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A linear-scaling implementation of Hartree-Fock and Kohn-Sham self-consistent field theories for
the calculation of frequency-dependent molecular response properties and excitation energies is
presented, based on a nonredundant exponential parametrization of the one-electron density matrix
in the atomic-orbital basis, avoiding the use of canonical orbitals. The response equations are solved
iteratively, by an atomic-orbital subspace method equivalent to that of molecular-orbital theory.
Important features of the subspace method are the use of paired trial vectors �to preserve the
algebraic structure of the response equations�, a nondiagonal preconditioner �for rapid convergence�,
and the generation of good initial guesses �for robust solution�. As a result, the performance of the
iterative method is the same as in canonical molecular-orbital theory, with five to ten iterations
needed for convergence. As in traditional direct Hartree-Fock and Kohn-Sham theories, the
calculations are dominated by the construction of the effective Fock/Kohn-Sham matrix, once in
each iteration. Linear complexity is achieved by using sparse-matrix algebra, as illustrated in
calculations of excitation energies and frequency-dependent polarizabilities of polyalanine peptides
containing up to 1400 atoms. © 2007 American Institute of Physics. �DOI: 10.1063/1.2715568�

I. INTRODUCTION

Quantum chemistry has evolved in a spectacular fashion
during the last two decades. Using quantum-chemical meth-
ods, it is nowadays possible to investigate a large number of
molecular properties of increasing complexity, from compu-
tationally simple energy differences such as reaction enthal-
pies to more involved high-order frequency-dependent polar-
izabilities and multiphoton strengths, with control over the
accuracy of the results.1 Molecular properties are fundamen-
tal quantities underlying the macroscopic behavior of matter
and their determination constitutes one of the most fruitful
areas of interplay between experiment and theory.2

A difficulty in the application of quantum chemistry to
compute molecular properties is the restriction on the size of
systems that can be treated by current technology. Even with
the recent dramatic improvements in computer technology

and introduction of Kohn-Sham theory, the routine study of
systems such as myoglobin, containing 150 amino acids, is
still beyond our capabilities. This situation is particularly un-
fortunate in view of the considerable academic and industrial
interest in macromolecules containing thousands of atoms
such as polymers, proteins, enzymes, and nucleic acids.

The bottleneck for quantum-mechanical methods in their
application to large systems is the scaling of the cost—in
other words, the increase of CPU usage with increasing sys-
tem size. Formally, Hartree-Fock and Kohn-Sham self-
consistent field �SCF� methods scale as O�N4�, where N re-
fers to the system size. Moreover, wave-function-based
correlated methods typically scale as O�N5� or higher. With
such a steep scaling, advances in computer hardware alone
will never allow us to treat large systems such as myoglobin.
During the last decade, a large effort has been directed to-
wards the development of new algorithms with a better
scaling—see, for instance, Refs. 3–5 and references therein.
The goal is to develop “linear-scaling” methods—that is,
methods where the computational cost scales linearly with
the system size, O�N�.

In Hartree-Fock and Kohn-Sham theories, the two major
obstacles for the optimization of the energy have now been
eliminated—namely, the construction of the Fock/Kohn-
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Sham �KS� matrix and the generation of a new density ma-
trix from the current Fock/KS matrix, see Ref. 3 for a recent
overview. With these obstacles removed, it has become ap-
propriate to address the problem of calculating molecular
properties at linear cost.

In this paper, we describe a linear-scaling method for the
calculation of molecular properties that may be expressed in
terms of frequency-dependent response functions and their
poles and residues. In particular, we consider properties cal-
culated from the linear response function such as frequency-
dependent polarizabilities, excitation energies, and one-
photon transition moments. Molecular properties that are
expressed in terms of higher-order response functions6 can
be obtained by a straightforward extension of the presented
scheme.

In our linear-scaling response implementation, the ex-
pressions for the response functions are derived using a non-
redundant exponential parametrization of the density matrix
in the atomic-orbital �AO� basis. The formal derivation of the
response functions and their residues is given in Refs. 7–9;
for perturbation-dependent basis sets �used to calculate geo-
metrical derivatives with atom-fixed AOs and magnetic prop-
erties with London AOs�, the theory is given in Ref. 8. In this
paper, we only discuss computational aspects that exclu-
sively refer to property calculations; the strategy adopted for
linear-scaling energy optimizations is described in Ref. 3.

Since all key computational steps of response theory pre-
sented here consist of multiplications of density, Fock/KS,
and property matrices in the AO basis, matrix sparsity must
be explored to achieve linear scaling. First, the response ei-
genvalue equations and linear sets of equations are solved.
Their solution constitutes the major challenge with respect to
linear scaling. We describe here how this may be achieved
with iterative AO techniques, generalizing the algorithm pre-
viously developed to solve the response equations in the
molecular-orbital �MO� basis at various levels of theory.10,11

An important feature of the response solver is that it
maintains the paired structure of the response generalized
Hessian and metric matrices. By adding trial vectors in pairs,
the solver imposes the paired structure of the full-space re-
sponse equations on the reduced-space equations, ensuring
that complex eigenvalues do not arise during their solution.
Furthermore, monotonic convergence is ensured towards the
lowest eigenvalues. Another important feature of our algo-
rithm is that we take over, in the AO basis, the preconditioner
that has been so successfully employed in the MO basis.
However, this preconditioner cannot be applied directly in
the AO basis as the generalized AO Hessian has a large con-
dition number and is not diagonally dominant. Rather, it is
applied in an orthogonalized AO basis such as those defined
by the Cholesky or Löwdin symmetric decomposition of the
overlap matrix. In such a basis, the generalized Hessian be-
comes diagonally dominant and the condition number is sig-
nificantly reduced. For the optimization of Hartree-Fock and
Kohn-Sham energies, the Newton equations have previously
been successfully solved when transformed from the AO ba-
sis to the Löwdin basis3 or the Cholesky basis.12

The evaluation of static molecular properties within a
linear-scaling framework has previously been considered by

Ochsenfeld and Head-Gordon,13 adopting a parametrization
of the density matrix where idempotency is taken care of by
replacing the density matrix with its McWeeny-purified
counterpart,14 as suggested by Li et al.15 Using this ap-
proach, Ochsenfeld et al. have reported a linear-scaling
implementation of NMR shifts for linear alkanes and pre-
sented results for three-dimensional systems with more than
1000 atoms.16 An alternative strategy for static molecular
properties, based on a purification of the density matrix, has
recently been proposed by Weber et al.17

The remainder of this paper is divided into three main
sections. In Sec. II, we present the theory and implementa-
tion of linear-scaling SCF linear response theory. Section III
contains some numerical examples of calculations of
frequency-dependent polarizabilities and excitation energies.
Finally, Sec. IV contains some concluding remarks.

II. THEORY

The present section consists of four parts. First, in Sec.
II A, the basic expressions of AO-based linear response
theory are given, in a manner suitable for linear-scaling
implementation. In Sec. II B we discuss the iterative algo-
rithm used for solving the response equations. Finally, in
Secs. II C and II D, respectively, we describe preconditioning
and initial guesses of the iterative algorithm.

A. AO-based SCF linear response theory

In Hartree-Fock and Kohn-Sham theories, response
functions may be efficiently calculated in the AO basis, ex-
pressing the AO density matrix in the exponential
form1,7,18–21

D�X� = exp�− XS�D exp�SX� , �1�

where S is the AO overlap matrix and X is an anti-Hermitian
matrix that contains the variational parameters, with the re-
dundant parameters projected out:

X = P�X� . �2�

We have here introduced the projection operator on a matrix
M,

P�M� = PoMPv
T + PvMPo

T, �3�

where Po and Pv are projectors onto the occupied and virtual
orbital spaces, respectively,

Po = DS , �4�

Pv = I − DS , �5�

fulfilling the idempotency �Po
2=Po and Pv

2=Pv� and orthogo-
nality relations �PoPv=PvPo=0 and Po

TSPv=Pv
TSPo=0�. Us-

ing the above exponential parametrization of the AO density
matrix, the linear response function associated with the time-

independent operators Â and B̂ becomes7

��Â;B̂��� = Tr�A�1�NB���� , �6�
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�E�2� − �S�2��vec NB��� = − vec B�1�, �7�

where M�1� is the property gradient of the operator M̂ repre-
sented by the AO matrix M:7

M�1� = SDM − MDS = Po
TM − MPo. �8�

In Eq. �7�, the vec operator transforms a matrix M into a
column vector vec M by stacking its columns. Since the lin-
ear equations are solved iteratively, the generalized Hessian
matrix E�2� and the metric matrix S�2� are not needed explic-
itly but may instead be defined in terms of their linear trans-
formations of an arbitrary trial vector vec b. Thus, in the
notations

vec E�2��b� = E�2� vec b , �9�

vec S�2��b� = S�2� vec b , �10�

the Hessian and metric linear transformations are given by7

� = E�2��b�
�11�

=PT�FDbS − SDbF + G�Db�DS − SDG�Db�� ,

� = S�2��b� = − PT�SDbS� . �12�

Here the Fock/KS matrix takes the form

F = h + G�D� , �13�

where G�D� denotes the Coulomb and exact-exchange con-
tributions. In Kohn-Sham theory, there is an additional con-
tribution from the exchange-correlation potential, not in-
cluded here. All formulas, however, are equally valid for
Kohn-Sham theory. We have furthermore introduced the pro-
jector

PT�M� = Po
TMPv + Pv

TMPo �14�

by analogy with Eq. �3� and the transformed density matrix

Db = �P�b�,D�S = P��b,D�S� = PvbPo
T − PobPv

T �15�

in terms of the S commutator �M ,N�S=MSN−NSM. As-
suming that P�b�=b, we may also write the linear transfor-
mations Eqs. �11� and �12� in the form

E�2��b� = �Fvv − Foo�bS + Sb�Fvv − Foo� + Gvo�Db�

− Gov�Db� , �16�

S�2��b� = − SvvbSoo + SoobSvv, �17�

where we have introduced the notation

Mmn = Pm
T MPn, �18�

noting that Svo=Sov=0.
Excitation energies—that is, the poles of the linear re-

sponse function in Eq. �6�—are the eigenvalues of the gen-
eralized eigenvalue problem

�E�2� − �n0S�2��vec Xn = 0 , �19�

where �n0 is the excitation energy from the ground state �0�
to the excited state �n�. The corresponding transition moment

of Â is obtained from the residue of the linear response func-
tion

�0�Â�n� = Tr�A�1�Xn� . �20�

In this paper, we describe how linear response functions,
excitation energies, and transition moments �one-photon
transition strengths� may be evaluated at a cost that, for suf-
ficiently large systems, scales linearly with system size.

In iterative algorithms, which are here used to solve the
response equations, the Hessian and metric linear transfor-
mations Eqs. �11� and �12� require the AO overlap matrix S,
the AO density matrix D, and the AO Fock/KS matrix F, all
of which are also needed for the �linear-scaling� AO-based
optimization of the energy.3 The additional contribution from
G�Db� in Eq. �11�, which is not needed for energy optimiza-
tions, can also be calculated at linear cost. The transforma-
tions Eqs. �11� and �12� consist entirely of sparse-matrix al-
gebra and may for sufficiently large systems be carried out in
linear time. We now turn our attention to the linear-scaling
iterative solution of the linear set of equations Eq. �7� and the
eigenvalue problem Eq. �19�. Once their solutions have been
found, molecular properties are straightforwardly obtained as
the trace of sparse matrices Eqs. �6� and �20�.

B. Iterative solution of response equations

Before describing the iterative algorithm, we note the
relations

�E�2��b��T = E�2��bT� , �21�

�S�2��b��T = − S�2��bT� . �22�

Therefore, if the transformations Eqs. �11� and �12� are
known for a given trial matrix bi,

�i = E�2��bi� , �23�

�i = S�2��bi� , �24�

they are also known for the transposed trial matrix,

�i
T = E�2��bi

T� , �25�

− �i
T = S�2��bi

T� . �26�

Since the transformations of bi and bi
T are related to each

other in such a simple manner, new trial matrices are always
added in pairs bi and bi

T.
Let us now assume that we solve the response equations

Eq. �7� iteratively and that, in the course of the iterations, n
pairs of trial matrices have been generated. These matrices
constitute a 2n-dimensional reduced basis:

b2n = �b1,b1
T,b2,b2

T, . . . ,bn,bn
T	 . �27�

We assume that the trial matrices are orthonormal,

Tr�bib j� = Tr�bi
Tb j

T� = �ij , �28�

Tr�bi
Tb j� = Tr�bib j

T� = 0, �29�

and that they satisfy the projection relation
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bi = P�bi� . �30�

The transformed trial matrices �i=E�2��bi� and �i=S�2��bi�
are then given by

�2n = ��1,�1
T,�2,�2

T, . . . ,�n,�n
T	 , �31�

�2n = ��1,− �1
T,�2,− �2

T, . . . ,�n,− �n
T	 . �32�

The basis of trial matrices and their transformed counterparts
are then used to set up the response equations in a reduced
space of dimension 2n:

�ER
�2� − �SR

�2��XR = − BR
�1�, �33�

where the reduced-space gradient elements are given as

�BR
�1��i = Tr��B�1��Tbi

2n� , �34�

whereas the reduced-space generalized Hessian and metric
matrices become

�ER
�2��ij = Tr��bi

2n�T� j
2n� , �35�

�SR
�2��ij = Tr��bi

2n�T� j
2n� . �36�

The reduced equations Eq. �33� are easily solved since the
dimension 2n is small.

From the solution to the reduced problem Eq. �33�, we
may expand the current optimal solution matrix X as

X = 

i=1

2n

�XR�ibi
2n, �37�

whereas the residual is evaluated from the transformed ma-
trices Eqs. �31� and �32�:

R = E�2��X� − �S�2��X� + B�1�

�38�

=

i=1

2n

�XR�i��i
2n − ��i

2n� + B�1�.

To accelerate convergence, this residual is preconditioned as

M vec Rp = vec R , �39�

where the preconditioner M is an easily constructed approxi-
mation to E�2�−�S�2� as discussed in the next section. From
the projected preconditioned residual P�Rp�, a new pair of
trial matrices bn+1 and bn+1

T is generated by orthogonalization
against the previous basis matrices Eq. �27�, ensuring that the
new vector pair is normalized and orthogonal,

Tr�bn+1bn+1� = 1, Tr�bn+1
T bn+1� = 0, �40�

These iterations are continued until the residual is smaller
than some preset threshold, using the right-hand side B�1� of
Eq. �7� as an initial guess.

The eigenvalue problem Eq. �19� is solved in the same
manner as the response equations, setting up the reduced
equations in the space of the 2n trial vectors Eq. �27�:

�ER
�2� − �n0

R SR
�2��XR,n = 0 . �41�

These low-dimensional equations may be solved straightfor-
wardly, yielding an optimal excitation energy �n0

R and eigen-
vector XR,n. The corresponding residual is given by

R = E�2��Xn� − �n0
R S�2��Xn� , �42�

where Xn is the expansion of the reduced-space eigenvector
XR,n in the trial vectors Eq. �37�. This residual may be pre-
conditioned as in Eq. �39� �with �n0

R replacing � in M� to
generate the new pair of trial vectors bn+1 and bn+1

T , and the
iterations are continued until convergence. We discuss below
how the initial guess of the excitation vector is obtained.

The strategy of adding trial vectors in conjugate pairs
�rather than one at a time� not only accelerates the solution
by adding two vectors at the cost of one. More importantly, it
imposes the correct paired structure on ER

�2� and SR
�2�, thereby

avoiding complex eigenvalues and ensuring monotonic con-
vergence.

C. Preconditioning

1. The AO basis

The preconditioner M in Eq. �39� should be a good ap-
proximation to the response matrix in the sense that the con-
dition number of M−1�E�2�−�S�2�� should be significantly
smaller than that of E�2�−�S�2�. Moreover, the cost of solv-
ing the preconditioning equation Eq. �39� should be signifi-
cantly smaller than that of solving the original response
equation Eq. �7�. The most expensive step in the solution of
Eq. �7� is the evaluation of G�Db�, which contributes to the
two last terms in Eq. �11�. Since these terms are small com-
pared with the other terms in Eq. �11�, a good preconditioner
is given by

M = EF
�2� − �S�2�, �43�

where EF
�2� is an approximation to E�2� with the last two

terms in Eq. �11� neglected:

�F = EF
�2��b� = PT�FDbS − SDbF� . �44�

The equations for the preconditioned residual Rp Eq. �39�
may be solved iteratively in the same manner that we solved
the response equations Eq. �7�.

In solving the response eigenvalue problem Eq. �16�, the
residual Eq. �42� may be preconditioned as in Eq. �39�, using
Eq. �43� with � replaced by �n0

R . However, the solution of
the preconditioning equation Eq. �39�,

�EF
�2� − �n0

R S�2��vec Rp = vec R , �45�

in the AO basis is difficult since the condition number of
EF

�2�−�n0
R S�2� is large. For a solution to this problem, we ex-

amine in the next section the preconditioner in the MO basis.

2. The MO basis

An iterative algorithm for solving response eigenvalue
and linear equations similar to that presented for the AO
basis above has been successfully used in the MO basis,10,11

where E�2� and S�2� are diagonally dominant. In the MO ba-
sis, the preconditioner Eq. �43� becomes diagonal,
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MMO = �EF
�2��MO − ��S�2��MO = ��� 0

0 ��
� − ��I 0

0 − I
� ,

�46�

where the diagonal matrix �� contains the differences be-
tween virtual and occupied orbital energies,

��AI,AI = �A − �I. �47�

In the MO basis, therefore, the preconditioning may be car-
ried out in a simple manner, dividing the residual R by the
diagonal elements of Eq. �46�.

In the AO basis, by contrast, neither EF
�2� nor S�2� are

diagonally dominant. Furthermore, the condition number of
EF

�2� is significantly larger in the AO basis than in the MO
basis, making the iterative solution of Eq. �39� difficult.
Since the condition number of a matrix is unaffected by a
similarity transformation, we may dramatically improve the
conditioning of the equations �reducing the condition number
to that of the MO basis� by transforming them to an orthogo-
nal AO basis �OAO� such as the Cholesky basis or the Löw-
din basis. Furthermore, in the OAO basis, the preconditioner
MOAO is much more diagonally dominant than in the original
AO basis. In Sec. II C 3, we consider how the preconditioned
equations may be solved in the OAO basis. However, we
first discuss here how an initial guess of an excitation vector
may be obtained.

In the MO basis, the initial guess of an excitation vector
has previously been successfully obtained as the solution to
the simplified response eigenvalue equations

��� 0

0 ��
� − ��I 0

0 − I
���Yvo

Yov
� = 0 , �48�

where we recognize the simplified response matrix of Eq.
�46�. In Eq. �48�, Yvo and Yov are the virtual-occupied and
occupied-virtual blocks, respectively, of the matrix

Y = � 0 Yvo

Yov 0
� . �49�

The solution of Eq. �48� has zero elements in Yvo and Yov

except for a unit element in Yvo corresponding to the con-
sidered orbital-energy difference �A−�I. In Sec. II D, we
shall discuss how an equivalent initial vector may be set up
in the OAO basis.

3. The orthogonal AO basis

In the OAO basis, the AO overlap matrix is factorized as

S = VTV , �50�

where V is either an upper triangular matrix U �in the
Cholesky basis� or the principal square-root matrix S1/2 �in
the Löwdin basis�:

VC = U , �51�

VL = S1/2. �52�

In Ref. 3, we found that both schemes give diagonally domi-
nant Hessians, with a slight preference for the Löwdin basis.
An advantage of the Löwdin basis is that, among all possible

orthogonal bases, it resembles most closely the original AO
basis, ensuring that locality is preserved to the greatest pos-
sible extent. Furthermore, the transformation to the Löwdin
basis can be performed straightforwardly within a linear-
scaling framework.22 Except as noted, we use the Löwdin
basis in our calculations.

In the OAO basis defined by Eq. �50�, the linear trans-
formations entering Eq. �39� become

��F�V = �FV
vv − FV

oo�XV + XV�FV
vv − FV

oo� , �53�

�V = DVXV − XVDV, �54�

where we have used the notations

AV = V−TAV−1, �55�

AV = VAVT. �56�

The preconditioning of the residual for the response equa-
tions Eq. �39� is performed in the OAO basis and the
conjugate-gradient algorithm may be used with the diagonal
preconditioner

M��,�� = �FV
vv − FV

oo��� + �FV
vv − FV

oo���

− ���DV��� − �DV���� . �57�

The preconditioning of the residual of the eigenvalue equa-
tions may be carried out in the same manner but with the
frequency � replaced by the excitation energy �n0

R .

D. Initial vectors for the response eigenvalue equation

In the MO basis, the Y matrix in Eq. �49� has been
successfully used to obtain an initial guess of the excitation
vector in the iterative solution of the response eigenvalue
equations. The Y matrix is zero except for a unit element YAI

corresponding to the considered orbital-energy difference
�A−�I. If the lowest excitation energy is determined, the low-
est orbital energy difference �i.e., the highest occupied mo-
lecular orbital �HOMO�–lowest unoccupied molecular or-
bital �LUMO� gap� is considered and similarly for higher
excited states. In the OAO basis of Eq. �50�, the initial vector
becomes

YOAO = CYMOCT, �58�

where C contains the eigenvectors of the Fock/KS matrix in
the OAO basis,

FVC = �C . �59�

For an initial guess that is represented by a unit element YAI

in the MO basis, the OAO initial vector becomes

�YOAO��� = C�AC�I, �60�

where indices � and � refer to OAO basis. In this basis, the
projectors onto the occupied and virtual spaces become

Po
OAO = DV, �61�

Pv
OAO = 1 − DV. �62�

The Fock/KS eigenvalue equation in Eq. �59� may then be
written as
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�Po
OAOFVPo

OAO + Pv
OAOFVPv

OAO�C = �C , �63�

since Po
OAOFVPv

OAO=Pv
OAOFVPo

OAO=0 for an optimized state.
Projecting Eq. �63� onto the occupied and virtual spaces, we
obtain

Po
OAOFVPo

OAOC = �Po
OAOC , �64�

Pv
OAOFVPv

OAOC = �Pv
OAOC , �65�

demonstrating that the orbital energies and eigenvectors of
the occupied and virtual spaces can be obtained from Eqs.
�64� and �65�, respectively. Using iterative techniques, we
may thus determine the eigenvectors of the highest occupied
orbitals from Eq. �64� and of the lowest virtual orbitals from
Eq. �65�. Subsequently, Eq. �60� may be used to generate
start vectors in the OAO basis.

III. ILLUSTRATIVE RESULTS

In this subsection, we report calculations of excitation
energies and frequency-dependent polarizabilities for poly-
alanine peptides of increasing size. The polyalanines are one-
dimensional systems and thus ideal systems for demonstrat-
ing that linear scaling is approached. The largest peptide
contains 139 alanine residues and 1392 atoms. We use CAM-
B3LYP/6-31G to calculate the lowest excitation energy and
Hartree-Fock/6-31G to calculate the frequency-dependent
polarizability at a frequency of 0.1 a.u. The CAM-B3LYP
�Ref. 23� functional is chosen because it gives significantly
improved molecular properties compared with the B3LYP
functional.24 For each type of property calculation, we ana-
lyze both the scaling with respect to increasing molecular
size and the convergence characteristics of the algorithm on
one selected peptide—namely, ALA119 �containing 119 ala-
nine residues� for the frequency-dependent polarizability and
ALA59 for the excitation energy calculation. The SCF con-
vergence is similar to that described for the ALA99 calcula-
tions in Ref. 3. All calculations have been carried out using a
local version of DALTON.25 The timings are obtained using a
single processor on a SUN Fire X4600 �Opteron, 2.6 GHz�.

A. The frequency-dependent polarizability
of a peptide with 119 alanine residues

In this section, we describe a typical frequency-
dependent polarizability calculation using ALA119 as an ex-
ample. First, the response equations Eq. �7� are solved at a
frequency of 0.1 a.u., after which the polarizability is ob-
tained as the trace of the property gradient and the solution
matrix according to Eq. �6�. The linear equations are solved
in the AO basis, using the iterative algorithm of Sec. II B. At
each iteration, the residual is transformed to the Löwdin ba-
sis and preconditioned as described in Sec. II C. As initial
trial vector for the response equations, the property gradient
is used.

In Table I, we have listed the residual at each iteration in
the solution of the linear equations Eq. �7�. Convergence to a
Frobenius norm of 10−2 of the residual is obtained in ten
iterations. At each linear-response iteration, the residual is
preconditioned by solving the linear equations Eq. �39� with

M given in Eq. �43� in the Löwdin basis, using the linear
transformations Eqs. �53� and �54� and the diagonal precon-
ditioner Eq. �57�. The iterations are terminated when the re-
sidual of Eq. �39� �in the Löwdin basis� has been reduced by
a factor of 100 �the overall convergence of the response
equations is not sensitive to the choice of this threshold.� As
seen from Table I, for all response iterations, the precondi-
tioning equations converge in seven iterations, which is the
case in all polarizability calculations presented here.

We now consider in more detail the preconditioning of
the first trial vector of the ALA119 calculation. In Table II,
we have listed the residual of the preconditioning equations
Eq. �39�, with and without the diagonal preconditioner Eq.
�57�. Although the diagonal preconditioner dramatically im-
proves convergence, its use requires that the trial vectors are
projected, since the preconditioning introduces redundant
components. The projection requires four additional matrix

TABLE I. The residual norm �R� and the number of preconditioning itera-
tions npre for the calculation of the frequency-dependent polarizability at
�=0.1 a.u. of ALA119 at the Hartree-Fock/6-31G level of theory.

It. �R� npre

1 28.10 7
2 12.71 7
3 3.967 7
4 1.776 7
5 0.746 7
6 0.326 7
7 0.125 7
8 0.060 7
9 0.027 7

10 0.011 7

TABLE II. Convergence of the preconditioning equations in the first re-
sponse iteration of the Hartree-Fock/6-31G calculation of the frequency-
dependent polarizability �=0.1 a.u. of ALA119. The residual norms are
given in the Löwdin and Cholesky bases, with and without diagonal precon-
ditioning.

It.

Löwdin basis Cholesky basis

No. prec. Dia. prec. No. prec. Dia. prec.

1 82.20 82.20 82.20 82.20
2 42.15 19.39 41.94 19.27
3 41.16 7.36 41.12 9.11
4 27.82 5.04 27.96 5.56
5 13.47 2.26 13.19 2.68
6 18.05 0.98 18.05 1.24
7 8.44 0.43 8.41 0.59
8 6.59 6.61
9 7.18 7.16

10 3.87 3.88
11 2.90 2.89
12 2.19 2.19
13 1.48 1.48
14 1.29 1.29
15 0.82 0.81
16 0.56
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multiplications per iteration, making preconditioning less at-
tractive. We nevertheless recommend its use since otherwise
the equations sometimes do not converge.

We use the Löwdin OAO basis by default but have also
included in Table II information about convergence in the
Cholesky basis. Although the Löwdin basis sometimes gives
faster convergence than the Cholesky basis, the situation il-
lustrated in Table II is fairly typical, with a nearly identical
behavior in the two bases.

The convergence of the response equations reported here
is typical of polarizability calculations and similar to that of
the standard MO-based iterative algorithm of Ref. 11 �imple-
mented in DALTON �Ref. 25��. Any difference in convergence
arises because the preconditioning equations are terminated
when the residual has been reduced by a factor of 100. If the
preconditioning equations were converged to full accuracy,
identical results would be obtained in the AO and MO bases.

B. Linear-scaling frequency-dependent polarizability
calculations

In Fig. 1, the frequency-dependent dipole longitudinal
polarizability �xx��� at �=0.1 a.u. is plotted as a function of
the number of atoms in polyalanine peptides, calculated at
the Hartree-Fock/6-31G level of theory. As expected, the lon-
gitudinal polarizability depends linearly on the number of
atoms. In Fig. 2, we have plotted the CPU times of the dif-
ferent parts of the polarizability calculations, using the block
sparse-matrix scheme described by Rubensson and Sałek in
Ref. 26. The timings are for the following contributions in
the first response iteration: the Coulomb part �“Fock J”� and
the exchange part �“Fock X”� of the G�Db� contribution to
the linear transformation Eq. �11�, the remainder of the linear
transformations Eqs. �11� and �12� �“Lintra”�, and the pre-
conditioning of the trial vectors �“Precond”�.

FIG. 1. The xx component of the
Hartree-Fock/6-31G frequency-
dependent dipole polarizability ��
=0.1 a.u.� for polyalanines �atomic
units�.

FIG. 2. Timings for the different parts
of a Hartree-Fock/6-31G response it-
eration in a frequency-dependent po-
larizability calculation ��=0.1 a.u.�
for polyalanines. Sparse-matrix alge-
bra is used.
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The Hartree-Fock polarizability calculations are domi-
nated by the exchange contribution to the linear transforma-
tion, whose calculation approaches linearity for systems con-
taining more than 600 atoms. The Coulomb evaluation �by
density fitting� is several times faster than the exchange
evaluation. For the remaining two contributions in Fig. 2, the
time-consuming parts consist of matrix multiplications and
scale linearly with system size, showing that matrix sparsity
is efficiently exploited in our calculations.

C. The lowest excitation energy for a peptide
with 59 alanine residues

In this section, we consider the calculation of excitation
energies for large systems using ALA59 in full-matrix alge-
bra as an example. Excitation energies are eigenvalues of the
response eigenvalue problem Eq. �19�, which is solved in the
AO basis using the iterative algorithm of Sec. II B. At each
iteration, the residual is transformed to the Löwdin basis and
preconditioned as described in Sec. II C. As an initial eigen-
vector guess, we use Eq. �60�, where the eigenvectors of the
Fock/KS matrix in the occupied and virtual spaces are deter-
mined from Eqs. �64� and �65�, respectively.

In Table III, we have listed the residual at each iteration
of the solution of the response eigenvalue problem Eq. �19�.
The response iterations are terminated when the residual
norm has been reduced by a factor of 100, which is obtained
in five iterations. At each iteration, the residual is precondi-
tioned by solving the simplified response equations Eq. �45�
in the Löwdin basis, using the linear transformations of Eqs.
�53� and �54� and the diagonal preconditioner Eq. �57�. The
preconditioning iterations are also terminated when the re-
sidual of Eq. �45� �in the Löwdin basis� has been reduced by
a factor of 100 or after a maximum of 20 iterations. As
indicated in Table III, the preconditioning equations always
terminated at the maximum number of iterations, which is
true for all excitation energy calculations presented here.

We now consider in more detail the preconditioning of
the first trial vector of the ALA59 calculation. Full-matrix
rather than sparse-matrix algebra was used in this calcula-
tion, since the residual is very small already in the first re-
sponse iteration, and the efficiency of the preconditioner be-
comes blurred by numerical noise when sparse-matrix
algebra is used. In Table IV, we have listed the residual of
the preconditioning equations Eq. �45�, with and without the
diagonal preconditioner Eq. �57�. Without preconditioning,
the equations do not converge. With preconditioning, the re-
sidual decreases slowly until, after the maximum number of

allowed iterations, it has been reduced by about an order of
magnitude. Clearly, it is much more difficult to converge the
preconditioning equations for the response eigenvalue equa-
tions than for the response linear equations.

To understand this difference between the response lin-
ear and eigenvalue equations, consider the carrier matrix Eq.
�43� for the preconditioning equations EF

�2�−�S�2�, where �
is either the frequency of the applied field �linear equations�
or a reduced-space eigenvalue �eigenvalue equations�. The
approximate generalized electronic Hessian EF

�2� is positive
definite provided the optimized Hartree-Fock or Kohn-Sham
energy is a minimum—it is a well-behaved matrix that
�when preconditioned� has a relatively small condition num-
ber. Consequently, rapid convergence is observed when the
linear equations are solved in the static limit; moreover, since
the applied frequency is typically small �0.1 a.u. in Sec.
III A�, the addition of −�S�2� to EF

�2� does not affect the con-
vergence of the linear equations.

By contrast, in the solution of the response eigenvalue
problem, the addition of �n0

R S�2� changes the structure
of the carrier matrix, making EF

�2�−�n0
R S�2� nearly singular

and ill conditioned. As a result, the preconditioning equa-
tions are much more difficult to converge for the response
eigenvalue equations than for the linear equations. However,
as seen from Table III, the eigenvalue equations can never-
theless be converged in a few iterations, because of the good
starting guess of Eq. �60�. When the Cholesky rather than the
Löwdin basis is used for the preconditioning equations, the
convergence is similar to that in the Löwdin basis.

D. Linear-scaling calculations of excitation energies

In Fig. 3, the lowest excitation energy, the lowest Hes-
sian eigenvalue, and the HOMO-LUMO gap are plotted as

TABLE III. The residual norm �R��103 and the number of preconditioning
iterations npre for the calculation of the lowest excitation energy of ALA59
at the CAM-B3LYP/6-31G level of theory �full-matrix algebra�.

It. �R��103 npre

1 0.197 20
2 0.057 20
3 0.066 20
4 0.014 20
5 0.008 20

TABLE IV. Convergence of the preconditioning equations in the first re-
sponse iteration of the CAM-B3LYP/6-31G calculation of the lowest exci-
tation energy of ALA59 �full-matrix algebra�. The residual norms are given
with and without diagonal preconditioning

It.

�R��103

No prec. Dia. prec.

1 0.309 0.309
2 0.364 0.253
3 0.235 0.349
4 0.413 0.303
5 0.368 0.262
6 0.276 0.249
7 0.429 0.201
8 0.272 0.161
9 0.335 0.135

10 0.321 0.135
11 0.230 0.122
12 0.370 0.122
13 0.258 0.118
14 0.241 0.107
15 0.368 0.091
16 0.201 0.073
17 0.230 0.060
18 0.226 0.047
19 0.153 0.042
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functions of the number of atoms in polyalanine peptides at
the CAM-B3LYP/6-31G level of theory. As expected, the
excitation energy decreases with increasing system size.
More surprisingly, the lowest Hessian eigenvalue and the
lowest excitation energy are equal to the number of signifi-
cant digits. To understand this behavior, consider the evalu-
ation of excitation energies in the MO basis, where the re-
sponse eigenvalue equation in a notation similar to that of
Eq. �48� becomes

�A B

B A
� − ��I 0

0 − I
���Yvo

Yov
� = 0 . �66�

The B matrix contains Hamiltonian matrix elements between
the Kohn-Sham determinant and a doubly excited configura-
tion. If it vanishes, the eigenvalues � of Eq. �66� become
equal to the eigenvalues of the electronic Hessian A−B. The
exact exchange in CAM-B3LYP gives a nonzero B matrix
contribution but is too small to be detected. The HOMO-
LUMO gap is slightly above the calculated excitation ener-

gies, as expected from the form of the A matrix, which con-
tains the orbital-energy difference of Eq. �48� with Coulomb
and exchange-correlation contributions subtracted.

In Fig. 4, we have plotted the CPU times of excitation-
energy calculations when sparse-matrix algebra is used, for
the following contributions to the first response iteration: the
Coulomb contribution to the linear transformation Eq. �11�
�“Kohn-Sham J”�, the exact-exchange contribution �“Kohn-
Sham X”�, the exchange-correlation contribution �“Kohn-
Sham XC”�, the remainder of the linear transformations Eqs.
�11� and �12� �“Lintra”�, and the preconditioning of the trial
vectors �“Precond”�.

The excitation energy calculations are dominated by the
exchange-correlation contribution. Comparing with the
Hartree-Fock polarizability calculations in Fig. 2, we note
that the evaluation of the Coulomb and exact-exchange con-
tributions is much faster in the Kohn-Sham excitation energy
calculations in Fig. 4. The difference arises since the timings
are given for the first response iteration, for which the start-

FIG. 3. The HOMO-LUMO gap, the
lowest Hessian eigenvalue, and the
lowest excitation energy for polyala-
nines, calculated at the CAM-B3LYP/
6-31G level of theory.

FIG. 4. Timings for different parts of a
response iteration in a CAM-B3LYP/
6-31G excitation energy calculation
for polyalanines. Sparse-matrix alge-
bra is used.
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ing guess for excitation energies is more sparse than the one
for polarizabilities. Also, preconditioning is more expensive
for excitation energies than for polarizabilities since about
three times more iterations are needed. As a result, precon-
ditioning becomes more expensive than the evaluation of the
Coulomb and exact-exchange contributions.

As seen from Fig. 4, the cost of the exchange-correlation
contribution to the linear transformation scales linearly with
system size. The same is true for the Coulomb contribution,
while the evaluation of exact exchange is nonlinear, at least
for small systems. For the Lintra and Precond contributions
to the response equations, the time-consuming parts consist
of matrix-matrix multiplications. The scaling of these contri-
butions shows that sparsity is efficiently exploited, although
the Precond contribution shows signs of nonlinear scaling.
Investigation of the time spent in the preconditioning shows
that the matrices involved in the linear transformation have
not yet reached the regime of linear scaling in the number of
nonzero elements. The benefits of sparse-matrix algebra are
nevertheless evident from Fig. 5, where we compare the Lin-
tra and Precond timings of Fig. 4 with those obtained using
full-matrix algebra. Whereas the cost increases cubically
when full-matrix algebra is used, linear scaling is approached
with sparse-matrix algebra.

IV. CONCLUSIONS

Using the nonredundant exponential parametrization of
the density matrix introduced in Refs. 1 and 18, we have
presented a linear-scaling implementation of excitation ener-
gies and frequency-dependent second-order molecular prop-
erties. The response eigenvalue and linear equations are
solved using an iterative subspace method equivalent to the
one that has been successfully used in the MO basis. Impor-
tant features of the subspace method are the use of paired
trial vectors �to preserve the structure of the full equations in
the reduced space�, a nondiagonal preconditioning �for rapid
convergence�, and good start vectors �for robust and fast so-
lution�. The performance is similar to that in the MO basis,
with five to ten iterations needed for convergence. The pre-

conditioning is carried out in the Löwdin basis, solving a
simplified version of the response equations with an iterative
method similar to the one used for the full response equa-
tions. To reduce the residual of the preconditioning equations
by a factor of 100, less than ten iterations are typically
needed for the response linear equations. For the response
eigenvalue equations, the preconditioning equations are more
difficult to converge, easily requiring 20 iterations.

As for the optimization of the Hartree-Fock and KS den-
sity matrices, the solution of the response equations is domi-
nated by the construction of the Fock/KS matrix, once at
each iteration of the subspace algorithm. The solution of the
preconditioning equations is dominated by matrix-matrix
multiplications, for which linear scaling is approached by
using sparse-matrix algebra. Calculations of the frequency-
dependent polarizability at �=0.1 a.u. and of the lowest ex-
citation energy have been presented for polyalanine peptides
containing up to 1400 atoms, demonstrating the efficiency
and robustness of the presented algorithm and that linear
scaling can be obtained in such calculations.
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