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Vibrational corrections to indirect nuclear spin–spin coupling constants
calculated by density-functional theory
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At the present level of electronic-structure theory, the differences between calculated and
experimental indirect nuclear spin–spin coupling constants are typically as large as the vibrational
contributions to these constants. For a meaningful comparison with experiment, it is therefore
necessary to include vibrational corrections in the calculated spin–spin coupling constants. In the
present paper, such corrections have been calculated for a number of small molecular systems by
using hybrid density-functional theory~DFT!, yielding results in good agreement with previous
wave-function calculations. A set of empirical equilibrium spin–spin coupling constants has been
compiled from the experimentally observed constants and the calculated vibrational corrections. A
comparison of these empirical constants with calculations suggests that the restricted-active-space
self-consistent field method is the best approach for calculating the indirect spin–spin coupling
constants of small molecules, and that the second-order polarization propagator approach and DFT
are similar in performance. To illustrate the usefulness of the presented method, the vibrational
corrections to the indirect spin–spin coupling constants of the benzene molecule have been
calculated. ©2003 American Institute of Physics.@DOI: 10.1063/1.1569846#
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I. INTRODUCTION

The indirect nuclear spin–spin coupling constants
nuclear magnetic resonance~NMR! spectroscopy may nowa
days be calculated by a variety of electronic-struct
methods.1 Until recently, the most popular methods for su
calculations were multiconfigurational self-consistent fie
~MCSCF! theory2–12 and the second-order polarizatio
propagator approach~SOPPA!,13–24although some work ha
been carried out using coupled-cluster theory.25–29 Lately,
density-functional theory~DFT! has become a popular too
for the calculation of spin–spin coupling constants. The fi
successful implementations are those by Malkin, Malki
and Salahub from 199430 and by Dickson and Ziegler from
1996.31 In 2000, Sychrovsky, Gra¨fenstein and Cremer32 and
Helgaker, Watson and Handy33 independently presented full
analytical spin–spin implementations at the hybrid le
of DFT, demonstrating that hybrid theory represents a r
able and inexpensive method for the calculation of su
constants.

The current status of the theory for the calculation
spin–spin coupling constants is now such that the differe
between theory and experiment is often no larger than
vibrational corrections to the couplings, which may cons
tute as much as 10% of the coupling.17,34Therefore, to make
further progress towards the accurate description of indi
nuclear spin–spin coupling constants, it has become im
tant to develop efficient methods for the calculation of vib
tional corrections.

a!Electronic mail: trygve.helgaker@kjemi.uio.no
9570021-9606/2003/118(21)/9572/10/$20.00
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The vibrational corrections to molecular properties c
be calculated in several ways. For polyatomic molecules,
most common techniques are based on perturba
theory.35–40Although the details may vary, these methods
require the calculation of the geometrical derivatives of
molecular property itself as well as of the potential-ener
surface. Usually, no implementation exists for the analyti
evaluation of property derivatives, which are inste
obtained numerically by, for example, finite-difference tec
niques, making the calculation of vibrational correctio
expensive. Therefore, to calculate vibrational correctio
for systems containing 10–15 atoms, we must reduce
much as possible the cost of evaluating the molecular pr
erty at each geometry. This is particularly true for indire
nuclear spin–spin coupling constants, whose evaluation
general is very expensive.

In view of the low cost and the high accuracy achiev
by hybrid DFT for the calculation of indirect spin–spin co
plings constants, here we shall apply this theory to the c
culation of the vibrational corrections to these constants. P
vided DFT yields good results compared to wave-funct
methods for small molecules, it will represent a very use
method for the calculation of vibrationally corrected indire
spin–spin coupling constants in large molecules. Here
therefore first apply DFT to the calculation of vibration
corrections to the nuclear spin–spin coupling constants
small molecules, comparing these corrections with those
viously obtained using wave-function methods. Next, we
ply DFT to the calculation of the vibrationally averaged i
direct nuclear spin–spin couplings of benzene, a molec
too big to be treated accurately by non-DFT methods.
2 © 2003 American Institute of Physics

. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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II. THEORY AND IMPLEMENTATION

In this section, we discuss in some detail the calculat
of vibrationally averaged indirect nuclear spin–spin coupl
constants. After a review of Ramsey’s theory of spin–s
coupling constants in Sec. II A, we describe in Sec. II B t
calculation of vibrational corrections to the spin–spin co
pling constants as implemented inDALTON.41

A. Ramsey’s theory

The indirect nuclear spin–spin coupling constants can
calculated as derivatives of the electronic energy. We fi
recall that the nuclear magnetic momentsMK are related to
the nuclear spinsIK as

MK5gK\IK , ~1!

where gK is the nuclear magnetogyric ratio of nucleusK.
The normal and reduced indirect nuclear spin–spin coup
constantsJKL and KKL may then be calculated as the tot
derivatives of the energy with respect to the nuclear m
netic moments,

JKL5h
gK

2p

g l

2p
KKL5h

gK

2p

g l

2p

d2E

dMKdML
. ~2!

In the Born–Oppenheimer approximation, Ramsey’s non
ativistic expression for the reduced spin–spin coupling c
stantsKKL of a closed-shell molecule is given by42

KKL5^0uhKL
DSOu0&12(

sÞ0

^0uhK
PSOus&^suhL

PSOTu0&
E02Es

12(
t

^0uhK
FC1hK

SDut&^tuhK
FCT1hK

SDTu0&
E02Et

. ~3!

While the first summation is over all singlet statesus& differ-
ent from the ground stateu0&, the second is over all triple
statesut&. The energiesE0 , Es , and Et are those of the
ground state, of the singlet excited states, and of the tri
excited states, respectively. In atomic units, the operators
curring in Eq. ~3! are, respectively, the diamagnetic spin
orbit ~DSO! operator, the paramagnetic spin–orbit~PSO! op-
erator, the Fermi-contact~FC! operator, and the spin–dipol
~SD! operator:

hKL
DSO5a4(

i

~r iK
T r iL !I32r iKr iL

T

r iK
3 r iL

3 , ~4!

hK
PSO5a2(

i

r iK3pi

r iK
3 , ~5!

hK
FC5

8pa2

3 (
i

d~r iK !si , ~6!

hK
SD5a2(

i

3~si
Tr iK !r iK2r iK

2 si

r iK
5 . ~7!

Here, a is the fine-structure constant,I3 is the three-
dimensional unit matrix,r iL

T is the transpose of ther iL vector,
and the summations are over the electrons.

Although Eq. ~3! clearly displays the different mecha
nisms that contribute to the total spin–spin coupling co
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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stants in the conventional formalism of time-independ
perturbation theory, it is not useful for practica
calculations.33 Instead, the nuclear spin–spin coupling co
stants are evaluated as second-order properties accordi
Eq. ~2!, using the standard techniques of linear respo
theory.43 In this approach, the closed-shell Kohn–Sham e
ergy is written asE(MK ,lS ,lT), wherelS andlT contain,
respectively, the parameters that represent the singlet
triplet variations of the ground state. The reduced spin–s
coupling constants can then be calculated as

KKL5
d2E

dMK dML
5

]2E

]MK ]ML
1

]2E

]MK ]lS

]lS

]ML

1
]2E

]MK ]lT

]lT

]ML
, ~8!

where all derivatives are evaluated for the optimized ene
for which lS andlT are zero. The derivatives oflS andlT

with respect toMK are obtained by solving the first-orde
response equations:

]2E

]lS ]lS

]lS

]ML
52

]2E

]lS ]ML
, ~9!

]2E

]lT ]lT

]lT

]ML
52

]2E

]lT ]ML
, ~10!

where the symmetric matrices on the left-hand sides are
singlet and triplet electronic Hessians, respectively.43 The so-
lutions to Eqs.~9! and~10! represent the first-order perturbe
wave functions due to the imaginary singlet PSO opera
Eq. ~5! and due to the combined real triplet FC and S
operators, Eqs.~6! and ~7!, respectively. By spin symmetry
there is no coupling between the singlet and triplet pertur
tions. We finally note that the real singlet DSO operator, E
~4!, enters the reduced coupling constant in the first term
Eq. ~8!, which represents an expectation value of the unp
turbed reference state.

B. Vibrational corrections to molecular properties

The theory for the calculation of vibrational correction
to molecular properties by second-order perturbation the
is well documented.35–40 Here we evaluate the vibrationa
correction to the indirect nuclear spin–spin coupling co
stants as the zero-point vibrational~ZPV! correction, using
the approach of Kernet al.35–37

In this approach, the zeroth-order ground-state vib
tional wave function is written as a product of harmon
oscillator functions in normal coordinates:

X(0)~Q!5F0~Q!5 )
K51

3N26

f0
K~QK!, ~11!

wherefn
K is then’ th excited harmonic-oscillator state of th

K ’ th vibrational normal mode. Next, the first-order groun
state vibrational wave function is expanded in the full set
virtual excitations fromX(0)(Q). Assuming a fourth-order
Taylor expansion of the potential energy-surface about e
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



x-
ri

m

ly.

m

e

fo

to

nd
the
bic

al
ves
so
are

the
The
he
is
ive
ves
ible

lcu-
st

pin
in
e

ally
e-
nts
in

ble

t
ect

of
han
the
u-

r-
nts
ker
ke

e
ur

ng
nce
g
u-

ts.
om
ical

9574 J. Chem. Phys., Vol. 118, No. 21, 1 June 2003 Ruden et al.
librium, the only contributions are from single and triple e
citations. The ground-state wave function may then be w
ten in the form35

X(1)~Q!5 (
K51

3N26

@aK
1 FK

1 ~Q!1aK
3 FK

3 ~Q!#

1 (
K,L51

3N26

bKL
21 FKL

21 ~Q!

1 (
K,L,M51

3N26

cKLM
111 FKLM

111 ~Q!, ~12!

where FKLM
klm (Q), for example, has been obtained fro

F0(Q) by exciting theK ’ th, L ’ th, and M ’ th modes to the
k’ th, l ’ th, andm’ th harmonic-oscillator states, respective
The expansion coefficients in Eq.~12! may be calculated
from the cubic force constants,

FKLM5
d3E

dQK dQL dQM
, ~13!

and the harmonic frequenciesvK as follows:

aK
1 52

1

4&vK
3/2 (

L51

3N26
FKLL

vL
, ~14!

aK
3 52

)

36vK
5/2FKKK , ~15!

bKL
21 52

1

4vKAvL

FKKL

2vK1vL
, ~16!

cKLM
111 52

1

12A2vKvLvM

FKLM

vK1vL1vM
. ~17!

To determine the ZPV correction to the equilibriu
value Peq of some molecular propertyP, we consider the
expectation value

^P&5^X(0)1X(1)uPuX(0)1X(1)&, ~18!

whereX(0) andX(1) are given by Eqs.~11! and~12!, respec-
tively. ExpandingP in Eq. ~18! in a Taylor series about th
equilibrium geometry,

P5Peq1 (
K51

3N26
dP

dQK
QK1

1

2 (
K,L51

3N26
d2P

dQKdQL
QKQL1¯,

~19!

and collecting terms, we obtain the following expression
the expectation value:

^P&5Peq1
1

4 (
K51

3N26
1

vK

d2P

dQK
2 1&(

K

dPexp

dQK

aK
1

AvK

1¯

5Peq1
1

4 (
K51

3N26
1

vK

d2P

dQK
2

2
1

4 (
K51

3N26
1

vK
2

dP

dQK
(
L51

3N26
FKLL

vL
1¯ . ~20!
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To second order in perturbation theory, the ZPV correction
the property can then be written as

PZPV5
1

4 (
K51

3N26
1

vK

d2P

dQK
2 2

1

4 (
K51

3N26
1

vK
2

dP

dQK
(
L51

3N26
FKLL

vL
.

~21!

Thus, to calculate the ZPV correction, we need the first a
diagonal second derivatives of the property, as well as
harmonic frequencies and the semi-diagonal part of the cu
force field. As pointed out in the Introduction, no analytic
implementation exists for the evaluation of these derivati
for the indirect nuclear spin–spin coupling constants,
some numerical procedure must be used instead. There
several ways that derivatives can be found numerically.

One approach is to fit an analytic hypersurface to
property and energy calculated at different geometries.
derivatives can then be obtained by differentiation of t
fitted surface.14–19,44–48A disadvantage of this approach
that it is difficult to automate and that it becomes expens
for large systems. Alternatively, the necessary derivati
may be calculated numerically, relying as much as poss
on available analytical derivatives.49 Unlike the fitting ap-
proach, this approach is easily automated, making the ca
lation of vibrational corrections straightforward, and at mo
equally expensive, even for polyatomic systems.

In this paper, we calculate the indirect nuclear spin–s
coupling constants using the DFT implementation
DALTON.33 Applying the technique described in Ref. 49, th
property and energy derivatives are calculated numeric
from the highest available analytical derivatives. With r
spect to geometrical derivatives, only molecular gradie
have been implemented analytically at the DFT level—
particular, no analytical geometry derivatives are availa
for the spin–spin coupling constants inDALTON.

Assuming that the number of normal modes is 3N26,
we therefore need to carry out 6N211 property and gradien
calculations to determine the ZPV correction to each indir
nuclear spin–spin coupling constant. Since the calculation
spin–spin coupling constants is much more demanding t
the calculation of molecular gradients, the calculation of
ZPV corrections will be completely dominated by the calc
lation of the property derivatives.

III. CALCULATIONS

In this section, we discuss the calculation of ZPV co
rections to the indirect nuclear spin–spin coupling consta
for a number of small molecules. As advocated by Helga
et al., all calculations have been carried out with the Bec
3-parameter Lee–Yang–Parr~B3LYP! functional.33

Having briefly introduced the basis sets in Sec. III A, w
examine in Sec. III B the force fields that are used in o
calculations of vibrationally averaged spin–spin coupli
constants. After an investigation of the basis-set depende
of the ZPV contribution to the indirect spin–spin couplin
constants in Sec. III C, we compare in Sec. III D the calc
lated ZPV corrections with previously published resul
These ZPV corrections are then in Sec. III E subtracted fr
experimentally observed constants to yield a set of empir
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE I. B3LYP and valence-electron CCSD~T! harmonic frequencies compared with experiment (cm21).

B3LYP CCSD~T!

HII HIII HIV sHII sHIII sHIV cc-pVQZ Exp.

H2 v 4407 4410 4409 4406 4410 4409 4404 4401
HF v 4083 4076 4074 4077 4077 4074 4162 4138
CO v 2220 2208 2210 2219 2208 2210 2164 2170
N2 v 2437 2444 2445 2436 2444 2445 2356 2359
H2O v1 3903 3904 3899 3896 3904 3900 3952 3942

v2 3796 3800 3798 3789 3801 3798 3945 3832
v3 1635 1633 1625 1637 1633 1625 1659 1648

HCN v1 3449 3435 3440 3448 3436 3440 3436 3443
v2 2204 2197 2200 2203 2197 2200 2123 2127
v3 785 735 760 786 733 760 722 727

NH3 v1 3576 3582 3583 3571 3582 3583 3609 3597
v2 3457 3464 3463 3453 3464 3463 3481 3478
v3 1679 1670 1660 1681 1670 1660 1680 1684
v4 1054 1042 1024 1060 1042 1024 1084 '1030

CH4 v1 3121 3129 3126 3121 3129 3126 3157 3157
v2 3020 3028 3023 3019 3028 3023 3036 3026
v3 1558 1561 1555 1559 1561 1555 1570 1583
v4 1342 1343 1338 1343 1343 1339 1345 1367

C2H2 v1 3509 3506 3510 3509 3507 3510 3502 3495
v2 3407 3410 3411 3407 3410 3411 3410 3415
v3 2072 2063 2067 2072 2063 2067 2006 2008
v4 772 750 766 774 749 766 746 747
v5 673 632 667 673 629 667 595 624

uD̄u 32 25 30 33 25 30 15
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equilibrium spin–spin coupling constants, which are sub
quently used to benchmark the coupling constants calcul
by different theoretical methods. Finally, the vibrationa
averaged spin–spin coupling constants of benzene are
cussed in Sec. III F.

A. Basis sets

The ZPV corrections have been calculated using t
sequences of basis sets. The first sequence consists o
Huzinaga sets HII, HIII, and HIV50,51 with the polarization
functions and contraction patterns of van Wu¨llen and Kut-
zelnigg et al.52 These basis sets have been widely used
the calculation of nuclear shielding constants and indir
spin–spin coupling constants.

However, for an accurate calculation of the FC contrib
tion to the spin–spin coupling constants, it is essential to
basis sets with a flexible inner core.2,20,33To ensure a flexible
core description, we have used the basis sets HII-su2, H
su3, and HIV-su4. The postfix ‘‘-sun’’ indicates that thes
functions in the original basis have been decontracted,
that an additional set ofn tight s functions have been adde
in an even-tempered manner.33 For brevity of notation, we
shall here abandon the general notation HX-sun and instead
refer to these basis sets as sHII, sHIII, and sHIV, resp
tively. The performance of the different basis sets is exa
ined in Sec. III C.

B. Quality of the B3LYP force field

For an accurate description of vibrational corrections
is necessary to ensure that the quadratic and cubic f
fields are calculated to sufficient accuracy. Several studie
193.157.137.211. This article is copyrighted as indicated in the abstract
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DFT harmonic and anharmonic force fields have shown th
in a sufficiently large basis, B3LYP provides a good descr
tion of harmonic and anharmonic force fields.53–55In particu-
lar, Martin et al. found that, for 13 small molecules, th
B3LYP harmonic frequencies have a mean absolute erro
only 30 cm21 relative to experimental harmoni
frequencies.54

In Table I, we have listed the B3LYP harmonic freque
cies for all molecules included in this study except for ethe
and benzene, calculated using the same basis sets as
subsequent spin–spin calculations. For comparison, we h
included experimental harmonic frequencies as well as
harmonic vibrational frequencies of Martinet al.,54 obtained
using the valence-correlated coupled-cluster singles-a
doubles~CCSD! method with a perturbative triples correc
tion @CCSD~T!#. In their study, Martinet al. found that, rela-
tive to experiment, the mean absolute error of the CCSD~T!
frequencies are 8 cm21 for the 13 molecules.

Clearly, in the Huzinaga-type basis sets, the DFT/B3L
model provides a good representation of the harmonic fo
field, with mean absolute errors relative to experiment
about 30 cm21. The B3LYP model also compares favorab
with the more expensive CCSD~T!/cc-pVQZ model, whose
mean absolute errors are 15 cm21 relative to experiment.

Also, the cubic force field is important for the calcula
tion of ZPV corrections to properties. To examine the qua
of the cubic force field, we here compare the calculated Z
correction to the molecular geometry with available theor
ical data. To second order in the perturbation, the ZPV c
rection to the geometry can be calculated using the follow
formula:35,38
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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QK
ZPV52

1

4vK
2 (

L51

N
FKLL

vL
. ~22!

Since this expression resembles the term in Eq.~21! that
contains the cubic force constants, it should give a go
indication of the error arising from the cubic force field
the calculated ZPV corrections to other molecular propert
As seen from Table II, the ZPV corrections to the geome
calculated at the B3LYP level agree well with previous
calculated MCSCF corrections.

C. Basis-set dependence of the ZPV contribution
to indirect nuclear spin–spin coupling constants

As seen from Table III, the vibrational corrections to t
indirect nuclear spin–spin coupling constants depend not
ably on the basis set—both when the valence descriptio
improved from HII to HIV and when the inner-core descri
tion is improved from, say, HII to sHII. However, althoug
the couplings change by 5% to 10% in both cases,

TABLE II. B3LYP ZPV corrections to bond distances~pm! and bond angles
(°) compared with MCSCF corrections.

B3LYP MCSCF

HII sHII sHIII sHIV

HF r 1.6 1.6 1.5 1.6 1.5a

H2O r 1.5 1.5 1.5 1.4 1.5b

u 20.1 20.1 20.1 20.0 20.1b

H2CO r CO 0.3 0.3 0.3 0.3 0.4b

r CH 1.4 1.4 1.4 1.4 1.4b

uHCH 20.1 20.2 20.1 20.1 20.1b

C2HD r CC 0.4 0.4 0.4 0.4 0.5c

r CD 20.1 20.1 20.2 20.1 20.2c

r CH 20.4 20.4 20.5 20.5 20.5c

uDCC 0.0 0.0 0.0 0.0 0.0c

uCCH 0.0 0.0 0.0 0.0 0.0c

aReference 5.
bReference 38.
cReference 63.

TABLE III. ZPV corrections to the indirect nuclear spin–spin couplin
constants calculated at the B3LYP level of theory~Hz!.

HII HIII HIV sHII sHIII sHIV

HD 1JHH 2.8 2.7 2.6 2.7 2.8 2.8
HF 1JHF 236.1 236.0 234.9 241.9 238.1 237.7
CO 1JCO 0.7 0.7 0.7 0.7 0.7 0.7
N2

1JNN 0.1 0.1 0.1 0.1 0.1 0.1
H2O 1JOH 5.5 5.1 4.9 6.0 5.4 5.2

2JHH 0.8 0.7 0.7 0.8 0.9 0.9
HCN 1JCN 2.1 1.9 1.9 2.0 2.0 2.0

1JCH 4.0 4.6 4.4 4.9 5.1 5.1
2JNH 0.8 0.7 0.8 0.8 0.8 0.8

NH3
1JNH 20.3 20.4 20.3 20.5 20.3 20.3
2JHH 0.7 0.6 0.6 0.7 0.7 0.8

CH4
1JCH 5.1 4.8 4.8 5.2 5.3 5.3
2JHH 20.5 20.6 20.6 20.6 20.7 20.6

C2H2
1JCC 29.6 29.8 28.8 29.1 210.0 29.3
1JCH 4.4 4.4 4.2 5.0 4.6 4.7
2JCH 22.7 22.7 22.7 22.7 23.0 22.8
3JHH 20.1 20.5 20.1 0.0 20.1 20.1
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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changes are in opposite directions. As a result, the HII c
stants are usually closer to the sHIV results than to the H
results. An exception is1JCH in HCN, where the change
upon the addition of valence and inner-cores orbitals are in
the same direction, giving an sHIV vibrational correctio
~5.1 Hz! that is about one third larger than the HII correctio
~4.0 Hz!—in all other cases, the differences between the
and sHIV corrections are less than 5%. Clearly, in calcu
tions of ZPV corrections to indirect nuclear spin–spin co
pling constants, we should not improve the valence desc
tion without simultaneously improving the inner-co
description.

In spite of its good performance, the HII basis should
used with some care as it sometimes gives good result
error cancellation. For1JHD , for example, the HII and sHIV
vibrational corrections are similar. However, whereas
sHIV correction is dominated by the anharmonic contrib
tion, the harmonic and anharmonic contributions are b
large in the HII basis—see Tables IV and V, where we ha

TABLE IV. B3LYP harmonic vibrational contribution to the indirect nuclea
spin–spin coupling constants~Hz!.

HII HIII HIV sHII sHIII sHIV

HD 1JHH 1.3 0.2 0.3 0.0 0.1 0.0
HF 1JHF 14.9 13.9 13.5 13.8 14.6 14.8
CO 1JCO 20.4 20.4 20.4 20.4 20.4 20.4
N2

1JNN 20.1 20.1 20.1 20.1 20.1 20.1
H2O 1JOH 20.3 0.0 0.0 0.1 0.0 20.1

2JHH 1.0 0.8 0.9 0.9 1.0 1.0
HCN 1JCN 1.5 1.5 1.4 1.5 1.5 1.5

1JCH 3.7 4.8 4.4 4.6 5.2 5.0
2JNH 0.7 0.6 0.7 0.6 0.7 0.7

NH3
1JNH 0.2 20.1 20.1 20.2 20.1 20.1
2JHH 0.2 0.2 0.2 0.3 0.3 0.3

CH4
1JCH 3.1 2.6 2.5 2.8 2.9 2.9
2JHH 20.7 20.7 20.6 20.7 20.8 20.7

C2H2
1JCC 29.0 29.1 28.3 28.6 29.3 28.7
1JCH 3.8 4.2 3.9 4.4 4.4 4.3
2JCH 22.5 22.5 22.5 22.5 22.8 22.6
3JHH 20.3 20.7 20.3 20.2 20.3 20.3

TABLE V. B3LYP anharmonic vibrational contribution to the indirec
nuclear spin–spin coupling constants~Hz!.

HII HIII HIV sHII sHIII sHIV

HD 1JHH 1.5 2.5 2.4 2.7 2.8 2.8
HF 1JHF 251.0 249.8 248.4 255.7 252.8 252.4
CO 1JCO 1.1 1.1 1.1 1.1 1.1 1.1
N2

1JNN 0.2 0.2 0.2 0.2 0.2 0.2
H2O 1JOH 5.8 5.1 4.9 5.8 5.4 5.3

2JHH 20.1 0.0 20.2 20.2 20.1 20.1
HCN 1JCN 0.6 0.4 0.5 0.5 0.4 0.5

1JCH 0.3 20.1 0.1 0.3 20.2 0.1
2JNH 0.2 0.1 0.1 0.2 0.1 0.1

NH3
1JNH 20.5 20.3 20.2 20.3 20.2 20.2
2JHH 0.5 0.5 0.4 0.5 0.5 0.5

CH4
1JCH 2.0 2.2 2.2 2.4 2.5 2.5
2JHH 0.2 0.1 0.1 0.1 0.1 0.1

C2H2
1JCC 20.6 20.6 20.6 20.5 20.6 20.6
1JCH 0.6 0.2 0.3 0.6 0.2 0.4
2JCH 20.2 20.2 20.2 20.2 20.3 20.2
3JHH 0.2 0.2 0.2 0.2 0.2 0.2
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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listed separately the harmonic and anharmonic contribut
to the ZPV corrections, respectively. Clearly, as we go fr
HII to sHIV, the harmonic and anharmonic contributio
change in opposite directions, leading to an overall sm
change in the total vibrational correction.

It is noteworthy that, as we go from sHIII to sHIV, th
vibrational corrections change very little—in fact, only
three cases does the vibrational correction change by m
than 0.1 Hz. This observation indicates that, in most ca
the sHIV basis gives vibrational corrections to the nucl
spin–spin coupling constants that are within 0.1 Hz of
basis-set limit of DFT, and that the vibrational correctio
obtained with the sHIII basis are also good.

As expected, the change in the vibrational correct
upon the addition of tights functions is caused almost en
tirely by the FC contribution. Indeed, from Table VI, we s
that the FC contribution usually accounts for more than 9
of the change in the vibrational correction~in all cases more
than 95%!. Since the calculation of the FC contribution
much cheaper than the calculation of the remaining con
butions and since the force-field calculation is essenti
free, we suggest the following approach for large molecu
for the FC contribution, we use sHII, sHIII or sHIV, depen
ing on molecule size; for the SD, PSO, and DSO contri
tions, we use HII or HIII.

In conclusion, we recommend the sHIV basis for sm
systems since it gives vibrational corrections close to
DFT basis-set limit. However, very good estimates of
vibrational corrections are obtained also with the sHIII bas
which we advocate for larger systems. For large syste
such as benzene, accurate vibrational corrections to the
rect nuclear spin–spin coupling constants are obtained
using sHIII for the FC term and HII for the remaining term

D. Comparison with previously calculated vibrational
corrections

As seen from Table VII, the B3LYP vibrational correc
tions to the indirect nuclear spin–spin coupling consta
agree well with previous calculations.5,13–19,34,45However,
there are two cases of striking differences—the1JNN cou-
pling in N2 and the3JHH in C2H2 . In both cases, the DFT
vibrational correction does not change with the basis

TABLE VI. Changes in the vibrational corrections to the spin–spin co
plings going from the HX basis to the sHX basis at the DFT/B3LYP level of
theory ~Hz!.

HII→sHII HIII →sHIII HIV →sHIV

DJFC DJtot DJFC DJtot DJFC DJtot

HD 1JHH 20.05 20.05 0.11 0.10 0.23 0.23
HF 1JHF 26.12 25.87 22.11 22.18 22.81 22.82
CO 1JCO 20.01 20.01 0.02 0.02 0.03 0.03
N2

1JNN 20.01 20.01 0.00 0.00 0.01 0.01
H2O 1JOH 0.44 0.43 0.31 0.31 0.34 0.34

2JHH 20.06 20.06 0.16 0.16 0.17 0.17
HCN 1JCN 20.10 20.10 0.03 0.03 0.09 0.09

1JCH 0.89 0.90 0.42 0.43 0.64 0.64
2JNH 20.02 20.02 0.04 0.04 0.04 0.03
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indicating that the correction is close to the basis-set lim
We also note that, for N2 , the calculated SOPPA value con
stitutes as much as one fourth of the total spin–spin coup
constant. For3JHH in C2H2 , the difference is even larger—in
fact, the SOPPA~CCSD! correction is an order of magnitud
larger than the B3LYP correction. As the individual cont
butions to the vibrational corrections have not been repo
for C2H2 in Ref. 17, a comparison of the individual contr
butions is not possible but we note that the other vibratio
corrections to the spin–spin coupling constants in C2H2

agree well with the SOPPA~CCSD! values.
For the remaining spin–spin coupling constants in Ta

VII, the DFT corrections are similar to the literature value
The largest discrepancies occur for H2O, where1JOH differs
from SOPPA by 24% and from MCSCF by 20%, and for t
HF molecule, where the B3LYP vibrational correction
238 Hz is bracketed by the MCSCF correction of227 Hz
and the experimental correction240 Hz. Although the
B3LYP result for HF is close to experiment, we do not atta
much significance to this result since, for this particular s
tem, B3LYP predicts a much too low equilibrium couplin
constant.

E. Experimental equilibrium values

Once the vibrational corrections to the indirect nucle
spin–spin coupling constants have been calculated theo
cally, we can extract a set of empirical equilibrium couplin
constants from experiment by subtracting the calculated Z
corrections from the experimentally observed couplings:

Jeq
emp5Jtot

exp2Jvib
cal . ~23!

- TABLE VII. ZPV corrections to indirect nuclear spin–spin coupling co
stants~Hz!.

B3LYP Other calculations

sHII sHIII sHIV

HD 1JHD 2.7 2.8 2.8 1.8,a 2.0b

HF 1JFH 241.9 238.2 237.7 226.9,c 240d

CO 1JCO 0.7 0.7 0.7 0.8e

N2
1JNN 0.1 0.1 0.1 0.4e

H2O 1JOH 6.0 5.4 5.2 4.0,f 4.2g

2JHH 0.8 0.9 0.9 0.7,f 0.8g

CH4
1JCH 5.2 5.3 5.3 5.0,h 4.4i

2JHH 20.6 20.7 20.6 20.7,h 20.6i

C2H2
1JCC 29.1 210.0 29.3 29.2j

1JCH 5.0 4.6 4.7 4.8j
2JCH 22.7 23.0 22.8 23.2j

3JHH 20.0 20.1 20.1 21.2j

aReference 23.
bReference 9.
cReference 5.
dReference 34.
eReference 13.
fReference 14.
gCalculated using the rovibrational numbers from Ref. 10, and correctin
with the temperature dependent part from Ref. 14.

hReference 15.
iReference 45.
jReference 17.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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TABLE VIII. Calculated and experimental indirect nuclear spin–spin coupling constants~Hz!. The ZPV correction has been calculated at the B3LYP/sH
level and the empirical coupling constants have been obtained using Eq.~23!.

Jeq
CAS Jeq

RAS Jeq
SOPPA Jeq

CCSD Jeq
B3LYP Jeq

CC3 Jeq
emp Jvib

B3LYP Jtot
exp

HF 1JHF 542.6a 544.2f 529.4l 521.6p 416.6 521.5p 538 238 500t

CO 1JCO 11.5b 16.1b 18.6l 15.7p 18.4 15.3p 15.7 0.7 16.4u

N2
1JNN 0.5b 0.8b 2.1l 1.8p 1.4 1.8p 1.7 0.1 1.8v

H2O 1JOH 283.9c 276.7g 280.6l 278.9p 275.9 278.5p 286.0 5.4 280.6w

2JHH 29.6c 27.8g 28.8l 27.8p 27.5 27.4p 28.2 0.9 27.3w

HCN 1JCN 219.8a 218.2p 219.2 217.9p 220.5 2.0 218.5x

1JCH 258.9a 245.8p 283.5 242.1p 262.2 5.1 267.3y
2JNH 26.8a 27.7p 27.8 27.7p 28.2 0.8 27.4y

NH3
1JNH 42.3d 43.6h 44.3m 41.8q 45.7 44.1 20.3 43.8z
2JHH 29.8d 211.3h 211.3m 212.1q 210.1 210.3 0.7 29.6z

CH4
1JCH 116.7d 120.6i 122.3l 132.6 120.0 5.3 125.3aa

2JHH 213.2d 213.2i 214.0l 213.3 212.1 20.7 212.8aa

C2H2
1JCC 187.7e 184.7j 190.0n 205.1 184.8 210.0 174.8ab

1JCH 238.5e 244.3j 254.9n 271.9 243.0 4.6 247.6ab

2JCH 47.0e 53.1j 51.7n 56.0 53.1 23.0 50.1ab

3JHH 12.1e 10.8j 11.3n 10.6 9.7 20.1 9.6ab

C2H4
1JCC 75.7d 68.8k 70.3o 70.1r 74.7 66.7 0.9 67.6ac

1JCH 155.7d 151.6k 157.2o 153.2s 165.3 151.2 5.1 156.3ac

2JCH 25.8d 21.6k 23.1o 23.0s 21.3 21.2 21.2 22.4ac

2JHH 22.4d 1.1k 1.0o 0.4s 2.9 2.0 0.3 2.3ac

3Jcis 12.4d 11.5k 11.8o 11.6s 13.5 10.5 1.2 11.7ac

3Jtrans 18.4d 17.8k 18.4o 17.8s 20.7 16.7 2.3 19.0ac

aReference 2. pReference 25.
bReference 3. qReference 26.
cReference 14. rReference 28.
dReference 1. sReference 27.
eReference 4. tReference 34.
fReference 11. Extrapolated in the excitation limit to be 536.6 Hz. uReference 64.
gReference 10. vReference 65.
hReference 6. wReference 66.
iReference 7. xReference 67.
jReference 8. yReference 68.
kReference 12. zReference 69.
lReference 20. aaReference 45.
mReference 21. abReference 70.
nReference 17. acReference 71.
oReference 22.
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Such empirical equilibrium coupling constants are listed
Table VIII, together with the equilibrium coupling constan
calculated by different theoretical methods. The empiri
equilibrium values have been obtained by subtracting
B3LYP/sHIII vibrational corrections from the experiment
values listed in the table.

In Table IX, we have made a statistical analysis of t
errors of the different theoretical methods relative to the
perimental total spin–spin coupling constants and to the
pirical equilibrium constants. Somewhat surprisingly, t
mean absolute relative error increases for all methods ex
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pt

RAS after the vibrational contributions to the coupling co
stants have been accounted for. The relative error found
RAS decreases slightly from 11% to 10%.

By contrast, the mean absolute errors and standard
viations decrease for all methods except DFT/B3LYP. T
reduction in the error is particularly pronounced for t
MCSCF model—from 5.8 to 3.3 Hz for the complete activ
space self-consistent field~CASSCF! method and from 4.3 to
1.6 Hz for the restricted active-space self-consistent fi
~RASSCF! method. For SOPPA, CCSD, and CC3, the me
ental

.1
.3

7

TABLE IX. Statistics of calculated indirect nuclear spin–spin coupling constants relative to the experim
total coupling constantsJtot

exp and the empirical equilibrium coupling constantsJeq
emp of Table VIII.

CAS RAS SOPPA CCSD B3LYP CC3

Jtot
exp Jeq

emp Jtot
exp Jeq

emp Jtot
exp Jeq

emp Jtot
exp Jeq

emp Jtot
exp Jeq

emp Jtot
exp Jeq

emp

Mean abs. err.~Hz! 5.8 3.3 4.3 1.6 3.8 3.1 3.8 3.7 9.1 11.7 6.4 6
Std. dev.~Hz! 11.3 4.0 10.3 2.7 8.1 4.4 8.0 6.5 20.7 28.5 12.6 10
Mean err.~Hz! 1.2 20.2 1.6 0.8 2.7 1.4 20.5 21.4 1.3 0.5 20.3 23.2
Mean abs. rel. err.~%! 30 43 11 10 11 19 11 20 12 13 4
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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absolute error is reduced from 4.1 to 3.4 Hz, from 3.8 to
Hz, and from 6.4 to 6.1 Hz, respectively.

Among the different theoretical methods in Table IX, t
RASSCF results are closest to the empirical equilibrium c
stants with a mean absolute error of 1.6 Hz, the correspo
ing errors for the CASSCF, SOPPA, CCSD, CC3, a
B3LYP methods being 3.3, 3.4, 3.7, 6.1, and 11.7 Hz, resp
tively.

The relatively poor performance of the coupled-clus
methods is somewhat surprising but arises from the r
tively small basis sets used in the calculations—in particu
no tight s-functions have been used in the CC3 calculatio
Clearly, the statistical errors in Table IX cannot directly
used as measures of the intrinsic errors associated with
different methods. Indeed, the good performance of
RASSCF method is to some extent a reflection of the f
that, for most of the molecules in our sample, this meth
has been applied with great care so as to arrive at the m
accurate possible coupling constants, although, for a
molecules such as N2, there is still room for improvement
As a very recent investigation of the indirect nuclear spi
spin coupling constant in BH has shown, the CCSD and C
methods are capable of very high accuracy—provided su
ciently large basis sets are used and provided that all e
trons ~not just the valence electrons! are correlated in the
calculations.56

The large mean absolute error of DFT in Table IX co
pared to the wave-function methods is striking. As is w
documented, the performance of the B3LYP method depe
critically on the nature of the coupled nuclei. In particul
poor indirect nuclear spin–spin couplings are obtained
electronegative atoms such as fluorine, whereas other a
such as hydrogen and carbon are quite well describe33

Thus, for HF, the B3LYP method in Table VIII underes
mates the indirect nuclear spin–spin coupling by more t
100 Hz. If this molecule is omitted from the statistics, t
mean absolute error of B3LYP is reduced to 4 Hz—that
similar to the error of the wave-function methods.

Focusing on the mean absoluterelative errors in Table
IX, we find that for all methods except RAS, the errorsin-
creasewhen we compare with the empirical equilibrium co
stants instead of the observed total constants. This beha
is different from that of the mean absolute error, which,
all methods except B3LYP, becomessmallerwhen we com-
pare with the empirical equilibrium constants, suggest
that the vibrational corrections improve the agreement w
experiment, mostly for the large spin–spin coupling co
stants. One possible explanation for this behavior are sol
effects, since many of the experiments have been perfor
in solution. In general, however, solvent effects on spin–s
coupling constants are rather small, rarely exceeding a
Hz,57–60 suggesting that the error mostly arises from a p
description of the electronic system.

F. Experimental equilibrium values for benzene

To illustrate the usefulness of the presented method,
have calculated the vibrational corrections to the indir
nuclear spin–spin coupling constants of the benzene m
ecule. In Table X, we have listed the vibrational correctio
Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract
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calculated with the B3LYP functional, using the sHIII bas
set for the FC contribution and the HII basis for the rema
ing contributions. In addition, we have included the equil
rium spin–spin coupling constants calculated at the B3LY
sHIII by us and at the MCSCF level by Kaski, Vaara, a
Jokisaari.61 From the experimental indirect nuclear spin–sp
coupling constants of Ref. 61, we have obtained a se
empirical equilibrium constants by applying Eq.~23!.

The vibrational corrections to the indirect nuclear spin
spin coupling constants in benzene are small. In fact,
only vibrational correction greater than 1 Hz is the one-bo
CH correction of 4.8 Hz. Next, we note that inclusion
vibrational corrections does not improve the agreement
tween theory and experiment. Indeed, only for three of
ten coupling constants in benzene does the agreement
experiment improve with the inclusion of vibrational corre
tions.

Considering the quality of the vibrational corrections
spin–spin coupling constants, the reason for this unexpe
behavior is either that the calculations are not sufficien
accurate or effects of the liquid crystal used in experime
Since the results of Ref. 61 are in good agreement wit
detailed liquid-phase investigation by Laatikainenet al.,62

this indicates that the single-point calculations of equilibriu
spin–spin coupling constants are not sufficiently accura
This is also supported by the recently calculated gas-ph
equilibrium value of1JHC5152.7 Hz.57

Nevertheless, the agreement between theory and ex
ment is much better for B3LYP than for MCSCF, which fo
this molecule produces rather poor couplings. The mean
solute error is 2 Hz for B3LYP and about four times larg
for MCSCF.

G. Conclusions

An automated method for the calculation of vibration
corrections to indirect nuclear spin–spin couplings has b
presented and applied at the DFT/B3LYP level of theory t
number of small molecular systems. Our results comp

TABLE X. Indirect nuclear spin–spin coupling constants of benzene~Hz!.

Jeq
B3LYPa Jeq

MCSCFb Jeq
empc Jvib

B3LYPd Jtot
expe

1JCC 60.0 70.9 56.1 20.1 56.0
2JCC 21.8 25.0 21.7 20.8 22.5
3JCC 11.2 19.1 9.4 0.7 10.1
1JCH 166.3 176.7 153.8 4.8 158.6
2JCH 2.0 27.4 1.4 20.4 1.0
3JCH 8.0 11.7 7.0 0.5 7.5
4JCH 21.2 21.3 21.0 20.3 21.3
3JHH 8.7 7.0 0.5 7.5
4JHH 1.3 1.2 0.2 1.4
5JHH 0.8 0.6 0.1 0.7

asHIII basis.
bSee Reference 61.
cObtained by combining the entries in columns 5 and 6 according to
~23!.

dHII basis except sHIII for FC.
eSee Reference 61 except for the HH couplings. For HH couplings, see
62.
. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions
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favorably with previous computed and experimentally det
mined vibrational corrections to the indirect spin–spin co
pling constants, the computational cost at the DFT level
ing significantly smaller. To illustrate potential an
usefulness of the method, we have calculated the vibratio
corrections to the indirect spin–spin coupling constants
benzene.

Having calculated a set of vibrational corrections to t
indirect spin–spin coupling constants, a list of empiric
equilibrium spin–spin coupling constants was generated
subtracting the vibrational correction from the experimen
coupling constant. Comparing these empirical equilibriu
coupling constants with calculations carried out at differ
levels of theory in the literature, we found that, for sm
molecular systems, the best indirect spin–spin coupling c
stants available in literature are those obtained with
RASSCF method. It should be noted, however, that the g
RASSCF performance is to some extent due to the fact
this method has been applied with great care, so as to a
at the most accurate possible coupling constants. The SO
and DFT/B3LYP methods perform similarly, although DF
fails badly for molecules containing fluorine. The perfo
mance of coupled-cluster theory is difficult to establish d
to basis-set deficiencies. In short, to establish the rela
performance of the different theoretical methods unequi
cally, a more consistent set of calculations needs to be
ried out for all methods.
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