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A formalism is presented for the calculation of relativistic corrections to molecular electronic
energies and properties. After a discussion of the Dirac and Breit equations and their first-order
Foldy-Wouthuysen �Phys. Rev. 78, 29 �1950�� transformation, we construct a second-quantization
electronic Hamiltonian, valid for all values of the fine-structure constant �. The resulting
�-dependent Hamiltonian is then used to set up a perturbation theory in orders of �2, using the
general framework of time-independent response theory, in the same manner as for geometrical and
magnetic perturbations. Explicit expressions are given to second order in �2 for the Hartree-Fock
model. However, since all relativistic considerations are contained in the �-dependent Hamiltonian
operator rather than in the wave function, the same approach may be used for other wave-function
models, following the general procedure of response theory. In particular, by constructing a
variational Lagrangian using the �-dependent electronic Hamiltonian, relativistic corrections can be
calculated for nonvariational methods as well. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2198527�
I. INTRODUCTION

Although, in molecular quantum chemistry, a nonrelativ-
istic Schrödinger treatment of the electronic system is often
sufficient, there are many situations where relativistic effects
cannot be ignored. In such cases, it may sometimes be nec-
essary to resort to a fully relativistic treatment of the elec-
tronic system—for example, by solving the Dirac-Hartree-
Fock self-consistent field equations in place of the simpler
nonrelativistic Hartree-Fock equations. This is particularly
true for molecular systems containing heavy atoms, where a
nonrelativistic treatment may give erroneous results, bearing
little relationship to the true system. Often, however, the
nonrelativistic treatment may be essentially right but in need
of a relativistic correction for agreement with experimental
observations or for a reliable prediction of experimental mea-
surements. In such cases, the best approach may be to retain
the nonrelativistic solution but to improve on it by means of
perturbation theory.1

In the literature, several approaches have been developed
for including the effects of relativity in molecular calcula-
tions, avoiding a full four-component treatment. Apart from
the relativistic direct perturbation theory �DPT� pioneered by
Rutkowski and Kutzelnigg,2–6 several effective two-
component methods have been proposed—in particular, the
Douglas-Kroll-Hess �DKH� method,7–14 the zero-order regu-
lar approximation �ZORA� method of Chang et al.15

and van Lenthe et al.,16,17 and Dyall’s method of elimination
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of small components.18–21 In the present paper, we present a
relativistic perturbation theory within the language of second
quantization, using techniques previously developed for
the calculation of molecular properties such as forces and
force constants.22,23 By isolating all explicitly relativistic
complications in the Hamiltonian operator, our approach
provides a uniform treatment of relativistic and nonrelativis-
tic properties, applicable to all electronic-structure models
for which nonrelativistic response theory has been
developed.

In this paper, we discuss in detail the evaluation of the
first- and second-order relativistic corrections to the elec-
tronic energy in Hartree-Fock theory, for which the calcula-
tion of perturbational corrections is particularly simple.
However, for more accurate wave-function models such as
those of coupled-cluster theory, the theory of molecular
properties �and therefore relativistic corrections� is only
slightly more complicated, provided the electronic energy is
formally cast in a variational Lagrangian form. The tech-
niques presented here in detail for variational wave functions
are therefore also applicable to nonvariational models such
as coupled-cluster theory.

To calculate relativistic corrections to the molecular
electronic energy, we first need to construct an electronic
Hamiltonian, valid for all values of the speed of light c in
vacuum. We begin in Sec. II by considering the two-electron
Breit equation, which we subject to a first-order nonunitary
Foldy-Wouthuysen transformation.24 Next, in Sec. III, we

use this transformed Breit equation as our basis for
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constructing a c-dependent second-quantization Hamiltonian
that reduces to the standard nonrelativistic Hamiltonian of
second quantization as c tends to infinity. Finally, in Sec. IV,
we set up a relativistic perturbation theory based on this
c-dependent Hamiltonian, employing the standard apparatus
of molecular response theory, with the Hartree-Fock model
as an example. Section V contains some concluding
remarks.

II. THE TRANSFORMED BREIT EQUATION

We begin this section by considering the one-electron
Dirac equation in Sec. II A, subjecting it to a first-order �non-
unitary� Foldy-Wouthuysen transformation. Next, we go on
to consider, in Sec. II B, the corresponding transformation of
the two-electron Breit equation. After a discussion of the
associated unitary transformations in Sec. II C and of the
nonrelativistic limit in Sec. II D, we conclude by presenting
a derivation of the Breit-Pauli Hamiltonian in Sec. II E.

A. The Dirac equation

Consider an electron of mass me and charge −e moving
in the presence of an external electromagnetic field repre-
sented by the scalar and vector potentials � and A, as well as
in the potential generated by point-charge nuclei of charge
ZKe at positions RK. Assuming a static external electromag-
netic field, the time-independent Dirac equation is
given by

HD��r� = E��r� , �1�

where the Dirac Hamiltonian takes the form

HD = c� · � + � + �mec
2. �2�

Here c is the speed of light in vacuum; the vector � contains
the three Dirac operators �x, �y, and �z, which together with
the operator �0=� satisfy the anticommutation relations
��i ,� j�+=2�ij; the vector � contains the three kinetic-
momentum operators

� = p + eA = − i� � + eA; �3�

and � is the potential-energy term

� = �nuc + �ext = −
e2

4�	0
�
K

ZK

rK
− e� , �4�

where rK is the distance from the electron to nucleus K and
	0 is the electric constant. In the standard representation, the

Dirac operators are represented by the matrices

��,�� − �t − mec �1 + � � − t + � + ���
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�i = � 0 �i

�i 0
�, � = �I2 0

0 − I2
� , �5�

where the two-by-two Pauli spin matrices are given by

�x = �0 1

1 0
�, �y = �0 − i

i 0
�, �z = �1 0

0 − 1
� . �6�

These matrices are representations of the Pauli spin operators

i, obeying the algebra �Einstein summation assumed�


i
 j = �ij + i	ijk
k, �7�

where �ij is the Kronecker delta and 	ijk the Levi-Civita an-
tisymmetric permutation symbol.

For the purpose of setting up a second-quantization per-
turbation theory, we shall find it convenient to work in a
different representation of the Dirac equation. We begin by
writing the Dirac equation in terms of spinors �L�r� and
�S�r� as

HD��r� = E��r� , �8�

where the Hamiltonian HD and the bispinor wave function
��r� are given by

HD = �mec
2 + � c� · �

c� · � − mec
2 + �

�, ��r� = ��L�r�
�S�r�

� . �9�

Subjecting this equation to the transformation generated by
the nonsingular matrix C, we obtain the equivalent general-
ized eigenvalue problem

�C†HDC�C−1��r� = E�C†C�C−1��r� . �10�

In particular, using the first-order Foldy-Wouthuysen trans-
formation matrix24

C = �1 − �

� 1
�, � =

� · �

2mec
, �11�

we arrive at the generalized eigenvalue problem

HD��r� = ESD��r� , �12�

where the Hamiltonian and overlap matrices are given
by
HD = �mec
2�1 + �2� + t + � + ��� ��,�� − t�

2 2 � , �13a�
 Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



024102-3 Molecular perturbations by response theory J. Chem. Phys. 125, 024102 �2006�

D

SD = �1 + �2 0

0 1 + �2 � . �13b�

We have here introduced the kinetic-energy operator

t = 2mec
2�2 =

�� · ��2

2me
=

�2

2me
+

e�

2me
B · � , �14�

where the magnetic induction B is related to the vector po-
tential as B=�A. The transformed bispinor in Eq. �12� is
related to the old bispinor in Eq. �8� as

��r� = ��+�r�
�−�r�

� = �1 + �2�−1��L�r� + ��S�r�
�S�r� − ��L�r�

� . �15�

In the following, we shall use this first-order Foldy-
Wouthuysen-transformed Dirac equation to set up our rela-
tivistic perturbation theory.

In the nonrelativistic limit, where c−1 and � both tend to
zero, the generalized eigenvalue problem Eq. �12� reduces to
a standard Hermitian eigenvalue problem, with a factoriza-
tion into positive �electronic� and negative �positronic� equa-
tions,

�mec
2 + t ± ���±�r� = ± E�±�r� , �16�

where we have retained the �infinite� additive rest-mass term.
In the following, we shall refer to bispinors with �−�r��0
and �+�r��0 in Eq. �15� as electronic and positronic bis-
pinors, respectively.

B. The Breit equation

For many-electron systems, we must also consider two-
electron interactions. The two-electron analog of the Dirac
equation is the Breit equation

HB��r1,r2� = E��r1,r2� . �17�

Here ��r1 ,r2� is a two-electron wave function and the two-
electron Breit Hamiltonian is given by

HB = H1
D + H2

D + G12 + B12, �18�

where Hi
D is the Dirac Hamiltonian Eq. �2� of electron i and

G12 =
e2

4�	0

1

r12
, �19a�

B12 = −
e2

8�	0

r12
2 ��1 · �2� + ��1 · r12��r12 · �2�

r12
3 , �19b�

are the Coulomb and Breit interaction operators, respec-
tively. To transform the Breit Hamiltonian in the same man-
ner as the Dirac Hamiltonian in Sec. II A, we write the Breit
equation in the form

HB��r1,r2� = E��r1,r2� , �20a�

HB = H1
D

� H2
D + G12 + B12, �20b�

where the one-electron operator H1
D

� H2
D is the direct sum

of the Dirac Hamiltonians Eq. �9� of the two electrons and

the two-electron Coulomb and Breit operators are given by
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G12 = g12I4, g12 =
e2

4�	0

1

r12
, �21a�

B12 = b12J4,

�21b�

b12 = −
e2

8�	0

r12
2 ��1 · �2� + ��1 · r12��r12 · �2�

r12
3 .

The four-dimensional exchange matrix J4 that appears in the
Breit operator is obtained from the corresponding unit matrix
I4 by reversing the order of the columns. The Breit operator
Eq. �21b� is often decomposed into two distinct contributions

b12 = b12
G + b12

g , �22a�

b12
G = −

e2

4�	0

�1 · �2

r12
, �22b�

b12
g = −

e2

8�	0
��1 · �1���2 · �2�r12, �22c�

where b12
G is the Gaunt term and b12

g is the gauge term. �We
include no positive-energy projection operators in our
Hamiltonian, restricting ourselves to relativistic perturbation
theory for calculations without such projectors applied.� The
two-electron wave function in the Breit equation Eq. �20�
may be expanded in antisymmetrized direct products of bis-
pinors

��r1,r2� = �
���

c������r1� � ���r2� − ���r2� � ���r1�� ,

�23�

where the bispinors ���ri� may be taken as the eigenfunc-
tions of the Dirac Hamiltonian Hi

D.
We now subject the Breit equation to the same first-order

Foldy-Wouthuysen transformation as the Dirac equation in
Eq. �10�. Using the transformation matrix

C12 = C1 � C2, �24�

where Ci is obtained from Eq. �11� by replacing � with �i

=�i ·�i /2mec, we obtain

HB��r1,r2� = ESB��r1,r2� , �25�

where the transformed two-electron wave function is given
by ��r1 ,r2�=C12

−1��r1 ,r2� and the transformed Breit Hamil-
tonian and overlap matrices by

HB = C12
† HBC12 = H1

D
� H2

D + G12 + B12, �26a�

SB = C12
† C12 = S1

D
� S2

D. �26b�

The Dirac matrices H1
D and H2

D are those given in Eq. �13�
and the two-electron Coulomb and Breit operators are given
by

† † †
G12 = C12G12C12 = �C1 � C2�g12�C1 � C2� , �27a�
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B12 = C12
† B12C12 = �C1

†
� C2

†�b12�J2C1 � J2C2� , �27b�

where J2=�x is the two-by-two exchange matrix. We now
introduce the notation

A =	
Aeeee Aeeep Aepee Aepep

Aeepe Aeepp Aeppe Aeppp

Apeee Apeep Appee Appep

Apepe Apepp Apppe Apppp

 , �28�

where superscripts e and p denote electronic and positronic
components, respectively: the first two for particle one �row
and column�, the last two for particle two �row and column�.
After some algebra, we find that the elements of the Cou-
lomb operator are given by

G12
eeee = G12

ppee = G12
eepp = G12

pppp = g12 + �1g12�1 + �2g12�2

+ �1�2g12�1�2, �29a�

G12
epee = − G12

peee = G12
eppp = − G12

pepp = �1g12 − g12�1

+ �1�2g12�2 − �2g12�1�2, �29b�

G12
eeep = − G12

eepe = G12
ppep = − G12

pppe = �2g12 − g12�2

+ �1�2g12�1 − �1g12�1�2, �29c�

G12
pepe = − G12

eppe = − G12
peep = G12

epep = �1�2g12 − �1g12�2

− �2g12�1 + g12�1�2, �29d�

and the elements of the Breit operator by

B12
eeee = − B12

ppee = − B12
eepp = B12

pppp = �1�2b12 + �1b12�2

+ �2b12�1 + b12�1�2, �30a�

B12
epee = B12

peee = − B12
eppp = − B12

pepp = �2b12 + b12�2

− �1b12�1�2 − �1�2b12�1, �30b�

B12
eeep = B12

eepe = − B12
ppep = − B12

pppe = �1b12 + b12�1

− �2b12�1�2 − �1�2b12�2, �30c�

B12
pepe = B12

eppe = B12
peep = B12

epep = b12 − �1b12�1 − �2b12�2

+ �1�2b12�1�2. �30d�

Whereas the Coulomb operator is unaffected by changing
subscripts ee to pp but changes sign when pe is changed to
ep, the Breit operator behaves in the opposite manner, chang-
ing sign when ee is changed to pp but not when pe changes
to ep. We also note the following conjugation properties:

�G12
eeee�† = G12

eeee, �G12
peee�† = G12

epee,

�31a�
�G12

eepe�† = G12
eeep, �G12

pepe�† = G12
epep,

�B12
eeee�† = B12

eeee, �B12
peee�† = B12

epee,

�31b�
�B12

eepe�† = B12
eeep, �B12

pepe�† = B12
epep,
which are identical for G12 and B12.

ownloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract.
C. Unitary transformations of the Dirac and Breit
equations

In Secs. II A and II B, we introduced a nonunitary first-
order Foldy-Wouthuysen transformation of the Dirac and
Breit equations, based on the nonsingular matrix C of Eq.
�11�. For some purposes, it is more convenient to consider
the related standard eigenvalue problems generated by the
the unitary first-order Foldy-Wouthuysen matrix

U = C�C†C�−1/2 = C�SD�−1/2 = �1 + �2�−1/2�1 − �

� 1
� .

�32�

Carrying out the transformation Eq. �10� with C replaced by
U, we obtain the Dirac eigenvalue problem

H̃D��r� = E��r� , �33�

where the transformed Dirac Hamiltonian is given by

H̃D = �mec
2 + t̃ + �̃ + ��̃� ��, �̃� − t̃�

��̃,�� − �t̃ − �mec
2 + t̃ − �̃ − ��̃��

� , �34�

in the following notation for renormalized operators:

ã = �1 + �2�−1/2a�1 + �2�−1/2. �35�

Transforming the Breit equation Eq. �20� with U12

=C12�SB�−1/2 in place of C12 in Eq. �26a�, we likewise obtain

H̃B��r1,r2� = E��r1,r2� , �36a�

H̃B = H̃1
D

� H̃2
D + G̃12 + B̃12, �36b�

where the elements of G̃12= �SB�−1/2G12�SB�−1/2 and B̃12

= �SB�−1/2B12�SB�−1/2 are obtained by replacing g12 with g̃12

in Eq. �29� and b12 by b̃12 in Eq. �30�.
Comparing the standard Dirac and Breit eigenvalue

problems Eqs. �33� and �36� with the corresponding general-
ized eigenvalue problems Eqs. �12� and �25�, we note that
the Hamiltonians differ only in that the spinor operators in
the standard eigenvalue problems have been subjected to the
normalization Eq. �35�. It is possible to construct a relativis-
tic perturbation theory based on either representation. How-
ever, we shall find it convenient to use the representation
based on un-normalized operators. For a general discussion
of the relationship between the normalized and un-
normalized Foldy-Wouthuysen transformations, see Ref. 1.

D. The nonrelativistic limit of the Breit equation

Let us now consider the nonrelativistic limit of the Breit
equation Eq. �36�. From the structure of the transformed
Dirac Hamiltonian Eq. �34� and of the Coulomb and Breit
operators Eqs. �29� and �30�, we find that the transformed
Breit equation Eq. �36�, expressed in terms of bispinors

�omitting arguments for brevity�, takes the form
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2mec

2 + O�c0� O�c−1� O�c−1� O�c0�

O�c−1� O�c0� O�c0� O�c−1�

O�c−1� O�c0� O�c0� O�c−1�

O�c0� O�c−1� O�c−1� − 2mec
2 + O�c0�



	

�ee

�ep

�pe

�pp

 = E	

�ee

�ep

�pe

�pp

 . �37�

The zero-order diagonal terms arise from the diagonal part of
the Dirac Hamiltonian Eq. �34� and from the Coulomb op-
erator g12 in Eq. �29a�, whereas the zero-order skew-diagonal
terms arise from the zero-order Breit operator b12 in Eq.
�30d�. To extract the nonrelativistic limit for two electrons,
we follow DPT, aligning the energy scale with the nonrela-
tivistic limit

Es = E − 2mec
2 �38�

and introducing the scaled wave function,

	
�s

ee

�s
ep

�s
pe

�s
pp

 =	

�ee

c�ep

c�pe

c2�pp

 . �39�

In terms of the scaled energy and wave function, the Breit
equation Eq. �37� becomes

	
O�c0� O�c−2� O�c−2� O�c−2�

O�c−2� O�c0� O�c−2� O�s−4�

O�c−2� O�c−2� O�c0� O�c−4�

O�c−2� O�c−4� O�c−4� O�c−2�

	

�s
ee

�s
ep

�s
pe

�s
pp



= Es	
1 0 0 0

0 c−2 0 0

0 0 c−2 0

0 0 0 c−4

	

�s
ee

�s
ep

�s
pe

�s
pp

 , �40�

where the purely electronic diagonal block of the Hamil-
tonian is given by

H̃eeee
B − 2mec

2 = t1 + t2 + �1 + �2 + g12 + O�c−2� . �41�

As c tends to infinity, the scaled Breit equation Eq. �40�
factorizes, reducing to the nonrelativistic two-electron
Schrödinger equation

�t1 + t2 + �1 + �2 + g12��s
ee = Es�s

ee. �42�

We also note that the lowest-order relativistic correction to
the nonrelativistic energy is given, in the usual manner of
perturbation theory, by the expectation value of those terms

in H̃eeee
B −2mec

2 that are proportional to c−2, with respect to
the zero-order wave function �s

ee. Finally, we note that, in
Sec. IV, we shall introduce a similar scaling of the Hartree-
Fock wave function in second quantization, in setting up

relativistic perturbation theory.
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E. The Breit-Pauli Hamiltonian

A number of derivations of the Breit-Pauli Hamiltonian
have been published over the years—see Refs. 25–27. An
alternative derivation is given here, based on the transformed
Breit equation Eq. �36�.

To determine the Breit-Pauli Hamiltonian, we consider,
according to the discussion in Sec. II D, the purely electronic
part of the unitarily transformed Breit Hamiltonian Eq. �36�.
From Eqs. �29�, �30�, and �34� and from �1+�i

2�−1/2=1
− 1

2�i
2+O�c−4�, we obtain

H̃eeee
B = �

i=1

2 �mec
2 + ti + �i − 2mec

2�i
4 −

1

2
��i,��i,���� + g12

−
1

2
��1,��1,g12�� −

1

2
��2,��2,g12��

+ ��1,��2,b12�+�+ + O�c−4� , �43�

where the operators t, �, g12, and b12 are found in Eqs. �4�,
�14�, and �21�. Ignoring the rest-mass term 2mec

2 and the
terms proportional to c−4, we arrive at the Breit-Pauli Hamil-
tonian,

HBP = HNR + HMV + Hext + HC1 + HC2 + HG + Hg. �44�

We have here introduced the nonrelativistic Hamiltonian

HNR = t1 + t2 + �1 + �2 + g12, �45�

the mass-velocity operator

HMV = − 2mec
2��1

4 + �2
4� = −

1

2mec
2 �t1

2 + t2
2� , �46�

the external-field and one- and two-electron electrostatic
Coulomb relativistic operators

Hext = − 1
2 ��1,��1,�ext�� − 1

2 ��2,��2,�ext�� , �47a�

HC1 = − 1
2 ��1,��1,�nuc�� − 1

2 ��2,��2,�nuc�� , �47b�

HC2 = − 1
2 ��1,��1,g12�� − 1

2 ��2,��2,g12�� , �47c�

and finally the Gaunt and gauge-term operators

HG = ��1,��2,b12
G �+�+, �48a�

Hg = ��1,��2,b12
g �+�+, �48b�

obtained by decomposing the Breit operator b12 according to
Eq. �22�.

To evaluate the Coulomb corrections, we note that the
double commutator of the potential f�r1� with �1 is given by
�in the Einstein summation convention, with indices i, j, and
k for the Cartesian directions�

�
1i�1i,�
1j�1j, f�r1���

= 
1i
1j��1i,��1j, f�r1��� + �
1i,
1j���1j, f�r1���1i

= ��ij + i	ijk
1k��p1ip1j f�r1�� + 2i	ijk
1k�p1j f�r1���1i

= − �2��1
2f�r1�� − 4s1��1f�r1��  �1, �49�
where we have introduced the spin operator as
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si =
�

2
�i, �50�

and made use of the relation Eq. �7�. Substituting �=�nuc

+�ext and g12 for f�r1�, we find that the leading relativistic
electric-field and Coulomb corrections are given by

Hext =
e�2

8me
2c2�

i=1

2

��i · Ei�

+
e

4me
2c2�

i=1

2

si · �Ei  �i − �i  Ei� , �51a�

HC1 =
e2�2

8	0me
2c2�

K

ZK�
i=1

2

��riK�

+
e2

8�	0me
2c2�

K

ZK�
i=1

2
si · riK  �i

riK
3 , �51b�

HC2 = −
e2�2

4	0me
2c2��r12� −

e2

8�	0me
2c2

� s1 · r12  �1

r12
3 +

s2 · r21  �2

r12
3 � , �51c�

where the first and second terms in the operators are the
Darwin and spin-orbit corrections, respectively, and Ei is the
external electric field evaluated at the position of electron i.
Although these expressions have been obtained for static
fields E=−�� and B=�A, they are, in fact, correct also
in the time-dependent case, where E=−��−�A /�t. How-
ever, for a consistent derivation of the Breit-Pauli Hamil-
tonian in time-dependent situations, we would need to con-
sider the time-dependent Breit equation rather than the time-
independent eigenvalue problem studied here.

Next, to evaluate the Gaunt contribution HG to the Breit-
Pauli operator Eq. �44�, we obtain by substituting b12

G of Eq.
�22b� into Eq. �48a� the expression

HG = −
e2

16�	0me
2c2 �
1i
1k
2j
2k�1i�2jr12

−1

+ 
1i
1k
2k
2j�1ir12
−1�2j + 
1k
1i
2j
2k�2jr12

−1�1i

+ 
1k
1i
2k
2jr12
−1�1i�2j� . �52�

Inserting everywhere Eq. �7�, we find that there are three
distinct Gaunt contributions: the orbit-orbit Gaunt operator
HOO

G with no spin operators, the spin-other-orbit operator
HSoO

G with single spin operators, and the spin-spin operator
HSS

G with pairs of spin operators,

HG = HOO
G + HSoO

G + HSS
G . �53�

�We here use the term orbit-orbit in a loose sense, noting that
it should strictly speaking be reserved for the corresponding
contribution from Hg�. First, retaining only the spin-free part

of Eq. �7�, we obtain for the Gaunt orbit-orbit operator
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HOO
G = −

e2

16�	0me
2c2�ik� jk��1i�2jr12

−1 + �1ir12
−1�2j

+ �2jr12
−1�1i + r12

−1�1i�2j�

= −
e2

16�	0me
2c2 �2�1ir12

−1�2i + 2�2ir12
−1�1i

+ ��1i,��2i,r12
−1���

= −
e2

8�	0me
2c2 ��1 · r12

−1�2 + �2 · r12
−1�1�

+
e2�2

4	0me
2c2��r12� . �54�

Next, retaining upon substitution of Eq. �7� only those terms
in Eq. �52� that are linear in the spin operators, we generate
the spin-other-orbit operator,

HSoO
G = −

e2

16�	0me
2c2 ��iki	 jkl
2l��1i�2jr12

−1 − �1ir12
−1�2j

+ �2jr12
−1�1i − r12

−1�1i�2j� + P12�

= −
e2

16�	0me
2c2 �i	 jil
2l���1i,��2j,r12

−1��

+ 2��2j,r12
−1��1i� + P12�

= −
e2

4�	0me
2c2� s1 · r21  �2

r12
3 +

s2 · r12  �1

r12
3 � , �55�

where P12 indicates the presence of a second term, obtained
from the first by permutation of the particle indices. Finally,
retaining in Eq. �52� all terms quadratic in the spin operators,
we arrive at the spin-spin operator,

HSS
G =

e2

16�	0me
2c2	ikm	 jkn
1m
2n��1i�2jr12

−1 − �1ir12
−1�2j

− �2jr12
−1�1i + r12

−1�1i�2j�

=
e2

16�	0me
2c2 ��ij�mn − �in� jm�
1m
2n��1i,��2j,r12

−1��

=
e2

4�	0me
2c2 �s1 · s2�r12

2 − 3�s1 · r12��r12 · s2�
r12

5

−
8�

3
��r12��s1 · s2�� , �56�

where we have used ��1i�1jr12
−1�=−�4� /3��ij��r12�− ��ijr12

2

−3r12ir12j�r12
−5 in the final step.

It remains to consider the gauge-term contribution Hg to
the Breit-Pauli Hamiltonian Eq. �44�. Substituting Eq. �22c�
into Eq. �48b�, we obtain

Hg = −
e2

32�	0me
2c2
1i
1k
2j
2l��1i�2j��1k�2lr12�

+ �1i��1k�2jr12��2l + �2j��1i�2lr12��1k

+ ��1i�2jr12��1k�2l� . �57�
The operator in the brackets is symmetric with respect to
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permutations of i and k and of j and l, as seen by expanding
the �1i and �2j differentiations. Unlike for the Gaunt opera-
tor Eq. �52�, only the spin-free part of Eq. �7� thus contrib-
utes upon substitution into Eq. �57�, giving the orbit-orbit
operator

HOO
g = −

e2

32�	0me
2c2 �2�1i��1i�2jr12��2j

+ 2�2j��1i�2jr12��1i + ��1i,��2j,��1i�2jr12���� .

�58�

Next, invoking the identities �1i�2jr12=−�ijr12
−1+r12ir12jr12

−3

and �1
2�2

2r12=−8���r12�, we arrive at the following expres-
sion for the orbit-orbit operator:

HOO
g =

e2

16�	0me
2c2 ���1 · r12

−1�2 − �1 · r12r12
−3r12 · �2�

+ P12� −
e2�2

4	0me
2c2��r12� . �59�

Adding this operator to its Gaunt counterpart in Eq. �54�, we
obtain the full Breit orbit-orbit operator

HOO
B = HOO

G + HOO
g = −

e2

16�	0me
2c2 ���1 · r12

−1�2

+ �1 · r12r12
−3r12 · �2� + P12� . �60�

In the final Breit-Pauli Hamiltonian Eq. �44�, the total Breit
correction is given by

HB = HG + Hg = HOO
B + HSoO

G + HSS
G , �61�

where the total orbit-orbit operator is given by Eq. �60�, the
spin-other-orbit operator by Eq. �55�, and the spin-spin op-
erator by Eq. �56�.

III. THE SECOND-QUANTIZATION HAMILTONIAN

Having presented the Breit Hamiltonian for two elec-
trons in Sec. II, we shall now construct a corresponding
many-electron Hamiltonian, using the formalism of second
quantization. Since we shall use this Hamiltonian to set up a
relativistic perturbation theory in Sec. IV, we shall pay spe-
cial attention to its dependence on c. For a uniform treatment
of relativistic and other perturbations, we shall follow the
same procedure as done for geometrical and magnetic per-
turbations in Refs. 22 and 23. Adopting henceforth atomic
units, we shall use the dimensionless fine-structure constant
�=e2 /4�	0�c�1/137 as our perturbation parameter.

A. The spinor and bispinor bases

In setting up the second-quantization many-electron mo-
lecular Hamiltonian for relativistic perturbation theory, we
shall assume that, in a prior nonrelativistic molecular calcu-
lation, we have obtained a set of n one-electron functions or
molecular orbitals �MOs� �p�r�, which are taken to be ortho-

normal
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��p��q� = �pq. �62�

From each such MO, we may generate two independent
spinors

�P�
�r� = ��p�r�

0
�, �P�

�r� = � 0

�p�r�
� . �63�

We here denote MOs by lowercase subscripts �p�r� and
spinors by uppercase subscripts �P�r�, sometimes with a spin
label attached as in �P�

�r�. Likewise, we may from each MO
generate four independent bispinors

�Pe�
�r� =	

�p�r�
0

0

0

, �Pe�

�r� =	
0

�p�r�
0

0

 ,

�64�

�Pp�
�r� =	

0

0

�p�r�
0

, �Pp�

�r� =	
0

0

0

�p�r�

 ,

where the first two are electronic bispinors and the last two
positronic bispinors. For bispinors, we use uppercase calli-
graphic subscripts �P�r�, to which we sometimes attach a
further label as in �Pe�

�r� or �Pe
�r�. In the same manner, we

may from each spinor �P�r� generate two bispinors

�Pe
�r� = ��P�r�

0
�, �Pp

�r� = � 0

�P�r�
� , �65�

representing electronic and positronic states, respectively. In
passing, we note that, if the electronic bispinors �Pe

�r� are
taken to be the electronic eigenfunctions of the nonrelativis-
tic eigenvalue problem Eq. �16� �suitably generalized to bis-
pinor form�, then the corresponding positronic spinors �Pp

�r�
are not the positronic eigenfunctions of Eq. �16�.

It is often convenient to represent spinors in terms of
spin orbitals. A given spinor

�P�r� = ��P�
�r�

�P�
�r� � �66�

is then written as a linear combination of alpha and beta spin
orbitals

�P�x� = �P�
�r���ms� + �P�

�r���ms� , �67�

where x is a composite set of the spatial coordinates r and
the dichotomous spin coordinate ms, which may take on the
discrete values ms=− 1

2 and ms= 1
2 . The spin space is spanned

by the two functions ��ms� and ��ms�. The functional form
of the spin functions is given by the equations

�� 1
2� = 1, ��− 1

2� = 0, �68a�

�� 1
2� = 0, ��− 1

2� = 1, �68b�
and they are therefore orthogonal
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� 
*�ms���ms�dms = �
�, �69�

where we use the generic notation 
 and � for the spin func-
tions � and � and where we interpret integration as summa-
tion over the two discrete values of ms.

B. Orthonormalized bispinors

We shall in the following assume that the n MOs �p�r�
constitute an orthonormal set Eq. �62�. From the form of the
metric matrix SD��� in Eq. �13b�, we note that the 4n bis-
pinors �P�r� generated from these MOs are orthonormal
only in the nonrelativistic limit,

SPQ��� = ��P�SD�����Q� � �PQ. �70�

This nonorthonormality means that, in the �P�r� bispinor
basis, we would need to work with the general second-
quantization anticommutators �aP��� ,aQ

† ����+=SPQ���
rather than with the simpler anticommutators
�ãP��� , ãQ

† ����+=�PQ valid for orthonormal bispinors,

S̃PQ��� = ��̃P�SD�����̃Q� = �PQ. �71�

We shall therefore here use bispinors �̃P�r� generated from
the original ones �P�r� by symmetric orthonormalization,

�̃4n��� = S4n
−1/2����4n, �72�

but note that such a basis may be constructed in infinitely
many ways. In the following, we shall refer to the �̃P�r�
basis Eq. �72� as the orthonormalized bispinor �OBS� basis,
in contrast to the primary bispinor �PBS� basis, consisting of
the original, nonorthogonal �P�r� bispinors.

From the form of SD in Eq. �13b�, we note that the PBS
overlap matrix may be written in the form

S4n��� = I4n + 1
2�2I2 � T2n, �73�

where T2n contains matrix elements over the kinetic-energy
operator in Eq. �14�,

TPQ = ��P�t��Q� . �74�

We may therefore carry out the bispinor orthonormalization
at the spinor level,

�̃2n��� = S2n
−1/2����2n = �I2n − 1

4�2T2n + 3
32�4T2n

2 + ¯ ��2n,

�75�

where the subscript 2n indicates that the vectors and matrices
are calculated over the 2n-dimensional spinor basis. In pre-
paring for perturbation theory, we have here expanded
S2n

−1/2���= �I2n+ 1
2�2T2n�−1/2 about �=0. In the absence of an

external magnetic induction B, the PBS overlap matrix may
be written in the even simpler form

S4n��� = I4n + 1
2�2I4 � Tn �B = 0� , �76�

where Tn��� is the kinetic-energy matrix in the basis of the
MOs �p�r�. In such cases, we may carry out the bispinor

orthonormalization at the MO level,
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�̃n��� = Sn
−1/2����n = �In − 1

4�2Tn + 3
32�4Tn

2 + ¯ ��n,

�77�

where we have now expanded Sn
−1/2���= �In+ 1

2�2Tn�−1/2

about �=0.

C. The �-dependent second-quantization Hamiltonian
in the OBS basis

In the OBS basis Eq. �72�, we follow Helgaker and Alm-
löf and write the second-quantization Hamiltonian in the
form22

Ĥ��� = �
PQ

h̃PQ���ãP
† ���ãQ���

+
1

2 �
PQRS

h̃PQRS���ãP
† ���ãR

† ���ãS���ãQ���

+ hnuc, �78�

where the one- and two-electron Hamiltonian integrals

h̃PQ��� = �
TU

hTU����S−1/2����PT�S−1/2����QU
* , �79a�

h̃PQRS��� = �
TUVW

hTUVW����S−1/2����PT

�S−1/2����QU
* �S−1/2����RV�S−1/2����SW

* ,

�79b�

are expressed in terms of the PBS one-electron integrals

hPQ��� = ��P�HD��� − �−2SD�����Q� , �80a�

SPQ��� = ��P�SD�����Q� , �80b�

where the Dirac Hamiltonian HD��� and the overlap operator
SD��� are given by Eq. �13�, and in terms of the PBS two-
electron integrals

hPQRS��� = gPQRS��� + bPQRS��� , �81a�

gPQRS��� = ��P�Q�G12�����R�S� , �81b�

bPQRS��� = ��P�Q�B12�����R�S� , �81c�

where the Coulomb operator G12��� and the Breit operator
B12��� are given by Eq. �27�. In the one-electron Hamil-
tonian Eq. �80a�, we have subtracted the overlap matrix mul-
tiplied by the rest-mass energy �proportional to �−2 in a.u.�,
so as to align the relativistic and nonrelativistic energy
scales. The creation and annihilation operators satisfy the
algebra

�ãP���, ãQ����+ = 0, �ãP
† ���, ãQ

† ����+ = 0,

�82�
�ãP���, ãQ

† ����+ = �PQ.

Although these elementary operators do depend on �, their
algebra does not since the �̃P��� bispinors are orthonormal.
In all further work, the annihilation and creation operators
always occur in strings where � takes on the same value in

all operators. These strings are ultimately reduced to lower
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ranks and evaluated from the basic anticommutation rela-
tions Eq. �82�. Since these relations are independent of �, we
may treat the elementary operators ãP��� and ãP

† ��� as inde-
pendent of � and we shall henceforth write simply aP and
aP

† , omitting the tilde and suppressing the � dependence,

Ĥ��� = �
PQ

h̃PQ���aP
† aQ +

1

2 �
PQRS

h̃PQRS���aP
† aR

† aSaQ + hnuc.

�83�

In this Hamiltonian, which is valid for all values of �, we
have thus isolated the � dependence of the metric Eq. �13b�
in the OBS integrals, greatly simplifying the algebra associ-
ated with relativistic perturbations. In particular, this Hamil-
tonian may be used at all levels of orbital-based electronic-
structure theory, independent of the model assumed for the
wave function.

D. PBS integrals expanded in spinor integrals

In Sec. III C, we set up the �-dependent Hamiltonian Eq.
�83� in the OBS basis, expressing the OBS integrals Eq. �79�
in terms of PBS integrals in Eqs. �80� and �81�. In the present
section, we shall examine these PBS integrals in more detail,
expanding them further in spinor integrals. We begin by con-
sidering the PBS overlap integrals Eq. �80b�, which may be
written as

SPeQe
= SPQ + �2SP̄Q̄, �84a�

SPeQp
= 0, �84b�

SPpQp
= SPQ + �2SP̄Q̄, �84c�

in terms of the spinor overlap integrals

SPQ = ��P��Q� =� �P
* �x��Q�x�dx �85�

over the composite spatial and spin coordinates x of Eq. �67�.
In Eq. �84�, an overbar on a subscript P̄ indicates that, in the
integral, the corresponding spinor �P�x� is to be replaced
with the spinor �̄P�x� given by

�̄P�x� = 1
2� · ��P�x� . �86�

Note that, from the assumed orthonormality of the underly-
ing MOs Eq. �62�, SPQ=�PQ.

In the same manner, the PBS one-electron Hamiltonian
integrals Eq. �80a� are given by

hPeQe
= TPQ + VPQ + �2VP̄Q̄, �87a�

hPeQp
= ��VP̄Q − VPQ̄ − TPQ̄� , �87b�

hPpQp
= − 2�−2SPQ − 2TPQ + VPQ + �2VP̄Q̄, �87c�
in terms of the spinor kinetic-energy and potential integrals
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TPQ = ��P�t��Q� =
1

2
� �P

* �x��� · ��2�Q�x�dx , �88a�

VPQ = ��P����Q�

= − �
K

ZK� �P
* �x��Q�x�

rK
dx

−� �P
* �x���r��Q�x�dx , �88b�

where t is given by Eq. �14� and � by Eq. �4�. Comparing
Eqs. �84� and �87�, we note the following relationship be-
tween the overlap and kinetic-energy spinor integrals:

SP̄Q̄ = SP� Q = SPQ� = 1
2TPQ, �89�

where the double bar P� by an extension of Eq. �86� indicates
that the corresponding spinor �P�x� in the integral is re-
placed with 1

4 �� ·��2�P�x�.
Turning our attention to the two-electron integrals Eq.

�81� of the �-dependent Hamiltonian, we obtain for the PBS
two-electron Coulomb integrals

gPeQeReSe
= gPQRS + �2�gP̄Q̄RS + gPQR̄S̄� + �4gP̄Q̄R̄S̄, �90a�

gPeQpReSe
= ��gP̄QRS − gPQ̄RS� + �3�gP̄QR̄S̄ − gPQ̄R̄S̄� ,

�90b�

gPeQeReSp
= ��gPQR̄S − gPQRS̄� + �3�gP̄Q̄R̄S − gP̄Q̄RS̄� ,

�90c�

gPeQpReSp
= �2�gP̄QR̄S − gP̄QRS̄ − gPQ̄R̄S + gPQ̄RS̄� , �90d�

where the basic Coulomb spinor integral is given by

gPQRS = ��P�Q�r12
−1��R�S�

=� � �P
* �x1��R

*�x2�r12
−1�Q�x1��S�x2�dx1dx2. �91�

The components of gPQRS that are not explicitly listed in Eq.
�90� may be obtained by using the symmetries in Eq. �29�—
that is, we may freely exchange subscripts ee and pp,
whereas the exchange of ep and pe requires a sign change.
For the PBS Breit operator, we likewise obtain

bPeQeReSe
= �2�bP̄QR̄S + bP̄QRS̄ + bPQ̄R̄S + bPQ̄RS̄� , �92a�

bPeQpReSe
= ��bPQR̄S + bPQRS̄� − �3�bP̄Q̄R̄S + bP̄Q̄RS̄� ,

�92b�

bPeQeReSp
= ��bP̄QRS + bPQ̄RS� − �3�bP̄QR̄S̄ + bPQ̄R̄S̄� ,

�92c�

bPeQpReSp
= bPQRS − �2�bP̄Q̄RS + bPQR̄S̄� + �4bP̄Q̄R̄S̄, �92d�
in terms of the basic Breit spinor integral
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bPQRS = −
1

2
��P�Q��1 · r12

−1�2 + �1 · r12r12
−3r12 · �2��R�S�

= −
1

2
� � �P

* �x1��R
*�x2���1 · r12

−1�2

+ �1 · r12r12
−3r12 · �2��Q�x1��S�x2�dx1dx2. �93�

The symmetries of the Breit bispinor integrals are different
from those of the corresponding Coulomb integrals in that
we can everywhere change subscripts pe to ep, whereas the
change of ee to pp requires a sign change, see Eq. �30�. As
we shall see in Sec. III G, the spinor integrals introduced in
this section can be calculated by a simple extension of the
method for nonrelativistic integrals.

E. Expansion of the OBS integrals

From the form of the Dirac equation and the Dirac
Hamiltonian Eqs. �8� and �9�, we note that the electronic
energy is an even function of c since a sign change of c
changes only the relative phase of the large and small com-
ponents. Our perturbation expansion in Sec. IV will therefore
be only in even orders of �. However, our second-
quantization Hamiltonian Eq. �83� with the one- and two-
electron integrals Eq. �79� contains terms proportional to all
�even and odd� powers of �, in addition to terms that are
independent of � and proportional to �−2, as seen from Eqs.
�80� and �81�.

In setting up perturbation theory, we shall in Sec. IV
work in terms of a scaled set of wave-function parameters, in
much the same way as we scaled the two-electron wave
function of the Breit equation in Sec. II D. Comparing Eqs.
�37� and �40�, we note that the scaling of the wave function
in Eq. �39� transforms the Hamiltonian in such a manner that
all terms are in powers of c−2. The scaling to be introduced in
Sec. IV is equivalent to a similar transformation of the
second-quantization Hamiltonian. To discuss the � depen-
dence of the OBS integrals, it is then convenient to consider
the scaled integrals

KPQ��� = �PQhPQ��� , �94�

KPQRS��� = �PQ�RShPQRS��� , �95�

where the scaling factors are given by

�PeQe
= 1, �PeQp

= �PpQe
= �, �PpQp

= �2, �96�

thereby avoiding all terms of odd orders in �. �In setting up
a perturbation theory in Sec. IV, we shall similarly avoid
such terms by a simple scaling of the variational parameters.�
From the explicit form of the integrals given in Sec. III D,
we find that the overlap and scaled PBS Hamiltonian inte-
grals depend on � in the following manner:

SPQ��� = SPQ
�0� + �2SPQ

�1� , �97a�

KPQ��� = KPQ
�0� + �2KPQ

�1� + 1�4KPQ
�2� , �97b�
2
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KPQRS��� = KPQRS
�0� + �2KPQRS

�1� + 1
2�4KPQRS

�2�

+ 1
6�6KPQRS

�3� + 1
24�8KPQRS

�4� , �97c�

recalling that SPQ
�0� =�PQ. From the infinite expansion of S2n

−1/2

in Eq. �75�, we conclude that the corresponding scaled OBS

integrals K̃PQ��� and K̃PQRS��� contain � to all non-
negative even powers,

K̃��� = K̃�0� + �2K̃�1� + 1
2�4K̃�2� + ¯ , �98�

in a common matrix notation for the one- and two-electron
integrals. Introducing the one-index transformations

�A,K�PQ = �
O

�APOKOQ + AQO
* KPO� , �99a�

�A,K�PQRS = �
O

�APOKOQRS + AQO
* KPORS

+ AROKPQOS + ASO
* KPQRO� , �99b�

we find that the lowest-order OBS integrals may be ex-
pressed in terms of the corresponding PBS integrals as

K̃�0� = K�0�, �100a�

K̃�1� = K�1� − 1
2 �S�1�,K�0�� , �100b�

K̃�2� = K�2� − �S�1�,K�1�� + 1
2 �S�1�S�1�,K�0��

+ 1
4 �S�1�,�S�1�,K�0��� , �100c�

where we have used the fact that the bispinors are orthonor-
mal in the nonrelativistic limit S�0�=I4n. Higher derivatives
may be generated in a similar manner. From these expres-
sions, we note that the derivatives of the OBS Hamiltonian
integrals may be calculated from the derivatives of the cor-
responding PBS integrals in a straightforward manner, in
terms of nested commutators.

F. Relationship of the first-order OBS integrals to the
Breit-Pauli Hamiltonian

In this section, we consider the first-order OBS Hamil-

tonian integrals h̃PeQe

�1� and h̃PeQeReSe

�1� of Eq. �83� in more de-
tail, so as to establish their relationship to the Breit-Pauli
Hamiltonian. From Eq. �100�, we obtain for the first-order
one-electron integrals

h̃PeQe

�1� = hPeQe

�1� −
1

2�
Oe

�SPeOe

�1� hOeQe

�0� + hPeOe

�0� SOeQe

�1� � . �101�

Although the summation is in principle over the full PBS
basis, only the electronic bispinors contribute because of the
orthogonality of electronic and positronic bispinors Eq. �84�.
Using Eqs. �84� and �87� to express the bispinor integrals in

terms of spinor integrals, we obtain
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h̃PeQe

�1� = VP̄Q̄ −
1

2�
O

�SP� O�TOQ + VOQ� + �TPO + VPO�SOQ� � ,

�102�

where we also have invoked Eq. �89� to replace, for example,
SP̄Ō by SP� O. Next, we note that, in a complete spinor basis,

�
O

��O���O� =
c.b.

1, �103�

we may perform contractions such as �OSP� OVOQ =
c.b.

VP� Q. In
this limit, then, the first-order one-electron OBS Hamiltonian
integrals become

h̃PeQe

�1� =
c.b.

− TP̄Q̄ − 1
2VP� Q + VP̄Q̄ − 1

2VPQ� , �104�

noting that TP� Q=TP̄Q̄=TPQ� . Using Eq. �86�, this integral may
further be written as

h̃PeQe

�1� =
c.b.

− 1
8 ��P��� · ��4��Q�

− 1
8 ��P��� · �,�� · �,�����Q� , �105�

where we have collected the contributions from the last three
terms in Eq. �104� in a nested commutator. Comparing this
result with the contributions Eqs. �46� and �47� to the Breit-
Pauli Hamiltonian in Sec. II E, we note that the first term in
Eq. �105� corresponds to the mass-velocity operator and the
last term to the one-electron Darwin and spin-orbit operators.

For the two-electron part of the Hamiltonian Eq. �83�,
we obtain from Eq. �100� and then the use of Eq. �84� for the
overlap integrals, Eq. �90� for the Coulomb integrals, and Eq.
�92� for the Breit integrals the expression

h̃PeQeReSe

�1� = gP̄Q̄RS + gPQR̄S̄ + bP̄QR̄S + bP̄QRS̄ + bPQ̄R̄S

+ bPQ̄RS̄ −
1

2�
O

�SP� OgOQRS + gPORSSOQ�

+ SR� OgPQOS + gPQROSOS�� , �106�

which, in the limit of a complete spinor basis Eq. �103�, may
be simplified to give

h̃PeQeReSe

�1� =
c.b.

gP̄Q̄RS − 1
2gP� QRS − 1

2gPQ� RS + gPQR̄S̄ − 1
2gPQR� S

− 1
2gPQRS� + bP̄QR̄S + bP̄QRS̄ + bPQ̄R̄S + bPQ̄RS̄.

�107�

The repeated use of Eq. �86� then gives us the final expres-
sion

h̃PeQeReSe

�1� =
c.b.

−
1

8�
i=1

2

��P�Q���i · �i,��i · �i,r12
−1����R�S�

−
1

8�
i=1

2

��P�Q���i · �i,��i · �i,��1 · r12
−1�2

+ �1 · r12r12
−3r12 · �2��+�+��R�S� , �108�
where the first term corresponds to the two-electron Darwin
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and spin-orbit operators of Eq. �47� and the second term to
the orbit-orbit, spin-other-orbit, and spin-spin Breit operators
of Eq. �48�. To first order in �2, therefore, the �-dependent
Hamiltonian Eq. �83� corresponds to the Breit-Pauli Hamil-
tonian, but only in the limit of a complete spinor basis.

G. Evaluation of spinor integrals

In Sec. III D, we expressed integrals over bispinors in
terms of integrals over spinors. These integrals can be
straightforwardly evaluated, using the same methods as for
nonrelativistic integrals.28 Assuming no vector potential, we
obtain from the expression for SPQ in Eq. �85� and from Eq.
�86� the following integrals by use of the Leibniz integral
rule:

SP̄Q = SPQ̄ = 1
2 i�Q · ��P����Q� , �109a�

SP̄Q̄ = 1
4�P · �Q��P��Q� , �109b�

where �P indicates differentiation of the integral with re-
spect to the position of the centers of the atomic orbitals in
terms of which �P has been expanded. The kinetic-energy
integrals are obtained in a similar manner from TPQ in Eq.
�88a�, yielding

TP̄Q = TPQ̄ = 1
2 i�Q · ��P��t��Q� , �110a�

TP̄Q̄ = 1
4�P · �Q��P�t��Q� , �110b�

where t is given in Eq. �14�. From the potential-energy inte-
grals VPQ in Eq. �88b�, we likewise obtain

VP̄Q = − 1
2 i�P · ��P�����Q� , �111a�

VPQ̄ = 1
2 i�Q · ��P�����Q� , �111b�

VP̄Q̄ = 1
4�P · �Q��P����Q� + 1

4 i�P  �Q · ��P�����Q� ,

�111c�

with � given by Eq. �4�. Clearly, all one-electron integrals
can be calculated in a straightforward manner, using standard
techniques developed for integral derivatives.

For the two-electron Coulomb interaction, we obtain for
the integrals needed to calculate the energy to second order
in �2,

gP̄QRS = − 1
2 i�P · ���P�Q�r12

−1��R�S� , �112a�

gPQ̄RS = 1
2 i�Q · ��P��Q�r12

−1��R�S� , �112b�

gP̄Q̄RS = 1
4�P · �Q��P�Q�r12

−1��R�S�

+ 1
4 i�P  �Q · ��P��Q��R�S� , �112c�

gPQR̄S̄ = 1
4�R · �S��P�Q�r12

−1��R�S�

+ 1 i�R  �S · ��P�Q��R��S� , �112d�
4
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gP̄Q̄R̄S̄ = 1
16��P · �Q���R · �S���P�Q�r12

−1��R�S�

+ 1
16 i��P  �Q� · ��R · �S���P��Q�r12

−1��R�S�

+ 1
16 i��P · �Q���R  �S� · ��P�Q�r12

−1��R��S�

− 1
16��P  �Q · �P��Q�r12

−1��R  �S · �R��S� .

�112e�

For second-order relativistic corrections, gP̄Q̄R̄S̄ is only used
in expectation values, with no contributions from the second,
third, and fourth terms in Eq. �112e� for closed-shell systems.
Finally, for the Breit interactions, we note the relationship

�1 · r12
−1�2 + �1 · r12r12

−3r12 · �2

= ���1 · �1���2 · �2� − ��1 · �2���1 · �2��r12, �113�

implying that all Breit integrals can be generated from
��P�Q�r12��R�S� by differentiation. In particular, we find that
the basic Breit integral Eq. �93� becomes

bPQRS = 1
2�P · �R�� · �P�Q�r12���R�S�

− 1
2 ��P · ��P�Q�r12��R · ��R�S� . �114�

The remaining Breit integrals such as bP̄QR̄S and bPQR̄S

needed for the second-order relativistic energy may be ob-
tained by a straightforward extension of the scheme dis-
cussed for Coulomb integrals gPQRS above. For a discussion
of Breit-type integrals, see Ref. 29.

IV. THE FIRST- AND SECOND-ORDER RELATIVISTIC
ENERGIES

Having set up the �-dependent Hamiltonian operator in
Sec. III, we are ready to consider the calculation of relativ-
istic corrections to the energy. These corrections may be
evaluated by applying the general techniques developed for
static molecular properties such as molecular gradients and
Hessians. In the following, we discuss these techniques in
Hartree-Fock theory. Relativistic Hartree-Fock perturbation
theory has already been studied by Kutzelnigg and
co-workers.30,31 We note, however, that the techniques illus-
trated here for Hartree-Fock theory may also be applied to
more accurate wave functions such as those of coupled-
cluster theory, having first rewritten the nonvariational elec-
tronic energy function in a variational form, using the La-
grangian technique with the same �-dependent Hamiltonian.
For reviews of the techniques for the calculation of static
molecular properties, see Refs. 32–34.

A. Expansion of the energy in orders of �2

Let us assume that the electronic energy function E�� ,	�
has been parametrized in terms of the fine-structure constant
� and a set of wave-function parameters 	. For a given value
of �, we expand this energy function in orders of 	,

E��,	� = E��� + f†���	 + 1
2	†G���	 + O�	3� , �115�

where we have introduced the zero-order electronic energy
E���, the electronic gradient f���, and the electronic Hessian

G���,
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E��� = E��,0� , �116a�

f��� =� �E��,	�
�	

�
	=0

, �116b�

G��� =� �2E��,	�
�	2 �

	=0
. �116c�

The electronic energy E���, which represents our approxima-
tion to the true electronic energy, is now obtained by making
E�� ,	� stationary with respect to variations in 	, for all val-
ues of �. The first derivative of the energy function Eq. �115�
is given by

�E��,	�
�	

= f��� + G���	 + O�	2� . �117�

When this gradient is set to zero, 	 is determined as a func-
tion 	��� of �. The electronic energy E��� is thus defined by
the two sets of equations,

E��� = E��� + f†���	��� + 1
2	†���G���	���

+ O�	3���� , �118�

G���	��� = − f��� + O�	2���� . �119�

Our task is now to expand the electronic energy E��� in
powers of �2 about the nonrelativistic limit �=0,

E��� = E�0� + �2E�1� + 1
2�4E�2� + O��6� , �120�

where the derivatives are given by E�n�= �dnE��� /d��2�n��=0.
Expanding the zero-order electronic energy, gradient, and
Hessian in orders of �2, we obtain �in the same notation�

E��� = E�0� + �2E�1� + 1
2�4E�2� + O��6� , �121a�

f��� = f�0� + �2f�1� + 1
2�4f�2� + O��6� , �121b�

G��� = G�0� + �2G�1� + 1
2�4G�2� + O��6� . �121c�

Assuming that the wave function has been parametrized in
such a manner that 	�0�=0, we likewise obtain for the wave-
function parameters

	��� = �2	�1� + 1
2�4	�2� + O��6� . �122�

Inserting Eqs. �121� and �122� into Eqs. �118� and �119� and
collecting terms to same orders in �2, we arrive at the fol-
lowing expressions for the nonrelativistic energy and lowest-
order relativistic corrections to the total energy:

E�0� = E�0�, �123a�

E�1� = E�1� + f�0�†
	�1�, �123b�

E�2� = E�2� + f�0�†
	�2� + 2f�1��†�

	�1� + 	�1�†
G�0�	�1�, �123c�
where
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f�0� = 0 , �124a�

f�1� = − G�0�	�1�. �124b�

Whereas the first condition determines the unperturbed, non-
relativistic energy, the second condition determines the first-
order relativistic correction to the wave function as the solu-
tion to a set of linear equations. Using these relations, we
may write the energy corrections Eq. �123� as

E�0� = E�0�, �125a�

E�1� = E�1�, �125b�

E�2� = E�2� + 2f�1�†
	�1� + 	�1�†

G�0�	�1�

= E�2� + f�1�†
	�1� = E�2� − f�1�†

�G�0��−1f�1�, �125c�

where we have given several alternative forms of the second-
order energy. In agreement with Wigner’s 2n+1 rule, 	�n� is
sufficient to determine the energy to order 2n+1. A similar
set of equations may be set up for nonvariational wave func-
tions, using the Lagrangian technique introduced in Ref. 35.

B. Parametrization of the Hartree-Fock wave
function

In standard notation, we parametrize the Hartree-Fock
wave function as

�	� = exp�− �̂��0� , �126�

where �	� is related to the nonrelativistic wave function �0�
by a unitary transformation, generated by the anti-Hermitian
orbital-rotation operator

�̂ = �
PQ

�PQ�PQaP
† aQ, �PQ

* = − �QP, �127�

where �PQ are the elements of an anti-Hermitian matrix and
�PQ are the scaling factors Eq. �96�. The scaling of the
orbital-rotation parameters serves the same purpose as the
scaling of the Breit eigenfunction in Sec. II D, enabling us to
take the nonrelativistic limit and to set up a relativistic per-
turbation theory. It is convenient to express the rotation op-
erator in terms of real rather than complex parameters in the
manner

�̂ =
i

2�
P

�PP
I�PPEPP

+ + i �
P�Q

�PQ
I�PQEPQ

+

+ �
P�Q

�PQ
R�PQEPQ

− , �128�

where we have introduced the excitation operators

EPQ
± = aP

† aQ ± aQ
† aP, �129�
and the real and imaginary parts of the rotation parameters
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R�PQ =
�PQ − �QP

2
, �130a�

I�PQ =
�PQ + �QP

2i
. �130b�

For a closed-shell Hartree-Fock reference state �0�, the fol-
lowing operator is sufficient:

�̂ = i�
IA

�IA
I�IAEIA

+ + �
IA

�IA
R�IAEIA

− , �131�

where we have adopted the notation that indices I, J, K, and
L denote occupied bispinors, A, B, C, and D denote virtual
�electronic or positronic� bispinors, while P, Q, R, and S
denote unspecified �occupied or virtual� bispinors. The �non-
relativistic� reference wave function �0� is constructed from
orthonormal bispinors Eq. �72� by applying a string of cre-
ation operators to the vacuum state

�0� = ��
Ie

aIe

† ��vac� , �132�

where we have used indices Ie rather than I to remind our-
selves that the occupied bispinors are all electronic.

C. Parametrization of the Hartree-Fock energy

Taking the expectation value of the �-dependent Hamil-
tonian Eq. �83� with the wave function Eq. �126� and ex-
panding in powers of �̂, we obtain

E��,	� = �	�Ĥ����	�

= �0�exp��̂�Ĥ���exp�− �̂��0�

= �0�Ĥ����0� + �0���̂,Ĥ�����0�

+ 1
2 �0���̂,��̂,Ĥ������0� + ¯ . �133�

Next, collecting the nonredundant orbital-rotation parameters
Eq. �131� into a column vector of the structure

	 =	
R�IeAe

I�IeAe

R�IeAp

I�IeAp


 , �134�

and introducing the notation

fPQ
R/I ��� =� �E��,	�

�R/I�PQ
�

	=0
,

�135�

GPQRS
R/I,R/I ��� =� �2E��,	�

�R/I�PQ�R/I�RS
�

	=0
,

we obtain from a comparison of the expansions Eqs. �115�
and �133� the following expressions for the zero-order term:

E��� = �0�Ĥ����0�; �136�
for the elements of the electronic gradient,
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fPQ
R ��� = �PQ�0��EPQ

− ,Ĥ�����0� , �137a�

fPQ
I ��� = i�PQ�0��EPQ

+ ,Ĥ�����0�; �137b�

and for the elements of the electronic Hessian,

GPQRS
RR ��� = �PQ�RSPPQ,RS

+ �0��EPQ
− ,�ERS

− ,Ĥ������0� ,

�138a�

GPQRS
RI ��� = i�PQ�RSPPQ,RS

+ �0��EPQ
− ,�ERS

+ ,Ĥ������0� ,

�138b�

GPQRS
IR ��� = i�PQ�RSPPQ,RS

+ �0��EPQ
+ ,�ERS

− ,Ĥ������0� ,

�138c�

GPQRS
II ��� = − �PQ�RSPPQ,RS

+ �0��EPQ
+ ,�ERS

+ ,Ĥ������0� .

�138d�

Here, the operator PPQ,RS
± symmetrizes the expression with

respect to indices PQ and RS,

PPQ,RS
± APQ,RS = 1

2 �APQ,RS ± ARS,PQ� . �139�

Note that, in the expressions Eqs. �136�–�138�, only the

Hamiltonian Ĥ��� depends on �.
In the following, we shall assume a real reference state

�0�. Substituting the explicit expression Eq. �83� for the elec-
tronic Hamiltonian in Eqs. �136�–�138� and introducing the
the one- and two-electron density-matrix elements

DPQ = �0�aP
† aQ�0� , �140a�

dPQRS = �0�aP
† aR

† aSaQ�0� , �140b�

we obtain for the electronic energy, gradient, and Hessian

E��� = �
PQ

DPQh̃PQ��� +
1

2 �
PQRS

dPQRSh̃PQRS + hnuc,

�141a�

fPQ
R ��� = 4�PQPPQ

− F̃PQ��� , �141b�

GPQRS
RR ��� = 8�PQ�RSPPQ

− PRS
− �DPRh̃QS���

− PPR
+ F̃PR����QS + ỸPQRS

RR ���� , �141c�

GPQRS
II ��� = 8�PQ�RSPPQ

+ PRS
+ �DPRh̃QS���

− PPR
+ F̃PR����QS + ỸPQRS

II ���� , �141d�

noting that all terms that involve an odd-order differentiation
with respect to I�PQ vanish. In these expressions, we have
introduced the symmetrizers

PPR
± APR = 1

2 �APR ± ARP� , �142�
in analogy with Eq. �139� and the matrices
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F̃PQ��� = �
T

DPTh̃QT��� + �
TUV

dPTUVh̃QTUV��� , �143a�

ỸPQRS
RR/II ��� = �

TU
�dPRTUh̃QSTU���

+ �dPTUR ± dPTRU�h̃QTUS���� , �143b�

where F̃ is known as the generalized Fock matrix and the
summations are over the full set of bispinors. For a Hartree-
Fock state, the density matrix elements are given by

DIJ = �IJ, �144a�

dIJKL = �IJ�KL − �IL�KJ, �144b�

and the only nonzero elements in Eq. �143� then become

F̃IQ��� = F̃QI��� , �145a�

ỸIQJS
RR ��� = �IJ�F̃QS��� − h̃QS����

+ h̃QISJ
a ��� + h̃QIJS

a ��� , �145b�

ỸIQJS
II ��� = �IJ�F̃QS��� − h̃QS����

− h̃QISJ
a ��� + h̃QIJS

a ��� , �145c�

where we have introduced the Fock matrix

F̃PQ = h̃PQ + �
I

h̃PQII
a �146�

and the notation

h̃PQRS
a = h̃PQRS − h̃PSRQ. �147�

With these simplifications, the electronic energy, gradient,
and Hessian in Eq. �141� become

E��� = �
I

h̃II��� +
1

2�
IJ

h̃IIJJ
a ��� + hnuc, �148a�

fIA
R ��� = 4�IAF̃AI��� , �148b�

GIAJB
RR ��� = 8�AB��IJF̃AB��� − F̃IJ����AB

+ h̃AIBJ
a ��� + h̃AIJB

a ���� , �148c�

GIAJB
II ��� = 8�AB��IJF̃AB��� − F̃IJ����AB

− h̃AIBJ
a ��� + h̃AIJB

a ���� . �148d�

With these expressions, we are ready to consider the first-
and second-order relativistic corrections to the nonrelativistic
Hartree-Fock energy.

D. The first-order relativistic Hartree-Fock correction

According to Eq. �125�, the general expression for the
�1� �1�
first-order correction is E =E . For the Hartree-Fock wave
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function, E��� is given by Eq. �148a�, giving us the follow-
ing first-order relativistic correction to the energy:

E�1� = �
I

h̃II
�1� +

1

2�
IJ

h̃IIJJ
a�1� . �149�

The OBS integrals that occur in this expression may be ex-
panded in PBS integrals by using Eq. �100�. After some re-
arrangements, we obtain

E�1� = �
I

hII
�1� − �

IP
SIP

�1�FPI
�0� +

1

2�
IJ

gIIJJ
a�1� +

1

2�
IJ

bIIJJ
a�1� ,

�150�

where the FPQ
�0� are elements of the zero-order Fock matrix

Eq. �146� and we have split the two-electron part into Cou-
lomb and Breit contributions. As a final step, we expand the
bispinor integrals in spinor integrals using Eqs. �84�, �87�,
�90�, and �92�,

E�1� = �
I

�VĪĪ − �ISĪĪ� +
1

2�
IJ

�g
ĪĪJJ

a
+ g

IIJ̄J̄

a �

+
1

2�
IJ

�b
ĪIJ̄J

a
+ b

ĪIJJ̄

a
+ b

IĪJ̄J

a
+ b

IĪJJ̄

a � , �151�

assuming canonical spinors

FPQ
�0� = TPQ

�0� + VPQ
�0� + �

I

gPQII
a�0� = �PQ�P. �152�

The spinor integrals can be calculated as discussed in Sec.
III G. Alternatively, we could replace the OBS integrals in
Eq. �149� by Eqs. �105� and �108�, recovering the standard
Breit-Pauli energy correction. As discussed in Sec. III F, the
Breit-Pauli energy correction is equivalent to Eq. �151� only
in the limit of a complete spinor basis.

E. The second-order relativistic energy correction

According to Eq. �125�, the second-order relativistic cor-
rection may be written in the general form

E�2� = E�2� + f�1�†
	�1�, �153a�

G�0�	�1� = − f�1�. �153b�

There are thus two distinct contributions to the second-order
energy: the static contribution E�2� and the relaxation contri-
bution f�1�†

	�1�. The static contribution does not involve the
response of the wave function to the perturbation and has the
same form as the first-order energy Eq. �149�. From Eq.
�148a�, we obtain for the Hartree-Fock wave function,

E�2� = �
I

h̃II
�2� +

1

2�
IJ

h̃IIJJ
a�2� . �154�
Expanding the OBS integrals in PBS integrals according to
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Eq. �100�, we obtain, after some algebra, the following ex-
pression for the static contribution to the second-order en-
ergy correction:

E�2� =
1

2�
IJ

gIIJJ
a�2� + �

IPQ
SIP

�1�SPQ
�1� FQI

�0�

− �
IP

SIP
�1��F̃PI

�1� + FPI
�1�� . �155�

Note that there are no one-electron hPQ
�2� contributions �see

Eq. �87�� nor any two-electron Breit bPQRS
�2� contributions

�see Eq. �92��. Since only the electronic components of the
density matrices are nonzero and since the overlap integrals
do not couple the electronic and positronic components, the
summations and matrix multiplications in Eq. �155� are only

over the electronic bispinors. Whereas F̃�1� is the Fock matrix
Eq. �146� constructed from OBS integrals, F�1� is constructed
from PBS integrals,

F̃PQ
�1� = FPQ

�1� −
1

2
�S�1�,F�0��PQ −

1

2�
IR

SIR
�1� �hPQRI

a�0� + hPQIR
a�0� � .

�156�

To calculate the Hessian, we need the following elements of
the Fock matrix:

F̃PeIe

�1� = VP̄Ī + �
J

�g
P̄ĪJJ

a
+ g

PIJ̄J̄

a �

+ �
J

�b
P̄IJ̄J

a
+ b

P̄IJJ̄

a
+ b

PĪJ̄J

a
+ b

PĪJJ̄

a �

−
1

2
SP̄Ī��P + �I� −

1

2�
JQ

SJ̄Q̄�gPIQJ
a + gPIJQ

a � ,

�157a�

F̃PpIe

�1� = VPĪ − VP̄I − TP̄I − �
J

�g
P̄IJJ

a
− g

PĪJJ

a �

+ �
J

�b
PIJ̄J

a
+ b

PIJJ̄

a � , �157b�

obtained from the expressions in Sec. III D. The static con-
tribution to the second-order relativistic energy Eq. �155� can
therefore be straightforwardly calculated from the first- and
second-order differentiated Hamiltonian and overlap inte-
grals, the only new integrals needed being gIIJJ

a�2� =2g
ĪĪJ̄J̄

a
, see

Eq. �90�. Substituting Eq. �157� into Eq. �155� and using the
results of Sec. III D, we obtain

E�2� = − 2�
PI

�VP̄Ī − �ISP̄Ī�SP̄Ī +
1

2�
AI

��A − �I�SĀĪ

2

+ �
IJ

g
ĪĪJ̄J̄

a
− 2�

PIJ

�g
P̄ĪJJ

a
+ g

PIJ̄J̄

a �SP̄Ī

+
1

2 �
PQIJ

�gPIQJ
a + gPIJQ

a �SP̄ĪSQ̄J̄

− 2� �b
P̄IJ̄J

a
+ b

P̄IJJ̄

a
+ b

PĪJ̄J

a
+ b

PĪJJ̄

a �SP̄Ī, �158�

PIJ
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for the static contribution to the second-order relativistic en-
ergy correction of a Hartree-Fock wave function in the ca-
nonical spinor representation.

To calculate the relaxation part of the second-order
Hartree-Fock energy Eq. �153�, we need the first-order gra-
dient f�1� and the zero-order electronic Hessian G�0� of Eq.
�148�. For the gradient, we obtain

fIeAe

R�1� = 4F̃AeIe

�1� , �159a�

fIeAp

R�1� = 4F̃ApIe

�1� , �159b�

where the elements of the first-derivative Fock matrix are
given in Eq. �157�. Assuming canonical spinors, we obtain
the Hessian elements

GIeAeJeBe

RR = 8��IJ�AB��A − �I� + gAIBJ
a + gAIJB

a � , �160a�

GIeAeJeBe

II = 8��IJ�AB��A − �I� − gAIBJ
a + gAIJB

a � , �160b�

GIeApJeBp

RR = − 16�IJ�AB, �160c�

GIeApJeBp

II = − 16�IJ�AB. �160d�

The electronic Hessian thus becomes block diagonal. The
purely electronic block is identical to the electronic Hessian
of nonrelativistic response theory, whereas the purely
positronic block is diagonal with elements −16 on the diag-
onal; there are no terms coupling the electronic and
positronic blocks,

�Gee 0

0 − 16I
��	e

�1�

	p
�1� � = − �fe

�1�

fp
�1� � . �161�

The solution of these equations is therefore no more compli-
cated than the solution of the first-order response equations
of nonrelativistic theory, involving only the explicit solution
of the purely electronic equations Ge	e

�1�=−fe
�1� by some

standard iterative technique. The positronic part of the re-
sponse is obtained by a simple scaling of the first-order
positronic gradient 	p

�1�=−fp
�1� /16 and we write the second-

order relativistic correction in the form

E�2� = E�2� + 1
16fp

�1�†
fp

�1� − fe
�1�†

�Gee
�0��−1fe

�1�. �162�

Similar results are obtained to higher orders in perturbation
theory, the higher-order response equations being similar to
the first-order equations Eq. �161� except for a different
right-hand side. Note that, whereas the electron-electron or-
bital rotations provide a negative contribution to the second-
order relativistic correction Eq. �162�, the electron-positron
rotations provide a positive contribution.

V. CONCLUSIONS

We have presented a formalism for the calculation of
relativistic corrections to molecular electronic energies and

properties, based on the construction of an �-dependent
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second-quantization Hamiltonian, valid for all values of �.
Using this Hamiltonian, relativistic corrections to nonrelativ-
istic energies and properties may be calculated in the same
manner as nonrelativistic corrections, using the standard
methods of response theory. Although we have only demon-
strated its application to the calculation of energy corrections
at the Hartree-Fock level of theory, it may be readily applied
for other wave-function models, nonvariational as well as
variational. In addition, it may easily be used in combination
with nonrelativistic electromagnetic and geometrical pertur-
bations, so as to calculate relativistic corrections to molecu-
lar properties. The generalization to time-dependent proper-
ties is straightforward, requiring the consideration of the
first-order Foldy-Wouthuysen transformation for the time-
dependent Dirac and Breit equations.
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