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We present calculations of excitation energies and polarizabilities in large molecular systems at the
local-density and generalized-gradient approximation levels of density-functional theory~DFT!.
Our results are obtained using a linear-scaling DFT implementation in the program systemDALTON

for the formation of the Kohn-Sham Hamiltonian. For the Coulomb contribution, we introduce a
modification of the fast multipole method to calculations over Gaussian charge distributions. It
affords a simpler implementation than the original continuous fast multipole method by partitioning
the electrostatic Coulomb interactions into ‘‘classical’’ and ‘‘nonclassical’’ terms which are
explicitly evaluated by linear-scaling multipole techniques and a modified two-electron integral
code, respectively. As an illustration of the code, we have studied the singlet and triplet excitation
energies as well as the static and dynamic polarizabilities of polyethylenes, polyenes, polyynes, and
graphite sheets with an emphasis on the trends observed with system size. ©2004 American
Institute of Physics.@DOI: 10.1063/1.1771639#

I. INTRODUCTION

Density-functional theory~DFT! has emerged over the
last 15 years to become the most widely used method ofab
initio computational chemists for the calculation of energet-
ics, geometries, and molecular properties. This is largely due
to its inherently low computational cost. Combined with the
surprisingly high accuracy afforded by state-of-the-art
generalized-gradient approximation~GGA! functionals1–4

and hybrid functionals,5–7 DFT has enjoyed a far-reaching
impact in the community. Moreover, DFT is a natural candi-
date for the application of linear-scaling techniques8 and
great success has been achieved in this respect. Linear-
scaling GGA calculations on systems with thousands of at-
oms and tens of thousands of basis functions are now pos-
sible with only modest computer resources.9 One might
argue that the intense efforts seen today to address the algo-
rithmic complexity of the ‘‘standard models’’ have been
strongly encouraged by this development. Advances toward
O(N) implementations of wave function based methods such
as Møller-Plesset second-order perturbation theory~MP2!
~Refs. 10–12! and the coupled-cluster approximation have

also been demonstrated;13,14 indeed, they remain an active
area of research. Such progress is essential if these methods
are to be more widely applied. Already, it is clear that DFT
has an important role to play in the study of biomolecules
and this trend can only continue.

In this paper, we present a linear-scaling code based on
the program systemDALTON ~Ref. 15! for the formation of
the Kohn-Sham Hamiltonian in the generalized-gradient ap-
proximation. The new routines are also used in the construc-
tion of the electronic Hessian for the calculation of molecular
properties using linear response theory. As a result, the tra-
ditional bottlenecks for the treatment of second-order static
and dynamic properties in large molecular systems have been
removed. We demonstrate the capabilities of our code with
the examination of excitation energies and polarizabilities in
long-chain hydrocarbons and graphite sheets.

In a traditional DFT implementation, there are three
main bottlenecks to obtaining the unperturbed density of
large molecular systems: the electronic Coulomb problem,
the exchange-correlation quadrature, and the diagonalization
~or otherwise! of the Kohn-Sham matrix. First, with the use
of integral-prescreening techniques,16–18 the evaluation of
the two-electron Coulomb integrals has an asymptotic
O(N2) scaling, whereN is the size of the one-particle basis;a!Electronic mail: trygve.helgaker@kjemi.uio.no
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in most applications, this is the dominant step. Next, for the
exchange-correlation contribution, traditional numerical
quadrature requires an amount of work that scales formally
as O(N3) since contributions from all basis-function prod-
ucts are evaluated at each grid point. Finally, diagonalization
of the effective Hamiltonian is anO(N3) process. However,
the prefactor associated with this cost can be made suffi-
ciently small with modern library routines to not cause a
problem except in the largest systems. Indeed, in this work,
diagonalization has not inhibited us unduly but we refer to
earlier work, from this group and others, exploring alterna-
tive approaches.19–24

There is now a considerable literature on methods to
tackle the Coulomb problem, beginning with the first devel-
opments in the classical physics community addressing the
fast summation of the electrostatic energy of large collec-
tions of point charges.25–33 More recently, generalizations to
treat the electronic quantum Coulomb problem abound.34–38

These methods have been dominated by hierarchical
schemes, which reduce the asymptoticO(N2) scaling to the
O(N ln N) and O(N) regime ~for homogeneous charge
densities39!. In this work, we have used a generalization of
Greengard and Rokhlin’s fast multipole method~FMM! for
point-charge systems.28 Our approach is similar to the con-
tinuous fast multipole method~CFMM! of White et al.34 in
that we use an extent definition to identify two-electron in-
tegrals over Gaussians that may be accurately approximated
by multipole expansions. Our scheme, which we term the
branch-free multipole method~BFMM!, is simpler, however,
than the CFMM; in particular, no bookkeeping is required to
avoid interacting charge distributions with significant overlap
via multipole expansions. To achieve this, we have formu-
lated explicit expressions for both the ‘‘classical’’ and ‘‘non-
classical’’ components of the electrostatic interaction, where
the classical component is simply the multipole expansion
energy, while the nonclassical part may be regarded as a
correction term. In this way, we are able to obtain the total
Coulomb energy withO(N) work through two simple
phases: a single FMM-like pass~treating all charge distribu-
tions equally! followed by a nonclassical correction phase
requiring a minor modification of a standard two-electron
integral code.

There now exist a number of successful implementations
demonstrating near linear scaling of the numerical DFT
integration.40–44 Standard techniques for exploiting the fast-
decaying nature of the basis functions are insufficient to
achieve the linear regime and it is necessary to avoid the
O(N2) testing of significant grid-point/basis-function pairs.8

In this work, we have employed ‘‘batches’’ of grid points as
introduced by Stratmann and co-workers.40 This not only re-
duces the scaling, it also allows an efficient use of computer
memory that avoids calling data with wildly different ad-
dresses; this is crucial if the prefactor associated with the
cost is to be favorable.

The treatment of molecular properties, however, has re-
ceived far less attention in the literature with respect to issues
of computational complexity. In our implementation, the so-
lution of the linear equations to obtain the first-order re-
sponse is carried out in a direct iterative manner, as described

in Ref. 45. The time-consuming steps are the construction of
the Kohn-Sham matrix~with a modified density! and the
direct linear transformation of trial vectors with the DFT part
of the electronic Hessian. Solving the linear response prob-
lem in O(N) operations is nontrivial46 and we do not attempt
to achieve this here. However, by removing the traditional
bottlenecks associated with the construction of the Kohn-
Sham matrix and the two-electron contributions to the elec-
tronic Hessian, we have vastly increased the scope of pos-
sible study. As a demonstration of this improvement, we
examine the singlet and triplet excitation energies, and static
and dynamic polarizabilities of polyethylenes, polyenes,
polyynes, and graphite sheets containing many hundreds of
atoms, with an emphasis on the trends observed with system
size.

Our work follows many other DFT studies of excitation
energies and polarizabilities, including efficient implementa-
tions for the treatment of large molecules47 within the frame-
work of time-dependent density-functional theory.48,49 We
also refer to the recent studies by Snijders and
co-workers50–52and by Cai, Sendt, and Reimers,53 who have
examined the performance of DFT as applied to the calcula-
tion of polarizabilities and excitation energies in extendedp
systems, identifying a failure of existing functionals to pre-
dict correctly qualitatively realistic polarizabilities and exci-
tation energies of these systems. However, we do not intend
our efforts to be a comprehensive study of these problems;
rather, our emphasis is toward an illustration of the capabili-
ties of our code with a view to future, more detailed, calcu-
lations.

The remainder of this paper is divided into four sections.
First, in Sec. II, we discuss the theory underlying our linear-
scaling code for the formation of the Kohn-Sham Hamil-
tonian. Next, after a short presentation of performance
benchmark calculations in Sec. III, we consider in Sec. IV
calculations of excitation energies and polarizabilities in lin-
ear polyethylene, polyene, polyyne chains, and in graphite
sheets. Finally, in Sec. V, we give some concluding remarks.

II. THEORY: LINEAR SCALING TECHNIQUES

We now present in detail and in a self-contained manner
the necessary theory for our linear-scaling density-functional
implementation, referring to the work of others as appropri-
ate. We begin by partitioning the exact Coulomb interaction
energy into classical and nonclassical components for which
we derive explicit expressions. Having identified the classi-
cal contribution as the bipolar multipole expansion energy,
we discuss our approach to computing this quantity with
O(N) work using fast multipole techniques. In contrast, the
nonclassical term has an exponential decay with distance that
automatically yields the linear regime for sufficiently large
systems, as we also discuss. Finally, In Sec. II E, we high-
light aspects of our implementation for a linear-scaling nu-
merical DFT integration.

A. Partitioning of the Coulomb interaction energy

Consider two spherical Gaussian charge distributions of
exponentsp andq, centred atP andQ,
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Upq5E E exp~2pr1P
2 !exp~2qr2Q

2 !

r 12
dr1dr2

5
2p5/2

pqAp1q
F0S pq

p1q
RPQ

2 D , ~1!

where the Boys functionFn(x) with n>0 is a special case of
the Kummer confluent hypergeometric functionM (a,b,x),

Fn~x!5~2n11!21M ~n1 1
2,n1 3

2,2x!

5E
0

1

exp~2xt2!t2ndt. ~2!

Integrals involving nonspherical charge distributions are re-
lated to the integrals, Eq.~1!, by differentiation with respect
to the centresP andQ. Noting the recurrences

F8~x!52Fn11~x!, ~3!

we find that all integrals over Gaussian orbitals can be ex-
pressed as linear combinations of Boys functionsFn(x) of
ordersn>0.

To decompose the integrals, Eq.~1!, into classical and
nonclassical contributions, we note that the interaction be-
comes purely classical in the limit of large exponents or large
separationsRPQ . In this limit, x is large in Eq.~2! and we
may extend the upper integration limit to infinity. We there-
fore decompose the Boys function in the manner

Fn~x!5Fn
cls~x!1Fn

non~x!, ~4!

where the classical contribution is given by

Fn
cls~x!5E

0

`

exp~2xt2!t2ndt5
~2n21!!!

2n11
A p

x2n11
.0,

~5!

and the nonclassical correction term by

Fn
non~x!52E

1

`

exp~2xt2!t2ndt52
1

2
E1/22n~x!,0,

~6!

whereEn(x) is the exponential integral function

En~x!5E
1

`

exp~2xt!t2ndt5x21 exp~2x!@11O~x21!#.

~7!

For large separationsRPQ , the negative nonclassical contri-
bution Eq. ~6! decays exponentially inRPQ

2 , and the Boys
function becomes dominated by the positive classical contri-
bution, Eq. ~5!, which is proportional toRPQ

22n21. Both
Fn

cls(x) and Fn
non(x) satisfy the same recurrence relation as

the full Boys function, Eq.~3!, and may therefore be calcu-
lated using a standard two-electron integral program with
very minor modifications.

We now identify the expansion of a general electrostatic
interaction in the derivativesFn

cls(x) with the classical bipo-
lar multipole expansion—see also Eq.~60!. For spherical
distributions, this may be seen explicitly by substituting Eqs.
~5! and Eq.~6! into Eq. ~1!, to obtain

Upq5Upq
cls1Upq

non, ~8!

where

Upq
cls5S p2

pqD 3/2 1

RPQ
, ~9!

Upq
non52

p5/2

pqAp1q
E1/2S pq

p1q
RPQ

2 D . ~10!

We immediately recognize the first term as the multipole
expansion energy to zero order, while the second term can be
regarded as the nonclassical correction accounting for charge
overlap effects.

Owing to the exponential decay of the exponential inte-
gral function, Eq.~7!, for sufficiently large systems, the num-
ber of significant nonclassical contributions will grow just
linearly with the system size. It is therefore trivial to imple-
ment an efficient linear-scaling code for the computation of
Upq

non by prescreening away negligible nonclassical contribu-
tions. This may be achieved in a number of ways. For spheri-
cal Gaussians, it is possible to establish a simple expression
relating the relative sizes ofUpq

cls and Upq
non. We note that

several expressions have been suggested,34,35,38,54,55but we
employ the original definition of Whiteet al.34 where the
extentr p is given as

r p5
1

Ap
erfc21~102k!. ~11!

Here,p is the reduced exponent of the overlap distribution,k
is an arbitrary constant, and erfc21(x) is the inverse comple-
mentary error function. For spherical Gaussians separated by
more than the sum of their extents, it follows that

UUpq
non

Upq
clsU<102k. ~12!

For a given choice ofk, it is then possible to identify inter-
actions that have a significant nonclassical contribution.
Such interactions may be treated in total by conventional
integration, or by a combination of multipole techniques and
nonclassical correction, according to Eqs.~5! and ~6!.

However, in the limit of small exponentsp and q and
small separationsRPQ , the classical and nonclassical contri-
butions to the integrals~and to the Boys function! tend to
plus and minus infinity, respectively. In these cases, the de-
composition into classical and nonclassical contributions be-
comes numerically unstable and should be avoided. This is
an issue particular to our multipole implementation, as dis-
cussed in Sec. II D 2.

In contrast to the nonclassical term, the number of long-
range classical interactionsUpq

cls grows quadratically with the
system size. To achieve linear scaling, therefore, this contri-
bution must be evaluated using a fast summation method
afforded by the use of multipole expansion techniques, as we
discuss in Sec. II D.

B. Evaluation of the Coulomb contribution
to the Kohn-Sham matrix

In this section, we consider the evaluation of the Cou-
lomb matrix elements by the McMurchie-Davidson integra-
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tion scheme56 in a manner that avoids the explicit construc-
tion of the electron-repulsion integrals through a
presummation of the density. Moreover, we decompose our
expressions into classical and nonclassical parts such that the
expensive long-range contributions may be rapidly evaluated
by multipole techniques. We note that this work has signifi-
cant overlap with previous publications concerning the effi-
cient evaluation ofJ-matrix elements and refer to Refs.
57–60 as well as our presentation in Ref. 61.

Consider a basis of real-valued solid-harmonic Gauss-
ians,

Glm~rA!5Slm~rA!exp~2arA
2 !. ~13!

Such functions may be expanded in linear combinations of
Cartesian Gaussians,

Glm~rA!5(
i jk

Clm
i jkGi jk~rA!,

~14!
Gi jk~rA!5xA

i yA
j zA

k exp~2arA
2 !.

Following McMurchie and Davidson,56 a product of two
such Gaussians with exponentsa andb and centred onA and
B,

Vab~r !5Gikm~rA!Gjln~rB!, ~15!

may be expressed as a linear combination of Gaussians,

Vab~r !5(
t50

i 1 j

(
u50

k1 l

(
v50

m1n

Et
i j Eu

klEv
mn

] t1u1v exp~2prP
2 !

]Px
t ]Py

u]Pz
v

5(
tuv

Etuv
ab

] t1u1v exp~2prP
2 !

]Px
t ]Py

u]Pz
v

, ~16!

where we have introduced

P5
a

p
A1

b

p
B, p5a1b. ~17!

The expansion coefficientsEt
i j are traditionally determined

by a set of three-term recurrence relations presented by Mc-
Murchie and Davidson.56 However, we here use the two-term
relations61

E0
005expS 2

ab

a1b
XAB

2 D , ~18!

E0
i 11,j5XPAE0

i j 1E1
i j , ~19!

E0
i , j 115XPBE0

i j 1E1
i j , ~20!

Et
i j 5

1

2pt
~ iEt21

i 21,j1 jEt21
i , j 21!, t.0, ~21!

which are simpler and more efficient that the corresponding
McMurchie-Davidson recurrence relations. Similar relations
are valid for they andz components of the expansion coef-
ficients.

In a manner similar to Eq.~16!, we arrive at the result
for the expansion of the one-electron density as a linear com-
bination of differentiated Gaussians,

r~r !5(
cd

DcdVcd~r !

5(
Q

(
tnf

~21!t1n1fFtnf
Q

]t1n1f exp~2qrQ
2 !

]Qx
t]Qy

n]Qz
f

,

~22!

where we have introduced

Q5
cC1dD

q
, q5c1d, ~23!

Ftnf
Q 5~21!t1n1f (

cdPQ
DcdEtnf

cd , ~24!

andQ is the subset of overlap distributions with exponentq
centred atQ. The Coulomb contribution to the Kohn-Sham
matrix may then be calculated as

Jab5
2p5/2

pqAp1q
(
tuv

Etuv
ab (

Q
(
tnf

Ftnf
Q

3
] t1t1u1n1v1f

]Px
t1t]Py

u1n]Pz
v1f

F0S pq

p1q
RPQ

2 D . ~25!

Decomposing this interaction into classical and nonclassical
contributions,

Jab5Jab
cls1Jab

non, ~26!

we obtain

Jab
cls5S p2

pqD 3/2

(
tuv

Etuv
ab (

Q
(
tnf

Ftnf
Q

3
] t1t1u1n1v1f

]Px
t1t]Py

u1n]Pz
v1f

1

RPQ
, ~27!

Jab
non52

p5/2

pqAp1q
(
tuv

Etuv
ab (

Q
(
tnf

Ftnf
Q

3
] t1t1u1n1v1f

]Px
t1t]Py

u1n]Pz
v1f

E1/2S pq

p1q
RPQ

2 D , ~28!

whereEn(x) is given by Eq.~7!. As discussed in the preced-
ing section, the nonclassical contributionJab

non may be evalu-
ated from Eq.~28! with O(N) work by prescreening away
negligible terms. In the following sections, we discuss how
the long-range classical contributionJab

cls may also be com-
puted in linear time.

For an efficient evaluation of the Coulomb contribution,
it is necessary to carry out a careful screening of negligible
contributions to the Kohn-Sham matrix. We base our screen-
ing on the Schwarz inequality, which, when applied to the
Hermitian integrals

Rtuv~a,RPQ!5
] t1u1vF0~aRPQ

2 !

]Px
t ]Py

u]Pz
v

, ~29!

rather than to the full Gaussian integrals as in Ref. 62, pro-
vides the following upper bound:
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URt1t,u1n,v1fS pq

p1q
,RPQD U

<AUR2t,2u,2vS p

2
,0D UAUR2t,2n,2fS q

2
,0D U. ~30!

The one-center Hermite integrals in this expression are easily
calculated from the formula

R2t,2u,2v~a,0!

5
~2t21!!! ~2u21!!! ~2v21!!! ~2a! t1u1v

2t12u12v11
. ~31!

When evaluating the Coulomb expression according to Eq.
~25!, this upper bound is used to identify negligible contri-
butions. For the size correction Eq.~28!, estimates may be
based on the properties 0,En(x),x21 exp(2x) of the ex-
ponential integral function in Eq.~7!.

C. Efficient multipole expansion techniques

In this section, we give detailed equations for the
multipole-expansion techniques as used in our implementa-
tion. These formulas are a development of the work of
White30 and Pe´rez-Jorda´.63 However, we have emphasized
some of the symmetries and scaling relations we found use-
ful for an efficient implementation which we did not find in
previous work and have extended the real formulation of the
solid spherical harmonics to include the translation of the
multipole moments. We refer also to our work in Ref. 61 for
further discussion.

1. Regular and irregular solid harmonics

In Racah’s normalization, the complex solid harmonics
are given by

Clm~r !5A 4p

2l 11
r lYlm~u,w!, ~32!

where theYlm(u,w) are the standard spherical harmonic
functions. The solid harmonics obey the relations

Clm~ar !5alClm~r !, Clm* ~r !5~21!mCl ,2m~r !, ~33!

wherea is some real~positive or negative! scalar variable.
We then introduce the scaled complex regular and ir-

regular solid harmonics as

Rlm~r !5
1

A~ l 2m!! ~ l 1m!!
Clm~r !, ~34!

I lm~r !5A~ l 2m!! ~ l 1m!! r 22l 21Clm~r !. ~35!

These may be further decomposed into real~cosine! and
imaginary~sine! parts,

Rlm~r !5Rlm
c ~r !1 iRlm

s ~r !, ~36!

I lm~r !5I lm
c ~r !1 i I lm

s ~r !, ~37!

which satisfy the following relations:

Rl ,2m
c ~r !5~21!mRlm

c ~r !, Rl ,2m
s ~r !52~21!mRlm

s ~r !,
~38!

I l ,2m
c ~r !5~21!mI lm

c ~r !, I l ,2m
s ~r !52~21!mI lm

s ~r !, ~39!

Rl ,m
c/s~ar !5alRlm

c/s~r !, I l ,m
c/s~ar !5a2 l 21I lm

c/s~r !. ~40!

The scaled harmonics may be conveniently constructed from
recurrence relations. For the regular solid harmonics, we find

R00
c 51, ~41!

R00
s 50, ~42!

Rl 11,l 11
c 52

xRll
c 2yRll

s

2l 12
, ~43!

Rl 11,l 11
s 52

yRll
c 1xRll

s

2l 12
, ~44!

Rl 11,m
c/s 5

~2l 11!zRlm
c/s2r 2Rl 21,m

c/s

~ l 1m11!~ l 2m11!
, 0<m, l , ~45!

while the corresponding relations for the irregular harmonics
are given by

I 00
c 5

1

r
, ~46!

I 00
s 50, ~47!

I l 11,l 11
c 52~2l 11!

xIll
c 2yIll

s

r 2
, ~48!

I l 11,l 11
s 52~2l 11!

yIll
c 1xIll

s

r 2
, ~49!

I l 11,m
c/s 5

~2l 11!zIlm
c/s2~ l 22m2!I l 21,m

c/s

r 2
, 0<m, l .

~50!

For brevity of notation, we shall sometimes employ a com-
mon notation for the cosine and sine components by the use
of greek letters, adopting the following convention to distin-
guish between them:

Rlm~r !5H Rlm
c ~r !, m>0

Rlm
s ~r !, m,0

. ~51!

2. Multipole moments and their translations

Let us now consider some charge distributionrp(r ). We
may associate with this distribution the multipole moments
centred onP

qlm
p ~P!5E rp~r !Rlm~r P!dr . ~52!

Different centres of expansion give rise to different multipole
expansions. However, all such expansions are related by a
linear transformation of the form

qlm
p ~P̄!5(

j 50

l

(
k52 j

j

Wlm, j k~RP̄P!qj k
p ~P!, ~53!

where we have used the notation

RAB5A2B. ~54!
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The elements of the translation matrixW~r ! are given by

Wlm, jk
cc ~r !5~21! l 2 j~ 1

2!
dk0@Rl 2 j ,m2k

c ~r !

1~21!kRl 2 j ,m1k
c ~r !#, ~55!

Wlm, jk
cs ~r !5~21! l 2 j@2Rl 2 j ,m2k

s ~r !

1~21!kRl 2 j ,m1k
s ~r !#, ~56!

Wlm, jk
sc ~r !5~21! l 2 j~ 1

2!
dk0@Rl 2 j ,m2k

s ~r !

1~21!kRl 2 j ,m1k
s ~r !#, ~57!

Wlm, jk
ss ~r !5~21! l 2 j@Rl 2 j ,m2k

c ~r !

2~21!kRl 2 j ,m1k
c ~r !#, ~58!

and satisfy the scaling relation

Wlm, j k~ar !5al 2 jWlm, j k~r !. ~59!

Note thatW~r ! constitutes a lower unit triangular matrix of
infinite dimension with the inverseW21(r )5W(2r ).
Therefore, only multipole momentsqj k

p (P) with j k< lm
contribute toqlm

p (P̄) in Eq. ~53!. In practice, the expansion at
P̄ is truncated at some sufficiently high orderl<L.

3. The bipolar multipole expansion

Let us now consider two nonoverlapping charge distri-
butions, represented by the multipole momentsqlm

p (P) and
qj k

q (Q) associated with the centersP and Q, respectively.
The energy of interaction between these charges is then
given by the following bipolar multipole expansion:

Upq
cls5(

lm
(
j k

qlm
p ~P!Tlm, j k~RQP!qj k

q ~Q!, ~60!

where the elements of the interaction matrixT~r ! may be
calculated from the irregular solid harmonics in the follow-
ing manner:

Tlm, jk
cc ~r !5~21! j~ 1

2!
dm01dk021@ I l 1 j ,m1k

c ~r !

1~21!kI l 1 j ,m2k
c ~r !#, ~61!

Tlm, jk
cs ~r !5~21! j~ 1

2!
dm01dk021@ I l 1 j ,m1k

s ~r !

2~21!kI l 1 j ,m2k
s ~r !#, ~62!

Tlm, jk
sc ~r !5~21! j~ 1

2!
dm01dk021@ I l 1 j ,m1k

s ~r !

1~21!kI l 1 j ,m2k
s ~r !#, ~63!

Tlm, jk
ss ~r !5~21! j~ 1

2!
dm01dk021@2I l 1 j ,m1k

c ~r !

1~21!kI l 1 j ,m2k
c ~r !#. ~64!

We note the symmetry and scaling relations,

Tj k,lm~r !5~21! l 2 jTlm, j k~r !, ~65!

Tlm, j k~ar !5a2 l 2 j 21Tlm, j k~r !. ~66!

Thus, although the matrixT itself is not symmetric, it is
related to the symmetric matrixT̃ by the relation

T̃lm, j k5~21!2 jTlm, j k . ~67!

Introducing the modified moments

q̃ j k
q ~Q!5~21! jqj k

q ~Q!, ~68!

we may write the energy of interaction as

Upq
cls5qpT̃~RQP!q̃q. ~69!

We may also calculate the energy of interaction, Eq.~60!, in
a two-step manner:

Vlm
q ~P!5(

j 50

l

(
k52 j

j

Tlm, j k~RQP!qj k~Q!, ~70!

Upq
cls5(

lm
qlm

p ~P!Vlm
q ~P!, ~71!

whereVlm
q (P) is the potential atP generated by the charge

distribution associated with the multipole momentsqj k(Q).
In the course of the FMM evaluation, it is often neces-

sary to generate the potentialsVlm
q (aP) arising from a given

multipole expansionqj k(Q) in Eq. ~70! for many values of
a. In such cases, we may use the scaling relation, Eq.~66!, to
avoid recalculating the interaction matrix for each value ofa
since

Vlm
q ~aP!5(

j k
Tlm, j k~aRQP!qj k~Q!

5a2 l 21(
j k

Tlm, j k~RQP!a2 jqj k~Q!. ~72!

Thus, rather than constructing a new interaction matrix, we
calculate the potential from the scaled moments
a2 jqj k(RQ). Use of this scaling relation significantly re-
duces the number ofT matrices that need to be explicitly
constructed. This is an important reduction since each such
construction involvesO(L4) operations, whereas the scaling
of the multipoles and their potentials involves justO(L2)
work.

D. Multipole method for large systems

The theory for the rapid summation of the total Coulomb
energy of a large collection of point charges by means of the
FMM of Greengard and Rokhlin is now well established.28

The generalization to continuous distributions involves some
complexity since the conventional criteria for constructing a
convergent multipole expansion requires that the charge dis-
tributions are nonoverlapping. In the CFMM, this generali-
zation is achieved by defining an extent for each distribution;
Gaussians separated by more than the sum of their extents
are considered to interact ‘‘classically,’’ such that the effects
of charge overlap can be safely neglected. The remaining
interactions are evaluated by explicit integration. In the con-
text of the CFMM algorithm, a coarse graining of the extent
is then required when the moments are grouped into boxes.
This introduces a ‘‘well-separatedness’’ indexV, describing
the necessary separation between boxes that ensures that
only classical Coulomb interactions are evaluated. Moments
are further grouped into branches corresponding to common
values ofV. A standard point-charge FMM algorithm is then
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applied to all pairs of branches to yield an asymptoticO(N)
scaling of computational cost for large systems.

By contrast, our extension of the FMM for quantum
chemical calculations avoids the book keeping complexity of
the original CFMM by avoiding the introduction of branches.
It is very much a pure generalization of the point-charge
FMM, requiring only minor changes, and we refer to it as the
BFMM. This is possible through the use of Eqs.~27! and
~28! which allows us the flexibility to treat all interactions
using multipole techniques, regardless of the overlap, and to
correct for the nonclassical components in a separate phase;
in particular, no special book keeping is required to avoid the
nonclassical contributions in the multipole phase.

1. Evaluation of the far-field classical Coulomb
contribution

We now describe our implementation for computing the
far-field classical Coulomb contribution of the Kohn-Sham
matrix by the BFMM. Our discussion is very similar to pre-
vious presentations of the original FMM since we have de-
liberately designed our approach to be a simple generaliza-
tion of the point-charge scheme. We note that we have also
implemented a tree algorithm withO(N ln N) scaling as a
special case of our linear scaling code, which requires less
memory, but due to the greater number of multipole contrac-
tions involved, is generally slower than theO(N) method
with respect to CPU time. In addition, all our algorithms also
work within the conventional CFMM framework, using
branches to ensure that only purely classical interactions are
treated by multipole expansions. We presently discuss only
our O(N) BFMM algorithm, but note that our CFMM imple-
mentation uses the same engine with some additional book
keeping to take care of the branchlike structures.

To describe the BFMM, it is necessary to introduce the
concept of a hierarchy of boxes: a three-dimensional mesh of
boxes generated recursively to create anoct-tree such that
each parent box is split into eight children per level in the
hierarchy. Termination is defined by an input parameter
which specifies the size of the smallest box, rather than by an
explicit occupancy criterion. We note that the choice of box
size is arbitrary with respect to achieving linear scaling and
will only affect the prefactor of the overall cost. Our default
volume of 8a0

3 has proved to be near optimal for a wide
range of molecular systems and basis sets, such as those used
in the present work.

With respect to a given reference box, the boxes are
grouped into three classes: thenearest-neighbor~NN! boxes;
the local far-field ~LFF! boxes, which correspond to the chil-
dren of the NN boxes of theparentof the reference box~and
are not NN boxes!; and theremote far-field~RFF! boxes,
which include all the remaining boxes. We note that a child’s
RFF corresponds to its parent’stotal far field ~FF!, where the
FF space corresponds to the LFF and RFF boxes combined.

The purpose of the NN space is to keep multipole mo-
ments well separated: the half width of the space corresponds
to the well-separatedness indexV, which is a coarse graining
of the extent. In conventional CFMM, this width is distinct
for each branch in the CFMM tree, but in the original point-
charge FMM algorithm it is a constant, usually taken to be

two boxes; that is, no charges within a box pair separated by
less than two intervening boxes are to be interacted by mul-
tipole expansions.

In the BFMM, we employ the same conceptual hierarchy
of boxes as in point-charge FMM, defining a single, constant,
well-separatedness indexV, whose value is discussed below.
In this manner, it follows that the BFMM is identical to the
point-charge FMM algorithm in its treatment of the FF inter-
actions. For reference, we now summarize our procedure for
obtaining the FF interaction energy~for Gaussian distribu-
tions! according to the original FMM scheme.

~1! GenerateO(N) multipole momentsqi
p correspond-

ing to the O(N) significant Gaussian overlap distributions
centred atPi .

~2! Associate each moment with a box at the deepest
level in the hierarchy corresponding to the smallest boxes.

~3! Translate and sum theqi
p to their box centers to gen-

erate the first set of ‘‘boxed’’ moments at the deepest level.
~4! Recursively translate and sum the boxed moments

from child boxes to the center of the parent boxes through
the whole box hierarchy. There areO(N) boxes in the hier-
archy so this step is alsoO(N), both in CPU time and in the
memory required to store the moments.

~5! The far-field potential is now generated at the center
of all boxes at all levels withO(N) work as follows.

LOOP over all levelsL in the box hierarchy, starting
with the largest boxes.

LOOP over all boxesC at levelL in the hierarchy.
~a! Generate the LFF potentialVC

LFF at the center of box
C due to all LFF boxes associated withC.

~b! Translate the FF potential of the parent of boxC,
VP

FF, to the center of boxC to obtain the RFF potentialVC
RFF

as

VC
RFF5WPC

T VP . ~73!

~c! Generate the total FF potential at the center of box
C, VC

FF, as

VC
FF5VC

LFF1VC
RFF. ~74!

END LOOP over boxes at levelL.
END LOOP over levels in the box hierarchy.
~6! The total FF multipole contribution to the Coulomb

energy may now be obtained inO(N) time by contracting
the FF potentials at the center of the boxes at the deepest
level with the boxed moments at the deepest level.

The remaining interactions to be considered are those
between charges in NN boxes at the deepest level. These
local interactions may all be evaluated conventionally in lin-
ear time. However, many interactions will be purely classi-
cal; we prefer to evaluate as many classical interactions as
possible using multipole techniques. In our CFMM imple-
mentation, therefore, all nearest-neighbor interactions are
tested by extent and evaluated by multipole expansion only
when purely classical. This testing requires a quadratic loop
over all branches, each pair defining its own NN space. Fi-
nally, the remaining interactions are recovered in the non-
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classical phase. In the BFMM, however, the situation is
slightly different; in particular, only a single NN space needs
to be considered, as we now discuss.

2. Evaluation of the local classical Coulomb
contribution

To compute the total Coulomb energy within the
BFMM, it is necessary to add on to the FF classical contri-
bution the following two contributions: all nonclassical cor-
rections neglected in the FF phase, and all total~i.e., classical
and nonclassical! NN contributions. Clearly, the nonclassical
partUpq

non of every two-electron integral must be evaluated by
conventional means. However, it is unacceptable to take the
sum of the totalUpq

non evaluated from Eq.~28! and all NN and
FF contributions evaluated by multipole expansion according
to Eq. ~26!. For reasons of numerical stability, as discussed
in Sec. II A, some of these contributions must be evaluated in
total by conventional means according to Eq.~25!. We out-
line this requirement first.

We define theclassical cutoff radius Rmin as the distance
between charge distribution centers within which all interac-
tions are evaluated, in total, by conventional integration Eq.
~25!. For such interactions, it is expected that the classical
and nonclassical contributions will each be very large, but of
different sign, when accurate cancellation is not guaranteed.
Some of these interactions may be dominantly classical~per-
haps if Rmin is chosen to be very large!, but in our default
implementation we compute all such interactions conven-
tionally in any case. It should be noted that we require

Rmin,VLbox, ~75!

where V is the well-separated index previously discussed
andLbox is the dimension of a single box at the deepest level.
In this way, we ensure that the far field does not include any
‘‘forbidden’’ multipole expansion contributions. Our default
value forRmin is 2a0 , although numerous tests suggest that
the performance is not strongly affected by this choice, for
sensible values of the smallest box size.

Since the only role ofV in the BFMM is to ensure that
FF interactions contracted by multipole expansion do not
contain contributions from very closely spaced moments, it
may be much smaller than in the CFMM, where many boxes
are required to keep moderately diffuse Gaussians well sepa-
rated. Indeed, we typically takeV to be as small as possible
while remaining consistent with Eq.~75!. In this way, we
may optimize the savings of grouping moments into larger
boxes as efficiently as possible, without large NN and LFF
spaces. In Sec. III, we briefly discuss some of the perfor-
mance benefits we have observed from this improvement.

It is therefore necessary in the final pass of the multipole
phase to test all pairs of multipoles in the NN space with
respect toRmin ; only if they lie outside the cutoff are they
contracted by multipole expansion. Similarly, in the nonclas-
sical pass, if an interaction lies inside the cutoff then it must
be evaluated in total regardless of the result of the extent test,
else only the nonclassical component will be evaluated, or
otherwise skipped.

This completes the generation of the Coulomb energy
using the linear scaling BFMM algorithm which can be seen

to involve an FMM-like pass which has no more complexity
than the original point-charge FMM algorithm, followed by a
nonclassical correction phase.

E. Linear-scaling evaluation of the exchange-
correlation contribution

The DFT exchange-correlation evaluation consists of
four main steps: the grid generation, the evaluation of the
electron density, the evaluation of the Kohn-Sham matrix
elements, and the evaluation of the effective density contrib-
uting to the linear response trial vectors. Each of these steps
has been implemented in a linear-scaling manner, by exploit-
ing the sparsity of the density matrix.

1. Grid generation

The molecular grid for the numerical integration is gen-
erated by a superposition of atomic grids, followed by a
weight correction in the overlapping regions by means of
space partitioning. Ifwi

A is the weight of an atomic grid point
r i associated with atomA, the corrected weightwi is given
by

wi5wi
A

PBÞA
N f ~m i

AB!

(C51
N PBÞCf ~m i

BC!
,

m i
AB5

ur i2RAu2ur i2RBu
uRA2RBu

, ~76!

whereN is the number of atoms and where the partitioning
function f (m) has the propertiesf (0)50.5, f (21)50,
f (1)50. Common choices off (m) are the Becke partition-
ing function64

f ~m!5 1
2@12g~g„g~m!…!#, g~m!5 1

2m~32m2! ~77!

as well as the Stratmann-Scuseria-Frisch~SSF! partitioning
function.40

From Eq. ~76!, it is clear that a simple-minded imple-
mentation of the partitioning algorithm scales asO(N3),
since we must performO(N2) operations on the grid. How-
ever, the scaling may be reduced to the linear regime by
observing that the corrected weights generated from points
associated with atomA are essentially unaffected by exclud-
ing contributions from atomsB far from A. Therefore, we
distribute theN atoms among a set ofL boxes such that all
atoms in one box are local in space. The corrected weights
may then be obtained in linear time by evaluating Eq.~76!
separately for each box. Each box 1<n<L has an associated
weight Mn such that(nMn5M , whereM is the total num-
ber of ~linear-scaling! grid points.

For each box, we also determine a list of the nonvanish-
ing basis functions, thereby reducing the number of basis
functions to be included in subsequent summations. The
number of nonvanishing functionsKn in box n depends on
the density of basis functions and their typical extent—
diffuse functions contribute to many boxes, while steep func-
tions describing core orbitals may be present in one box only.
To achieve linear scaling in the following discussion, we
require that the number of nonvanishing functions per box
becomes saturated as the system size increases. In general,
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this is achieved rapidly on the molecular scale, when the
system in question is large in comparison to the extent of the
basis functions used.

2. Evaluation of the electron density

At each of theM grid pointsr i , the electron density is
evaluated as

r~r !5(
i 51

M

wi (
p,q51

K

Dpqfp~r i !fq~r i !, ~78!

where wi is the quadrature weight,Dpq an element of the
atomic-orbital density matrix,fp(r i) a basis function, andK
the total number of basis functions in the system. Formally,
the number of operations scales asO(N3) since there areK2

pairs of functions to be evaluated atM points. However,
noting that the density atr i vanishes iffp(r i) or fq(r i)
vanish, we can carry out the summation in the manner

r~r !5 (
n51

L

(
pn ,qn51

Kn

(
i 51

Mn

wiDpnqn
fpn

~r i !fqn
~r i !, ~79!

where, for large systems, the summation is divided intoL
;O(N) terms, each of which requires a constant amount of
work, whose prefactor depends on the number of nonvanish-
ing basis functions and grid points in each box.

Note that, in Eq.~79!, we have changed the summation
order relative to Eq.~78! such that the inner rather than outer
loop is now over grid points. Depending on the implementa-
tion, the perhaps more natural summation order with basis
functions first would lead either to short inner loops or to
indirect memory accesses when addressing the density ma-
trix Dpq , both of which are inefficient on modern computers.
The summation order in Eq.~79! turns the innermost loop
into a simpleax1y operation with a stride of one, which
can be unrolled by compilers and which has a better memory
locality. The length of this loop is chosen to be in order of a
few hundreds. The loop is then sufficiently long to take ad-
vantage of vectorizing compilers and sufficiently short
to fit all data into the fast cache memory of most modern
computers.

3. Evaluation of the Kohn-Sham matrix

For the evaluation of the exchange-correlation contribu-
tion to the Kohn-Sham matrix, we use the same approach as
that discussed in Sec. II E 2. For a local-density approxima-
tion ~LDA ! functional with an exchange-correlation energy
densityF(r), the Kohn-Sham contribution is given by the
following expression:

f pq5(
i 51

M

wi

]F~r!

]r U
r5r~r i !

fp~r i !fq~r i !. ~80!

Again, since many basis functions vanish at a given grid
point r i , this point will contribute only to a few matrix ele-
ments f pq . To exploit this sparsity, the outer loop is over
boxes 1<n<L, each of which hasMn grid points and is
associated withKn basis functions. Inside this loop, we com-
pute contributions to the associated subset of matrix ele-

ments f pq in a simple stride-one loop over theMn grid
points. The sameO(N) approach is used for GGA-type func-
tionals.

4. Evaluation of the DFT linear-response contribution

DFT linear-response functions are computed in a manner
analogous to the Hartree-Fock case. In particular, the linear-
response eigenvalue solver uses a direct method, avoiding
the explicit construction of the electronic Hessian matrix
E@2#. The eigenvectors and eigenvalues are determined itera-
tively, carrying out a series of multiplications of the Hessian
with trial vectors:X̃5E@2#X. In LDA theory, the exchange-
correlation contribution to the transformed trial vector is
given by the expression

X̃pq5E ]2F~r!

]r2 U
r5r~r !

3F(
rs

Xrsf r~r !fs~r !Gfp~r !fq~r !dr . ~81!

In addition to the expectation value( rsXrsf r(r )fs(r ), this
expression involves the same elements as the exchange-
correlation contribution to the Kohn-Sham matrix, Eq.~80!,
and may be evaluated in the same manner.

III. PERFORMANCE BENCHMARKS

In Figs. 1 and 2, we present illustrative benchmarks of
our new code with respect to accuracy and scalability of the
computational cost as applied to the set of polyethylene
chains used in Sec. IV.

Figure 1 addresses the accuracy of both our CFMM and
BFMM implementations with respect to the order of the mul-
tipole expansions. We study linear polyethylene chains con-
taining up to 302 atoms using a 3-21G split-valence basis.
We have calculated the total molecular energy in the Hartree
approximation—that is, we have performed a single DFT
iteration, but with the two-electron term containing no ex-
change or correlation contributions. We compare the total
energy as computed using the CFMM or BFMM with the

FIG. 1. Errors in the total molecular energy as computed using the CFMM
and BFMM algorithms, with different orders of multipole expansion for a
linear polyethylene chain at the Hartree/3-21G level. The logarithm of the
absolute error inEh is plotted against the number of atoms in the chain.
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total energy as computed using conventional integration
where we may assume an accuracy that is at least 10210Eh .
Our choice of the extent definition also ensures an accuracy
of at least 10210Eh in the multipole phase and we do not
explore the variation of this parameter here.

We include three curves. The first two, denoted
CFMM(L1 ,L2), relate to the CFMM algorithm to different
orders of multipole expansion. HereL1 is the order to which
moments are generated from the overlap distributions and to
which they are contracted in the nearest-neighbor phase,
whereasL2 is the order to which the moments are translated
and subsequently contracted in the recursive far-field phase.
These numbers are chosen such that an increase inL2 does
not improve the accuracy andL1 is limiting. In this case, we
observe an accuracy of approximately 1024Eh for the
CFMM~4,12! evaluation and of approximately 1027Eh for
the CFMM~8,20! evaluation, which we typically choose as
the default setting in our DFT calculations.

In the third curve, we employ the same notation, but for
the BFMM. In this case, we internally decontract the basis
for the purpose of evaluating the multipole contribution only.
~We do this to ensure numerical stability with small choices
of Pmin). The moments are then generated about the charge
center of overlap distributions ofprimitive Gaussian func-
tions, such that the moments truncate exactly by symmetry.
We therefore expect to achieve higher accuracy using this
approach; indeed, without translations, we should recover the
exact result to order 2. We therefore present data forL152

andL2525. In this case,L2 is limiting; we choose order 25
to achieve a better accuracy than we obtained above. Then,
we observe an accuracy of better than 1028Eh for all sizes of
molecule tested.

In Fig. 2, we give a summary of the component costs in
a single DFT iteration at the LDA/3-21G level for the linear
polyethylenes containing up to 1049 atoms. There are five
curves: the three curves labeled CFMM~8,20!,
CFMMun~2,25!, and BFMM~2,25! denote the evaluation of
the Coulomb contributions~including the total classical and
nonclassical evaluations! using different FMM algorithms;
the curve labeled ‘‘LDA XC’’ denotes the evaluation of the
exchange-correlation Kohn-Sham matrix elements, and the
curve labeled ‘‘SCF’’ denotes the total time for the SCF it-
eration with the Coulomb and DFT integrations subtracted;
the latter is dominated by the cost of diagonalization, per-
formed using the standard LAPACK routine DSPEV~ !. For
the DFT integration, we chose a radial integration accuracy
of 1029Eh as the upper limit for the integration error for an
atom. All calculations required less than 2 GB of memory.

Concerning the CFMM~8,20!, CFMMun~2,25!, and
BFMM~2,25! curves, we note that, in the second and third
curves, we have internally decontracted the basis for pur-
poses of generating the multipole expansions. For a given
box size, it is clear that this procedure will generate more
moments to be contracted in the nearest-neighbor phase. Al-
though this may be ameliorated in the far-field phase by
grouping moments~and thus effectively ‘‘recontracting’’ the

FIG. 2. Timing breakdown for a single Kohn-Sham iteration for a linear polyethylene chain at the LDA/3-21G level including the evaluation of the
~classical1nonclassical! Coulomb contributions via the BFMM~2,25! ~full black line!, CFMM~8,20! ~dotted black line!, and CFMMun~2,25! ~dashed black
line! algorithms, the exchange-correlation contributions~full gray line!, and the SCF optimization~dotted gray line!; times in minutes are plotted against the
number of atoms in the chain. In a given calculation, only one FMM algorithm is used.
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basis!, for given order, we observe a significant increase in
the total work required. However, for a given accuracy, we
would expect to need lower orders of multipole expansion,
as observed in Fig. 1.

It is encouraging that our BFMM implementation in Fig.
2 performs better than our CFMM implementation—that is,
for the same CPU time, we observe higher accuracy with the
BFMM than when running the conventional CFMM scheme
in a contracted basis. Moreover, the BFMM is faster than the
CFMM when running with internal decontraction. We be-
lieve that this is an inherent improvement of the simpler
BFMM algorithm, since our CFMM and BFMM codes share
all of the time-critical routines involving contraction and
translation of the moments.

From Fig. 2, it is clear that the Coulomb evaluation
dominates the calculations for short chains. For chains with
800 atoms, however, the Coulomb bottleneck has been over-
come as theO(N3) diagonalization cost starts to dominate
the calculation, and near linear scaling is clearly observed in
the DFT and Coulomb integrations. The DFT exchange-
correlation integration is comparatively inexpensive, costing
less than the diagonalization for systems containing more
than 400 atoms.

IV. APPLICATIONS: EXCITATION ENERGIES AND
POLARIZABILITIES OF LARGE HYDROCARBONS

As a simple illustration of the capabilities of our pro-
gram, we have carried out a DFT study of the excitation
energies and polarizabilities of the following extended hy-
drocarbon systems: polyethylenes CnH2n12 , linear polyenes
CnHn12 , polyynes CnH2, andD6h graphite sheets C6b2H6b ,
whereb is the number of radial carbon atoms. The calcula-
tions were carried out using the LDA and Becke-Lee-Yang-
Parr~BLYP!1,2 exchange-correlation functionals, in the STO-
3G, 4-31G, and 6-31G basis sets. The 20 lowest singlet
excitation energies and the 20 lowest triplet excitation ener-
gies were calculated using linear response theory, for a series
of systems with 2<n<225 ~677 atoms! for polyethylenes,
2<n<300 ~602 atoms! for polyenes, 2<n<600 ~602 at-
oms! for polyynes, and 1<b<9 ~540 atoms! for graphites—
sec Table I for details about system size for the different
basis sets. The static dipole polarizability was calculated for
polyethylenes with up to 1049 atoms and for polyenes and
polyynes with up to 1002 atoms—see Table II. For selected
systems, we also calculated the frequency-dependent polar-
izability.

The geometries were generated in the following manner.
The polyethylenes were generated using the default geom-
etry of theMACROMODEL ~version 5.5! builder, with no op-
timization. For the polyenes, we carried out DFT Becke-3-
parameter-Lee-Yang-Parr~B3LYP!5 geometry optimizations
using the correlation-consistent valence-double-zeta~cc-
pVDZ! basis set65 for C2H4 , C4H6 , and for C6H8 . Longer
polyenes were then generated from C6H8 by duplicating the
middle section. The polyynes were generated similarly. Thus,
all polyynes with ten or less carbon atoms were optimized at
the B3LYP/cc-pVDZ level; the longer polyynes were gener-
ated from C10H2 by duplicating the middle single-triple-
single bond section. Finally, theD6h graphite sheets were

generated with a fixed CC bond length of 142 pm, with no
optimization. Hydrogens were added to the edge carbon at-
oms, using a bond length of 112 pm.

A. Excitation energies

In Fig. 3, we have plotted the lowest singlet~dotted
lines! and triplet~full lines! LDA excitation energies of the
polyethylenes, polyenes, polyynes, and graphite sheets
againstn21, wheren is the number of carbon atoms. Con-
sidering the chains first, we note that their excitation energies
are approximately linear inn21 ~in particular, the lowest
triplet excitation energy! but converge to a finite value for
largen. There is a striking difference, however, between the
behavior of the saturated chains on the one hand and that of
the unsaturated chains on the other hand. Thus, at the LDA/
4-31G level of theory, the polyethylene singlet excitation en-
ergy decreases from 369 mEh for n52 to 255 mEh for n
5`, while the first triplet excitation energy decreases from
352 to 255 mEh—that is, the polyethylene excitation ener-
gies are reduced by about 30% going from ethane to an in-
finite chain. By contrast, in the polyenes and polyynes, the
lowest excitation energies are reduced by as much as 80% or
90%, depending on method and basis set. The LDA/4-31G
polyene triplet excitation energy, for example, is reduced
from 178 to 30 mEh , while the corresponding polyyne triplet
excitation energy is reduced from 208 to 37 mEh .

In Table I, we have listed the lowest singlet and triplet
excitation energies of the linear hydrocarbons, for different
basis sets and exchange-correlation functionals. Although the
general behavior of the excitation energies is much the same
at all levels of theory, we note that the excitation energies are
much greater in the small STO-3G basis set than in the two
larger basis sets. In general, the excitation energies are
slightly reduced as we go from 4-31G to 6-31G, although we
note that the polyene and polyyne triplet excitation energies
are either unaffected or very slightly increased by this
change.

Since the excitation energies are approximately propor-
tional to n21, each increment inn in Table I reduces the
difference between the calculated excitation energy of the
finite chain and the extrapolated excitation energy of the cor-
responding infinite chain by about one-third. The fastest con-
vergence is observed for the polyethylene excitations; the
slowest convergence for the polyene singlet excitations. To
recover 99% of the change in the lowest excitation energy
from n52 to n5`, we must consider polyethylenes with
about 60 carbon atoms for both singlet and triplet excita-
tions; polyenes with about 110 and 80 carbon atoms for sin-
glets and triplets, respectively; and polyynes with about 90
and 80 carbon atoms, respectively, for singlets and triplets.

As seen from Fig. 3, the higher excitation energies are
affected more strongly than the lowest excitation energy by
changes in the chain length—in particular, for the unsatur-
ated chains, where the highest calculated excitation energy is
reduced by a factor of 20 asn tends to infinity. This behavior
is to be expected, of course, since, for an infinite chain, the
lowest excited states form a continuous band of states. To
illustrate the formation of bands, we have, in Fig. 4, plotted
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the density of the calculated excited states as a function of
the number of carbon atoms.

Whereas the density of states increases quadratically
with n for the polyethylene chains, it increases less dramati-
cally for the polyenes and polyyne chains. Somewhat sur-
prisingly, the increase in the density of states seems to flatten
out for long polyynes. This behavior arises since, for largen,
two distinct bands of excitation energies are formed for the
polyynes at the LDA/STO-3G and LDA/4-31G levels of
theory. The lowest band consists of only three or four triplet
levels; the upper band contains 17 triplet levels and 20 sin-
glet levels~some of which are degenerate!. However, with-
out carrying out more extended calculations, we cannot
claim that this is the true behavior of polyynes rather than an
artifact of our calculations, although we note that a similar
gap is being formed also at the BLYP level of theory. By
contrast, for the polyethylenes and polyenes, there is no clear
gap separating the lowest triplet states from the higher ex-

cited states; rather, the calculations indicate the formation of
a single triplet band that overlaps with the~slightly higher!
singlet band. Without entering into further speculations, we
note that we cannot guarantee that, in our calculations, we
have recovered all excited states within a given energy range.
Since our calculations were carried out without the explicit
use of point-group symmetry, this is especially true for the
polyynes, which exhibit a higher symmetry than do the poly-
enes and, in particular, the polyethylenes.

In general, the BLYP functional performs in much the
same manner as the LDA functional. From Table I, we see
that the lowest BLYP/6-31G singlet excitation energies are
nearly all equal to or slightly higher~by 1 or 2 mEh) than the
corresponding LDA/6-31G singlet excitation energies, the
only exception occurring for C6H8 . The same is true for the
lowest polyethylene triplet excitation energies. By contrast,
for the triplet states of the unsaturated chains, the BLYP/6-
31G excitation energies are slightly below the corresponding

FIG. 3. The 20 lowest singlet~dotted
lines! and 20 lowest triplet~full lines!
excitation LDA energies (Eh) of poly-
ethylenes, linear polyenes, polyynes,
and graphite sheets plotted against the
inverse number of carbon atoms.
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LDA/6-31G excitation energies. As a result, the BLYP func-
tional increases the triplet-singlet separation in the extended
systems—see Fig. 5, where we compare the LDA and BLYP
singlet and triplet excitation energies in polyynes as func-
tions of n.

Turning our attention to the graphite excitation energies
in Fig. 3, we note that these behave very differently from
those of the chains in that they do not seem to converge to a
positive value for largen; the triplet excitations may even
converge to a negative value, suggesting the existence of
instabilities for largen. This observation is in agreement with
the fact that, for an infinite graphite sheet, there is no energy
gap between the occupied and virtual orbitals. We also note
that, unlike for the linear chains, the excitation energies no
longer appear to be linear inn21. Indeed, a closer examina-
tion of the excitation energies in graphite suggests that these
may be proportional ton21/2 ~i.e., to the inverse radius of the
D6h graphite systems!. We should keep in mind, however,
that the true behavior of the excitation energies in systems

such as those studied here probably cannot be accurately
described by simple expressions such asn21 andn21/2.

B. Polarizabilities

In Fig. 6, we have plotted the static polarizabilitya of
the hydrocarbons as a function of the number of carbon at-
omsn, as well as the polarizability per carbon atoma/n ~the
group polarizability!. Again, there is a clear difference be-
tween the behavior of the saturated chains on the one hand
and that of the unsaturated ones on the other hand. Whereas
the polyethylene polarizability depends linearly on the chain
length even for very small systems, the polyene and polyyne
polarizability initially depends nonlinearly~quadratically! on
the chain length, before the onset of linearity with a constant
group polarizability for systems containing several hundred
atoms. Moreover, the polarizabilities of the polyenes and
polyynes are about an order of magnitude larger than those
of the polyethylenes. For the graphite systems, no linearity is

FIG. 4. The density of the 40 lowest
excited states~20 singlet and 20 trip-
let! at the LDA/STO-3G~dotted lines!
and LDA/4-31G~full lines! levels of
theory of polyethylenes, linear poly-
enes, polyynes, and graphite sheets as
functions of the number of carbon
atoms.

TABLE I. The lowest singlet and triplet excitation energies of polyethylenes CnH2n12 , polyenes CnHn12 , and polyynes CnH2 (mEh). The excitation energies
have been obtained by interpolation forn<nmax and by extrapolation forn.nmax, wherenmax is the largest number of carbon atoms in the DFT calculations.

nmax

n ~singlet! n ~triplet!

2 6 20 60 200 600 ` 2 6 20 60 200 600 `

Polyethylenes LDA STO-3G 200 608 507 459 447 446 446 446 550 497 454 446 445 445 445
4-31G 200 369 302 264 256 255 255 255 352 297 262 256 255 255 255
6-31G 225 367 297 258 250 249 249 249 349 292 256 250 249 249 249

BLYP 6-31G 225 369 298 259 252 251 251 251 348 292 257 251 251 250 250

Polyenes LDA STO-3G 300 352 205 91 50 41 40 40 199 102 53 40 37 37 37
4-31G 300 295 175 81 43 33 32 32 178 94 47 34 31 30 30
6-31G 200 292 174 80 43 33 32 32 177 94 48 34 31 30 30

BLYP 6-31G 250 301 173 81 43 34 33 32 162 85 43 32 29 29 29

Polyynes LDA STO-3G 600 317 160 76 54 49 49 48 239 123 62 47 45 45 45
4-31G 400 267 138 65 45 40 40 40 208 109 54 40 38 37 37
6-31G 300 264 137 65 45 41 40 40 207 109 54 40 38 38 38

BLYP 6-31G 300 264 138 66 46 41 41 41 194 102 51 38 36 36 36
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observed, even for the largest systems. Instead, the polariz-
ability is proportional ton3/2, as seen from the very constant
value ofa/n3/2 plotted in Fig. 6. It is also noteworthy that, in
the graphite systems, the polarizability is about an order of
magnitude smaller than in polyynes with the same number of
carbon atoms. As expected, the STO-3G basis is inadequate,
yielding polarizabilities that are much too small.

In Table II, we have listed the polarizability per carbon
atom for different basis sets and functionals. Again, we note
the contrast between the very nearly constant group polariz-
ability of the polyethylenes and the highly variable group
polarizability of the unsaturated systems, which increases by
more than an order of magnitude as we extend the chains.
Indeed, for the unsaturated chains, convergence has not yet

FIG. 5. The calculated LDA/6-31G
~full lines! and BLYP/6-31G~dotted
lines! excitation energies of linear
polyynes as a function of the number
of carbon atoms (Eh).

FIG. 6. The LDA static polarizabilitiesa in the STO-3G basis~dotted line! and the 4-31G basis~6-31G for graphite! ~full line!, as functions of the number
of carbon atomsn.
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been achieved even for systems containing as many as 600
carbon atoms. As expected, there is hardly any difference
between the static polarizabilities calculated at the LDA and
GGA levels of theory, the BLYP functional producing
slightly smaller group polarizabilities than does the LDA
functional. For graphite systems, the LDA/STO-3G value of
a/n3/2 is 1.67 a.u. for C6H6 , 1.39 a.u. for C24H12, and 1.40
a.u. for all larger systems; in the 6-31G basis, the values are
2.27 a.u. for C6H6 , 1.56 a.u. for C24H12, 1.46 a.u. for
C54H18, and 1.45 a.u. for all larger systems.

It is possible to rationalize the dependence of the polar-
izability on the number of carbon atoms in a qualitative man-
ner, with reference to the excitation energies. Thus, from
general considerations, we would expect the polarizability in
large systems to depend inversely on the excitation energies
but linearly on the number of atoms. To illustrate, we have,
to the right in Fig. 7, plotted the inverse excitation energies
as functions of the number of carbon atomsn; to the left in
the same figure, we have made similar plots of the inverse
excitation energies multiplied byn. Individually, each plot in
Fig. 7 bears a striking resemblance to the corresponding plot
in Fig. 6, demonstrating the validity of this simple model.

We may now understand the linearity of the polarizabil-
ity in the extended linear systems as a reflection of the con-
verged, constant excitation energies; by the same token, the
nonlinearity of the polarizability for small chains arises from
the large reduction in the excitation energies with each added
carbon unit for such systems. The polarizability of the poly-
ethylene chains is much smaller than that of the unsaturated
chains because of the much larger excitation energies in the
polyethylenes. Since the polyethylene excitation energies are
only reduced by 30% as we extend the chain, the polyethyl-
ene group polarizability is independent ofn. By contrast, the
excitation energies of the unsaturated hydrocarbons change
by almost 90% as we extend the chains, resulting in a much
more pronounced nonlinear behavior of these systems.

Since the inverse graphite excitation energies in Fig. 7
do not converge to a finite value, the graphite polarizability
in Fig. 6 never becomes proportional to the size of the sys-

tem. Instead, then3/2 dependence of the polarizability in
graphite may be seen as an indication that its inverse excita-
tion energy is proportional ton1/2. Although this explanation
fits very well with then21/2 dependence of the excitation
energies in graphite as proposed in Sec. IV A, it should be
treated with some scepticism since, as seen from Fig. 7, the
calculated inverse excitation energies in graphite do not fol-
low a n1/2 curve accurately.

In Fig. 8, we have plotted the polarizabilities of the poly-
ethylenes, polyenes, and polyynes at two applied frequen-
cies, superimposed on the corresponding static polarizabil-
ities. At the chosen frequencies of 23.88 mEh ~5241 cm21!
and 42.82 mEh ~9398 cm21!, the dispersion of the polyeth-
ylenes is hardly noticeable on the scale of the plot, whereas
that of the unsaturated hydrocarbons is large because of their
smaller excitation energies. As expected, the calculated dis-
persion increases with increasingn ~i.e., with decreasing ex-
citation energy!, in much the same manner as it increases
when we increase the applied frequency for a single mol-
ecule. The dispersion is largest for the polyenes, which have
the smallest excitation energies. Indeed, at the highest ap-
plied frequency of about 43 mEh , the dispersion goes
through a maximum atn540 and becomes negative atn
550, indicating that the applied frequency exceeds the low-
est singlet excitation energy of about 40 mEh for these
systems.

V. CONCLUSION

We have presented a new linear-scaling implementation
in the program systemDALTON for the formation of the
Kohn-Sham Hamiltonian at the GGA level of density-
functional theory. Our approach introduces a generalization
of the FMM to the treatment of Gaussian charge distributions
for the evaluation of the troublesome Coulomb matrix ele-
ments; it affords a simpler algorithm than the original
CFMM. In particular, we have established explicit expres-
sions for the decomposition of the Coulomb energy into a
‘‘classical’’ point-charge multipole expansion contribution

TABLE II. The static group polarizability~polarizability per carbon atom! of polyethylenes CnH2n12 , polyenes
CnHn12 , and polyynes CnH2 ~atomic units!. The group polarizabilities have been obtained by interpolation for
n<nmax and by extrapolation forn.nmax, wherenmax is the largest number of carbon atoms in the DFT
calculations.

nmax

n

2 6 20 60 200 600 `

Polyethylenes LDA STO-3G 349 5.5 5.5 5.6 5.7 5.7 5.7 5.7
4-31G 300 11.6 11.0 11.1 11.1 11.2 11.2 11.2
6-31G 200 11.9 11.3 11.3 11.4 11.4 11.4 11.4

BLYP 6-31G 200 11.8 11.1 11.1 11.2 11.2 11.2 11.2

Polyenes LDA STO-3G 500 5.1 8.2 24.9 59.3 83.2 90.6 94.1
4-31G 400 9.6 12.9 33.5 83.3 125.4 139.1 146.0
6-31G 250 9.9 13.1 33.9 84.0 126.4 140.1 147.0

BLYP 6-31G 300 9.8 13.1 33.8 81.3 122.1 135.0 141.5

Polyynes LDA STO-3G 1000 3.6 7.5 29.2 81.7 124.8 138.6 145.6
4-31G 700 6.7 11.1 37.6 107.2 173.5 195.7 207.0
6-31G 350 7.0 11.4 38.0 107.5 173.4 195.5 206.8

BLYP 6-31G 350 7.0 11.4 37.7 105.0 167.3 188.1 198.8

2929J. Chem. Phys., Vol. 121, No. 7, 15 August 2004 Linear scaling DFT

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



and a ‘‘nonclassical’’ size-correction term which may be eas-
ily evaluated using a modified two-electron integral package.
We have presented benchmark calculations that illustrate for
polyethylene chains that our algorithm is at least as efficient
as the CFMM for high-accuracy work.

Our approach also removes the major traditional bottle-
necks to the calculation of second-order response properties
in large molecular systems. To demonstrate the capabilities

of our code, we have considered the singlet and triplet exci-
tation energies as well as the static and dynamic polarizabil-
ities of polyethylenes, polyenes, polyynes, and graphite
sheets with an emphasis on the trends observed with system
size. For the linear hydrocarbons, the excitation energies
were found to decay approximately linearly with 1/n, where
n is the number of carbon atoms, and to converge to a finite
value in the limitn;`. In contrast, the excitations in the

FIG. 7. The inverse excitation ener-
giesv i

21 plotted against the number of
carbon atomsn ~on the right! and
nv i

21 plotted againstn ~on the left! at
the LDA/STO-3G level of theory.

FIG. 8. The polarizabilities of polyethylenes, polyenes, and polyynes plotted against the number of carbon atomsn. The polarizabilities have been calculated
at the LDA/4-31G level of theory at zero frequency~full lines!, at 23.88 mEh ~dotted lines!, and at 42.82 mEh ~dashed lines!.
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graphite sheets appeared to decay slower than 1/n and more
like n21/2; they did not converge to a finite value, consistent
with the metallic character of the system. For the linear hy-
drocarbons, the polarizability per carbon atom converged to
a constant value, whereas in the graphite sheets, the polariz-
ability increased liken3/2. For both the excitation energies
and polarizabilities, the BLYP functional performed in much
the same manner as the LDA functional. Moreover, little
difference was observed between the use of the 4-31G and
6-31G basis sets in these cases. Finally, in assessing the re-
sults, we should keep in mind the documented problems of
LDA and GGA functionals in predicting polarizabilities and
excitation energies of extended conjugated systems.50–53For
quantitative studies of these systems, therefore, more general
~nonlocal! functionals are needed, including either a depen-
dence on current densities or some proportion of exact ex-
change.

In summary, we believe we have an efficient and robust
code for linear-scaling generalized-gradient approximation
density-functional calculations of electromagnetic properties.
In a parallel paper, we have published results using the same
code where we study nuclear spin-spin coupling constants in
biomolecules.66 We are most excited by our ability to use
DALTON to compute molecular properties of large systems.
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