene
slightly, whereas, with basis sets of increasing size and q
ity, the results obtained in the standard approximation
tends to converge from above to the basis-set limit. Hen
the approximations A and B may be interpreted as bracke
the true MP2 basis-set limit, with the difference between
and B indicating how closely this limit is approached. In t
large, uncontracted basis sets of the present work, the di
ences between A and B are small—not larger than 0.005
0.5 cm21, and 0.1 cm21 for the bond distance, harmoni
frequency, and anharmonicity, respectively. These val
may be taken as estimates of the error bars on the MP2-
and CCSD-R12 results.

Except for some of the anharmonicities forX.4, the
e first
pm and in

9

TABLE IV. Statistical analysis of the deviation of the MP2/cc-pVXZ spectroscopic constants from the MP2-R12 results. For a given cardinal number, th
row corresponds to the R12/A approximation and the second to the R12/B approximation. The statistical measures for the bond distances are in
cm21 for the other constants.

Bond distances Harmonic frequencies Anharmonicity

D̄ Dstd D̄abs
Dmax D̄ Dstd D̄abs

Dmax D̄ Dstd D̄abs
Dmax

D 1.74 1.07 1.74 2.91 221.36 41.08 36.05 76.67 0.17 0.85 0.64 1.50
1.74 1.07 1.74 2.91 221.53 40.84 36.03 76.49 0.15 0.84 0.62 1.50

T 0.29 0.21 0.31 0.47 5.03 24.15 16.10 46.06 20.21 0.87 0.60 1.67
0.29 0.21 0.31 0.47 4.86 24.02 16.14 45.56 20.23 0.92 0.62 1.77

Q 0.07 0.13 0.13 0.23 3.58 12.76 7.09 26.13 20.09 0.18 0.16 0.34
0.07 0.13 0.13 0.22 3.41 12.57 7.00 25.63 20.11 0.20 0.18 0.34

5 0.02 0.07 0.05 0.11 2.12 6.17 3.48 12.95 0.16 0.21 0.19 0.4
0.02 0.07 0.05 0.11 1.94 5.97 3.35 12.45 0.14 0.17 0.17 0.39

6 0.01 0.04 0.03 0.06 0.94 3.08 1.70 6.37 0.03 0.14 0.11 0.17
0.01 0.03 0.03 0.05 0.76 2.88 1.58 5.87 0.01 0.13 0.09 0.17
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE V. The plain MP2/cc-pVXZ and the extrapolated MP2/cc-pV(X21)XZ spectroscopic constants compared to the MP2-R12 results. The
distances are in pm and the other constants in cm21.

BH HF CO N2 F2

Plain Extrap. Plain Extrap. Plain Extrap. Plain Extrap. Plain Extrap

Re T/DT 122.68 122.43 91.80 91.89 113.85 113.72 111.36 111.11 139.79 139.
Q/TQ 122.48 122.46 91.72 91.73 113.46 113.37 111.04 110.92 139.71 139
5/Q5 122.41 122.37 91.78 91.83 113.41 113.37 110.96 110.90 139.59 139
6/56 122.41 122.42 91.81 91.85 113.39 113.37 110.94 110.92 139.54 139
R12/A 122.405 91.852 113.376 110.919 139.482
R12/B 122.401 91.849 113.374 110.917 139.487

ve T/DT 2431.1 2439.8 4179.4 4163.2 2121.5 2127.5 2195.1 2210.7 1016.7 100
Q/TQ 2437.2 2438.4 4159.5 4149.2 2128.4 2132.4 2204.8 2212.8 1006.6 100
5/Q5 2439.2 2440.2 4146.3 4135.0 2127.9 2128.1 2207.8 2210.5 1008.1 100
6/56 2438.3 2436.5 4139.7 4132.2 2127.9 2128.1 2208.5 2209.3 1008.8 100
R12/A 2438.15 4133.34 2127.88 2209.36 1009.93
R12/B 2438.42 4133.84 2128.05 2209.47 1009.75

veXe T/DT 45.1 46.2 85.6 85.5 13.0 13.0 19.0 18.8 8.8 8.5
Q/TQ 44.6 44.0 87.1 88.4 13.3 13.3 18.8 18.6 8.4 8.2
5/Q5 45.0 45.4 87.8 87.8 13.3 13.3 18.8 18.7 8.5 8.5
6/56 44.7 44.4 87.4 87.1 13.4 13.4 18.8 18.7 8.5 8.5
R12/A 44.9 87.3 13.4 18.7 8.3
R12/B 44.9 87.4 13.4 18.7 8.3
t
r i
e
or
th

ni
S

er
e
as
is-

ax

ve

th
io
n
or
c-
m

is
th
a

he
e

c-
e

es

en-
con-

-

on
r-
III.

er-
ure

cal
12
e
e

ies
nu-

po-

of
s

of
n
sys-
en
,
-set
plain MP2 spectroscopic constants converge smoothly
wards the R12 results. At the QZ level, the maximum erro
the anharmonicity is 0.3 cm21, which is the same as w
found for the CCSD anharmonicities in Sec. III A. Thus, f
all practical purposes, the anharmonicity is converged at
QZ level.

At the QZ level, the bond distances and the harmo
frequencies show the same behavior as for the CC
model—the mean errors are quite small~0.07 pm and 3.6
cm21, respectively! and the absolute errors slightly larg
~0.13 pm and 7.1 cm21!. Note that, for the HF molecule, th
QZ harmonic frequency differs from the R12/A result by
much as 26.1 cm21. At the 6Z level, the mean absolute bas
set errors are 0.03 pm and 1.70 cm21 for bond distances and
harmonic frequencies, respectively, the corresponding m
mum errors being 0.06 pm and 6.4 cm21.

The extrapolation, in general, accelerates the con
gence of the MP2/cc-pVXZ spectroscopic constants~see
Table V!. For bond distances, a better agreement with
R12 results is usually achieved also for the 56 extrapolat
For example, for F2 , the cc-pV~56!Z bond distance has a
error of 0.02 pm, while the plain cc-pV6Z result is in err
by 0.06 pm. The only exception is BH, for which the c
pV6Z and cc-pV~56!Z distances are 122.41 and 122.42 p
respectively, while the R12 results is 122.40 pm.

The convergence of the extrapolated MP2 bond d
tances is, however, not smooth. For BH, for example,
cc-pV~Q5!Z bond distance of 122.37 pm is less accurate th
both the 5Z and 6Z distances~both 122.41 pm!, when com-
pared to the R12 result~122.40 pm!. Also, for F2 , the cc-
pV~TQ!Z bond distance of 139.74 pm differs more from t
R12 result ~139.48 pm! than the plain cc-pV5Z distanc
~139.59 pm! or even the plain cc-pVQZ distance~139.71
pm!. Moreover, HF shows a similar trend for the c
pV~TQ!Z bond distance as observed for the CCSD mod
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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The inclusion of the diffuse functions in the basis-set do
not solve the problem.

For the harmonic frequencies, the extrapolation in g
eral accelerates the basis-set convergence although the
vergence is not smooth. For F2 , for example, the extrapo
lated cc-pV~TQ!Z frequency of 1002.0 cm21 is less accurate
with respect to the R12 result~1009.9 cm21 for approxima-
tion A and 1009.8 cm21 for approximation B! than the 5Z
frequency~1008.1 cm21! or even QZ~1006.6 cm21!.

At the MP2 level, we have also carried out—based
Eq. ~3!—the analysis of the influence of the choice of refe
ence geometry on the extrapolation procedure; see Table
GR12 for harmonic frequencies is close to the ratio for en
gies showing that, in general, the extrapolation proced
works quite well for frequencies. Only at the 56-level,GR12

50.59 is six times larger than the ratio for energy~0.10!.
This is most likely related either to the noise in the numeri
differentiation or to the basis-set truncation error in the R
calculations. The values ofGopt have again been found to b
larger than theGR12 values indicating the better performanc
of extrapolation procedure at the fixed~R12! geometry than
at the optimized geometry. The behavior of anharmonicit
is again unsystematic, most presumably arising from the
merical noise of the order of 0.1 cm21 that was generated
when the R12 values were obtained from the respective
tential energy curves by finite differences.

Generally, therefore, the analysis of the convergence
extrapolated MP2/cc-pV(X21)XZ spectroscopic constant
leads to the same conclusions as in the case
CCSD/cc-pV(X21)XZ constants, namely, the extrapolatio
accelerates the convergence, but the improvement is less
tematic and reliable than for total energies, especially wh
the optimized~and not fixed! geometry is used. Moreover
we note that the MP2 model is more sensitive to the basis
effects than the CCSD model.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE VI. Statistics over the deviation of the spectroscopic constants calculated with the cc-pVXZ basis set from experiment. The error measures for bo
distances are in pm and for the other constants in cm21.

SCF MP2 CCSD CCSD~T!

D̄abs Dmax D̄abs
Dmax D̄abs

Dmax D̄abs
Dmax

Bond distances
D 2.46 6.50 1.59 3.22 1.38 2.26 2.18 4.50
T 3.34 8.35 0.94 1.59 0.47 1.80 0.40 0.74
Q 3.51 8.52 0.84 1.55 0.68 2.20 0.16 0.31
5 3.54 8.60 0.87 1.67 0.76 2.41 0.13 0.24
6 3.55 8.62 0.88 1.73 0.78 2.50 0.13 0.24

Harmonic frequencies
D 270.7 399.7 69.0 185.9 33.4 50.3 42.9 132.8
T 287.7 373.2 83.5 163.4 58.8 95.9 17.4 39.1
Q 287.1 371.2 75.3 153.7 62.0 99.0 8.8 24.0
5 287.3 371.8 72.9 150.7 63.2 105.1 7.0 12.8
6 287.3 371.9 71.4 150.0 63.3 107.3 6.4 11.8

Anharmonic constants
D 3.81 5.77 3.32 5.88 1.60 2.42 1.14 2.90
T 4.52 6.52 3.22 4.67 1.69 2.46 0.74 1.33
Q 4.46 6.28 3.01 4.83 1.66 2.56 0.42 0.73
5 4.30 6.22 2.77 4.48 1.51 2.56 0.25 0.38
6 4.32 6.21 2.89 4.66 1.62 2.59 0.33 0.48

Vibration-rotation interaction constants
D 0.0180 0.0458 0.0133 0.0432 0.0049 0.0197 0.0052 0.0167
T 0.0209 0.0560 0.0130 0.0396 0.0083 0.0317 0.0070 0.0247
Q 0.0191 0.0492 0.0099 0.0220 0.0051 0.0182 0.0035 0.0100
5 0.0192 0.0490 0.0090 0.0205 0.0050 0.0169 0.0032 0.0080
6 0.0191 0.0487 0.0096 0.0215 0.0052 0.0186 0.0035 0.0095

Rotational constants
D 0.202 0.718 0.118 0.272 0.126 0.422 0.153 0.440
T 0.283 0.889 0.055 0.113 0.027 0.074 0.025 0.055
Q 0.303 0.940 0.051 0.154 0.042 0.142 0.012 0.027
5 0.304 0.938 0.059 0.167 0.043 0.128 0.004 0.008
6 0.305 0.936 0.062 0.168 0.043 0.119 0.005 0.011
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IV. ACCURACY OF SPECTROSCOPIC CONSTANTS
AT VARIOUS STANDARD WAVE-FUNCTION
AND BASIS-SET LEVELS

In this section, we investigate the accuracy of the sp
troscopic constants calculated at different wave-function
basis-set levels. In Sec. IV A, we present a statistical anal
of errors in the spectroscopic constants relative to exp
ment. Next, in Secs. IV B, IV C, and IV D, we briefly discus
the importance of core correlation, the overall accuracy
the CCSD~T! model, and the choice of geometry~optimized
or experimental! for the calculated spectroscopic constan
Finally, we tabulate the most accurate spectroscopic c
stants obtained in the course of our investigation.

A. Convergence towards experiment

To investigate the convergence of the spectroscopic c
stants at various levels of theory, we have carried out a
tistical analysis of the errors,

D i5Pi
calc2Pi

exp, ~4!

where Pi
calc and Pi

exp are, respectively, the calculated an
experimental values of a given spectroscopic constant.
values ofD̄abs and Dmax are listed in Table VI for the SCF
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MP2, CCSD, and CCSD~T! models in the cc-pVXZ basis
sets with 2<X<6.

From Table VI, we note that the SCF model gives t

smallestD̄abs in the DZ basis. For higher cardinal number
the mean absolute error usually increases and the calcu
constants become less accurate. The harmonic frequen
and rotational constants are overestimated while the rem
ing constants are underestimated.

For the MP2 harmonic frequencies, the mean abso
error increases by 14 cm21 from DZ to TZ. Although the
error then decreases, it is at the 6Z level still larger than
DZ error. The maximum MP2 errors, although significan
smaller than for the SCF model, are still large.

The CCSD bond distances, harmonic frequencies,
rotational constants show the same trend: The mean abs
error increases slowly beyond the TZ level. For the anh
monic and vibration-rotation constants, theD̄abs error in-
creases from DZ to TZ and then decreases very slowly s
that the 6Z errors are similar to the DZ errors. The CCS
harmonic frequencies are systematically overestimated
least for high cardinal numbers. While this overestimati
occurs also for rotational constants, the remaining spec
scopic constants are underestimated by the CCSD mo
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE VII. The core contribution for harmonic frequencies~cm21! obtained as the difference between the cc-pCVXZ ~all! and cc-pCVXZ ~val! results.

BH CO N2 HF F2

MP2 CCSD CCSD~T! MP2 CCSD CCSD~T! MP2 CCSD CCSD~T! MP2 CCSD CCSD~T! MP2 CCSD CCSD~T!

D 2.07 3.31 3.00 2.69 3.14 2.93 3.73 3.77 3.21 2.14 2.72 2.22 0.61 2.32 0.8
T 6.05 7.80 7.08 7.86 8.11 7.33 10.84 9.32 7.98 4.10 5.10 3.88 1.52 3.95 1.4
Q 8.68 10.69 9.63 10.05 10.18 9.32 12.69 10.74 9.27 4.65 5.79 4.41 1.62 4.16 1.
5 9.60 11.64 10.52 10.68 10.75 9.89 13.46 11.29 9.81 4.74 5.94 4.52 1.65 4.18 1.
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The CCSD maximum absolute errors are smaller than
MP2 errors~except for bond distances! but still quite large.

Unlike the SCF, MP2, and CCSD constants, t
CCSD~T! spectroscopic constants converge smoothly
rapidly towards the experimental results. The CCSD~T!
maximum errors are much smaller than the CCSD err
usually by a factor of 10. An analysis for the aug-cc-pVXZ
basis calculations leads to the same results as for
cc-pVXZ calculations we discuss here.

In general, the CCSD~T! model is needed to achieve
smooth convergence of the spectroscopic constants tow
experiment. However, it is important to understand that ba
sets of DZ quality are too small for the CCSD~T! model,
producing unreliable results with large errors. It is interest
to note that, for the vibration-rotation interaction constan
the maximum absolute error increases rather than decre
from X52 to X53, serving as another reminder of the i
adequacy of the cc-pVDZ basis for CCSD~T! calculations.

B. Core correlation

Because of the high accuracy of the CCSD~T! model, it
becomes important to take into account the effects of c
correlation. At a given level of theory, the core-correlati
contribution may be obtained by subtracting the cc-pCVXZ
~val! result from the corresponding cc-pCVXZ ~all! result.1

In accordance with the previous observations1,28 it was
found that the core-correlation contributions for bond d
tances~for a fixed cardinal number! are similar for all corre-
lated models. Also, for the high cardinal numbers, the c
contribution to the bond distance may be reliably determin
at a cardinal number one lower than that used for the ca
lation of the valence contribution.1,28

For the MP2, CCSD, and CCSD~T! models, the core
contribution to the harmonic frequencies are listed in Ta
VII. For harmonic frequencies, the core effects may be
large as 11 cm21. The core contribution depends critically o
the basis set, being strongly underestimated at the DZ le
Moreover, unlike for bond distances, the CCSD~T! core con-
tribution cannot be estimated using simpler wave-funct
models. For N2 , for example, the MP2 model overestimat
the core contribution to the harmonic frequency by about
cm21 for high cardinal numbers. Similarly, the CCSD mod
overestimates the core contribution to F2 frequency by about
2.5 cm21. On the other hand, the core-correlation correctio
to the CCSD~T! harmonic frequencies may safely be es
mated at one lower basis-set level than used for the dete
nation of the valence contribution.
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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For anharmonicities, by contrast, the core contributio
are smaller than 0.5 cm21. Neglect of the core contribution
for the anharmonicity thus will not affect significantly th
accuracy of calculated fundamental frequencies or zero-p
vibrational energies.

C. Accuracy of the CCSD „T… model

To establish the accuracy obtainable with the CCSD~T!
model, we report in Table VIII the results of a statistic
analysis of the error with respect to experiment in a
electron CCSD~T!/cc-pCVXZ ~all! calculations. The corre-
sponding D̄abs and Dmax errors for valence-electron
CCSD~T!/cc-pVXZ calculations are given in Table VI. In
Fig. 2, we present the normal distribution plots for the a
electron CCSD~T!/cc-pCVXZ ~all! harmonic frequencies an
for comparison the corresponding distributions are given
the SCF, MP2, and CCSD models.

TABLE VIII. Statistical analysis of error of CCSD(T)/cc-pCVXZ ~all!
spectroscopic constants with respect to experiment. The errors for b
distances are in pm and for the other constants in cm21.

D̄ Dstd D̄abs
Dmax

Bond distances
D 2.05 1.51 2.05 4.40
T 0.17 0.18 0.18 0.42
Q 20.07 0.11 0.11 0.20
5 20.14 0.14 0.14 0.31

Harmonic frequencies
D 236.4 54.9 41.8 130.5
T 5.7 20.2 13.7 39.7
Q 9.4 10.6 9.4 28.0
5 9.8 5.4 9.8 17.0

Anharmonic constants
D 0.58 1.51 1.10 2.96
T 20.24 0.70 0.63 0.95
Q 20.25 0.23 0.31 0.42
5 20.11 0.22 0.21 0.36

Vibration-rotation interaction constants
D 20.0025 0.0105 0.0062 0.0204
T 20.0037 0.0131 0.0070 0.0262
Q 20.0002 0.0067 0.0039 0.0098
5 0.0004 0.0059 0.0034 0.0095

Rotational constants
D 20.141 0.153 0.141 0.410
T 20.007 0.008 0.009 0.014
Q 0.018 0.026 0.020 0.047
5 0.019 0.026 0.019 0.061
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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FIG. 2. The plots of normal distributions~referring to the experimental values! for harmonic frequencies calculated with the SCF, MP2, CCSD, and CCSD~T!
models using the cc-pCVXZ ~all! basis-set family.
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In general, theD̄abs and Dmax errors for CCSD~T!/
cc-pCVXZ ~all! and CCSD~T!/cc-pVXZ ~val! are similar.
For bond distances, the cc-pCVXZ ~all! errors are smaller
than the cc-pVXZ errors forX,5. Because of bond shorten
ing due to core correlation and basis-set increase, the
pCV5Z ~all! errors are larger than the cc-pV5Z and c
pCVQZ ~all! errors. For harmonic frequencies th
cc-pCVXZ ~all! calculations withX.3 give the D̄abs and
Dmax errors larger than those in corresponding cc-pVXZ cal-
culations since core correlation increases the frequency.

The spectroscopic constants calculated at the CCSD~T!/
cc-pV6Z level with the core contribution obtained at theX
55 level ~as described at the beginning of Sec. IV B! are
listed in Table IX along with the experimental results. Co
paring the core-corrected valence-electron 6Z bond dista
with experiment, we find that the CCSD~T! absolute errors
for BH, HF, CO, N2 , and F2 are 0.3, 0.06, 0.02, 0.06, and 0
pm, respectively. For the harmonic frequencies, the errors
3.97, 11.8, 5.89, 12.33, and 13.36 cm21, respectively.

D. Choice of the geometry

The theoretical results presented in this paper have b
calculated at geometries that were optimized at the leve
calculation of interest. As noted in Sec. III, however, t
extrapolation accelerates the convergence of spectrosc
constants in a more systematic manner when a fixed ge
etry is used. Moreover, as noted by Pulay29 and Allen and
Császár,30 the choice of geometry has a large effect on c
culated spectroscopic constants—at the experimental ge
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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etry, where the effective repulsion between the screened
clei is properly described, the error in the calculat
properties is often considerably reduced relative to the o
mized geometry.

To investigate the influence of the equilibrium geome
on the results, we have compared the spectroscopic cons
calculated at the experimental geometry with those ca
lated at the optimized geometry. Indeed, for the SCF, M
and CCSD models, the constants calculated at the exp
mental geometry are more accurate than those at the
mized geometry. By contrast, for the CCSD~T! model, the
accuracy of the spectroscopic constants determined at
optimized geometry is the same as or higher than~for high
cardinal numbers! that of the constants determined at t
experimental geometry.

These findings are illustrated in Fig. 3, where we ha
plotted the mean errors in the harmonic frequencies ca
lated at the optimized geometry and at the experimental
ometry. Clearly, there is a dramatic reduction in errors at
experimental frequency, in particular for the Hartree–Fo
and CCSD models. Because of error cancellation, the s
behavior is not observed for the mean MP2 errors in Fig
although it is clearly reflected in the mean absolute erro
Thus, comparing mean absolute errors at the valen
electron cc-pV6Z level, we find that the Hartree–Fock err
are reduced from 287 to 56 cm21, the CCSD errors from 63
to 26 cm21, and the MP2 errors from 71 to 25 cm21 at the
experimental geometry. By contrast, for CCSD~T!, the mean
absolute error increases from 6 to 9 cm21 when the harmonic
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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frequencies are calculated at the experimental rather than
timized geometry. We conclude that, at high levels of the
such as CCSD~T! in a large basis, spectroscopic consta
should be calculated at the theoretically optimized geome

It is worth pointing out that, for harmonic frequencie
the basis-set limit is approached fromaboveat the experi-
mental geometry but frombelowat the optimized geometry
~see Fig. 3!. This behavior is easily rationalized. For calc
lations at the optimized geometry, we recall that the bo

TABLE IX. The spectroscopic constants calculated at the CCSD~T!/cc-
pV6Z level with and without core-correlation correction included. The bo
distances are in pm and the other constants in cm21.

cc-pV6Z Core cc-pV6Z1core Expt.

BH
Re 123.25 20.32 122.93 123.217a

ve 2360.2 110.5 2370.7 2366.73a

vexe 48.9 10.30 49.2 49.39a

ae 0.41919 10.00235 0.42154 0.412a

HF
Re 91.70 20.06 91.64 91.6984a

ve 4145.6 14.50 4150.1 4138.3b

vexe 89.5 10.20 89.7 89.88a

ae 0.78846 10.00122 0.78968 0.798a

CO
Re 113.05 20.24 112.81 112.832a

ve 2165.8 19.90 2175.7 2169.81a

vexe 13.1 10.10 13.2 13.39a

ae 0.01733 10.00005 0.01738 0.0175044a

N2

Re 109.92 20.21 109.71 109.768a

ve 2361.1 19.80 2370.9 2358.57a

vexe 13.9 10.10 14.0 14.324a

ae 0.01700 10.00003 0.01703 0.017292c

F2

Re 141.02 20.14 140.88 141.264a

ve 928.5 11.50 930.0 916.64a

vexe 11.5 0.00 11.5 11.32a

ae 0.01248 0.00000 0.01248 0.012592d

aK. P. Huber and G. H. Herzberg,Constants of Diatomic Molecules~Van
Nostrand-Reinhold, New York, 1979!.

bD. V. Webb and K. N. Rao, J. Mol. Spectrosc.28, 121 ~1968!.
cJ. Bendtsen, J. Raman Spectrosc.2, 133 ~1974!.
dR. Z. Martinez, D. Bermejo, J. Santos, and P. Cancio, J. Mol. Spectr
168, 343 ~1994!.
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distances shorten with increasing basis, resulting in a la
force constant and a higher vibrational frequency. For cal
lations at the fixed experimental geometry, we first note t
the electronic energy curve~i.e., the potential energy curv
minus the nuclear–nuclear repulsion curve! is a concave,
strictly increasing, negative function of the internuclear d
tance. As the basis set increases, the electronic energ
lowered more for short distances than for long distanc
thereby reducing the force constant by making the electro
energy curve more concave. At the optimized geometry,
contrast, this reduction in the force constant is more th
compensated for by the strong increase in the nucle
nuclear second derivative at shorter distances. We fin
note that the more pronounced lowering of the electro
energy for short distances than for long distances follo
from the general observation that, as the basis set increa
the energy is always lowered more for systems of low ene
~here short distances! than for systems of high energy~here
long distances!.1

V. CONCLUSIONS

The basis-set convergence of the MP2 and CCSD e
librium bond distances and harmonic frequencies have b
investigated for BH, HF, CO, N2 , and F2 by comparison
with R12 constants. In general, the convergence is smo
and can be accelerated using the two-point linear extrap
tion procedure.1 However, the acceleration is not as syste
atic as for the correlation energy9 or for the electric dipole
moment,12 especially when the optimized~and not fixed! ge-
ometry is used. For some of the spectroscopic constants
basis-set convergence is rather slow. For example, at the
level, the mean absolute deviation of harmonic frequenc
from the basis-set limit is about 8 cm21 and, at the 6Z level,
it is still about 2 cm21.

Equilibrium bond distances, harmonic frequencies,
harmonic constants, vibration-rotation interaction consta
and rotational constants have been calculated for the con
ered diatomic molecules using the standard wave-func
models SCF, MP2, CCSD, and CCSD~T! and the correlation-
consistent basis sets. The accuracy of the calculated
stants have been established by carrying out a statis
analysis, where the deviation from the experimental c
stants is used to quantify the errors. The SCF model gi

c.
tree–
FIG. 3. Errors in the harmonic frequencies calculated at the optimized geometry and at the experimental geometry. Thick gray line is used for HarFock
frequencies, dotted line for MP2, dashed line for CCSD, and full line for CCSD~T!.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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only qualitatively correct results. Although the MP2 an
CCSD spectroscopic constants are closer to the experim
results, these models still have large intrinsic errors. T
CCSD~T! spectroscopic constants converge towards exp
ment in a smooth manner. However, it is noteworthy that
the QZ level, the CCSD~T! harmonic frequencies are abo
9.0 cm21 away from the experimental results.

The largest estimated intrinsic errors of the CCSD~T!
model for bond distances and harmonic frequencies are
pm and 13.36 cm21, respectively. Much smaller errors occ
for the anharmonic constant, which, for all practical pu
poses, is converged at a lower level of description than
harmonic frequencies and the bond distances.
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