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The performance of several density-functional theory �DFT� methods for the calculation of current
densities induced by a uniform magnetic field is examined. Calculations are performed using the
BLYP and KT3 generalized-gradient approximations, together with the B3LYP hybrid functional.
For the latter, both conventional and optimized effective potential �OEP� approaches are used.
Results are also determined from coupled-cluster singles-and-doubles �CCSD� electron densities by
a DFT constrained search procedure using the approach of Wu and Yang �WY�. The current
densities are calculated within the CTOCD-DZ2 distributed origin approach. Comparisons are made
with results from Hartree-Fock �HF� theory. Several small molecules for which correlation is known
to be especially important in the calculation of magnetic response properties are considered—
namely, O3, CO, PN, and H2CO. As examples of aromatic and antiaromatic systems, benzene and
planarized cyclooctatetraene molecules are considered, with specific attention paid to the ring
current phenomenon and its Kohn-Sham orbital origin. Finally, the o-benzyne molecule is
considered as a computationally challenging case. The HF and DFT induced current maps show
qualitative differences, while among the DFT methods the maps show a similar qualitative structure.
To assess quantitative differences in the calculated current densities with different methods, the
maximal moduli of the induced current densities are compared and integration of the current
densities to yield shielding constants is performed. In general, the maximal modulus is reduced in
moving from HF to B3LYP and BLYP, and further reduced in moving to KT3, OEP�B3LYP�, and
WY�CCSD�. The latter three methods offer the most accurate shielding constants in comparison
with both experimental and ab initio data and hence the more reliable route to DFT calculation of
induced current density in molecules. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2969104�

I. INTRODUCTION

The calculation of molecular magnetic properties such as
nuclear magnetic resonance �NMR� shielding constants con-
tinues to be a fundamental area of research in quantum
chemistry. Kohn-Sham �KS� density-functional theory �DFT�
methods offer the possibility of including electron correla-
tion at an affordable computational cost. Calculations using
generalized-gradient approximations �GGA� have the advan-
tage that the perturbation theory expression for the shielding
and other magnetic response properties of closed-shell mol-
ecules is exactly formulated within an uncoupled formalism,
thereby lowering the computational cost. There is little in-
centive to perform conventional hybrid functional calcula-
tions, because this simplification is lost and the magnetic
properties are often less accurate.1 Of particular relevance to
the present study are the KTn series of GGA functionals,2,3

which were specifically designed to yield high-quality mag-
netic response parameters.

In recent years, there has also been significant interest in
the calculation of uncoupled magnetic response parameters

from DFT calculations based specifically on multiplicative
potentials.4–12 Wilson and Tozer4 determined potentials di-
rectly from electron densities, determined using both hybrid
functional DFT and correlated ab initio methods. The asso-
ciated uncoupled shieldings were of very good quality. More
recent studies have used the optimized effective potential
�OEP� approach �or approximations to it� to determine mul-
tiplicative potentials associated with hybrid functionals;
high-quality results are again obtained.7–12 Both approaches
will be used in the present study.

A pictorial and yet rigorous representation of the physics
underlying magnetic shielding tensors is provided by the cur-
rent density induced by an external magnetic field. Maps of
the induced current density provide a direct visualization of
the origin of diamagnetic or paramagnetic shifts of magnetic
shielding constants, and induced current density plots are
widely used for the assessment of aromaticity as defined by
the magnetic criterion.13–19 Besides the interpretative advan-
tages, numerical integration of the current density multiplied
by appropriate vector potentials exactly recovers the value of
magnetic observables computed within the same set of
approximations.

Whereas the calculation of the induced current density ata�Electronic mail: alessandro.soncini@kjemi.uio.no.

THE JOURNAL OF CHEMICAL PHYSICS 129, 074101 �2008�

0021-9606/2008/129�7�/074101/15/$23.00 © 2008 American Institute of Physics129, 074101-1

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.2969104
http://dx.doi.org/10.1063/1.2969104


the Hartree-Fock �HF� level of theory has been routinely
performed for a couple of decades, correlated methods have
only in the last few years been applied to this area of re-
search. In particular, very few studies of current-density
maps computed via DFT methods have appeared in the
literature;20,21 very recently, Havenith and Fowler22 reported
the KS molecular-orbital �MO� analysis of ring current aro-
maticity within the ipsocentric formulation of magnetic re-
sponse using two different DFT functionals.

The purpose of the present study is to provide a system-
atic, comparative investigation of the performance of several
DFT methods in the calculation of maps of induced current
density. To ensure origin independence of the magnetic re-
sponse properties calculated in this work, we have imple-
mented in the SYSMO quantum-chemistry program23 routines
for the DFT current-density evaluation within the framework
of the continuous transformation of the origin of the current
density �CTOCD�,24,25 which represents a useful combina-
tion between a numerically accurate method, and a theoreti-
cal framework wherein to develop an orbital model for the
interpretation of the induced current.

II. THEORY

A. DFT approaches

We commence by summarizing aspects of the KS calcu-
lations used in the present work. The key quantities for the
calculation of magnetic response properties are the KS orbit-
als ��p�r�� and eigenvalues ��p�. These are determined from
the KS equations

�− 1
2�2 + vs�r���p�r� = �p�p�r� . �1�

In these equations, vs�r� is the KS effective potential defined
as a local multiplicative operator composed of external, Cou-
lomb, and exchange-correlation contributions:

vs�r� = vext�r� + vJ�r� + vxc�r� . �2�

The exchange-correlation potentials corresponding to GGA
functionals are rigorously defined as functional derivatives,
with respect to the density, of energy expressions that are
explicit functionals of the density. Thus, their exchange-
correlation contribution to the KS matrix involves a multipli-
cative exchange-correlation potential vxc�r� as above. As
such, they are often termed “pure” DFT methods. In the
present work, we make use of the BLYP �Refs. 26 and 27�
and KT3 �Ref. 3� GGAs.

In contrast, hybrid DFT functionals, of which B3LYP
�Refs. 27–29� is the most commonly used example, combine
a proportion, �, of orbital-dependent exchange with a GGA
component. Conventional implementations of these implicit
density functionals utilize the functional derivative of this
orbital-dependent exchange component with respect to the
orbitals, in the same way as in HF theory:

�−
1

2
�2 + vs�r���p − �	 �1�r,r��


r − r�

�p�r��dr� = �p�p�r� ,

�3�

where �1�r ,r�� is the one particle density matrix and where
the vxc�r� part of vs�r� is the potential associated with the
GGA component of the functional. We shall present conven-
tional results determined using the B3LYP functional. The
presence of a nonmultiplicative operator in Eq. �3� has con-
sequences for the calculation of the current density, as dis-
cussed in the next section.

Recently, much attention has been directed toward the
OEP method, which is the rigorous approach for handling
orbital-dependent functionals in KS theory. In this procedure,
the electronic energy with the chosen exchange-correlation
functional is minimized, subject to the constraint that the
orbitals arise from a multiplicative effective potential taking
the form of Eq. �2�. We here use the direct optimization
approach of Yang and Wu,30,31 which we have recently
implemented in the Dalton quantum-chemistry program.32 In
this procedure, the KS effective potential is written as

vs�r� = vext�r� + v0�r� + �
t

btgt�r� , �4�

where the potential v0�r� is a fixed reference potential and
the last term is a linear combination of Gaussian functions.
We employ the same basis set for this expansion as that used
for the MOs. The coefficients bt are the unknown parameters,
which are determined by a direct minimization of the elec-
tronic energy using the quasi-Newton algorithm of Ref. 31.
For the reference potential v0�r�, we use the Fermi-Amaldi
potential33 constructed from the HF density of the system,

v0 = �1 −
1

N
vJ

HF�r� , �5�

where N is the number of electrons and vJ
HF�r� is the Cou-

lomb potential of the HF density. In the present study, we
apply the OEP procedure to the B3LYP functional; results
are denoted OEP�B3LYP�. This results in a multiplicative
potential, which, in turn, has consequences for the evaluation
of the current density as discussed in the next section.

While the OEP method allows the use of orbital-
dependent functionals in KS DFT, the constrained-search
procedure allows the determination of KS potentials yielding
a specific density, even when the explicit energy functional is
unknown. Several methods have been proposed to achieve
this. We use the method proposed by Wu and Yang34 �WY�,
which is computationally similar to the OEP method outlined
above. The KS effective potential is parametrized as in
Eq. �4�. For a given input density �in�r�, the KS potential
yielding that density can be determined by the unconstrained
maximization of the functional,
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Ws��det,v�r�� = 2�
i

N/2 ��i�−
1

2
�2��i�

+	 dr�vext�r� + v0�r�����r� − �in�r��

+	 dr�
t

btgt�r����r� − �in�r�� , �6�

with respect to the coefficients bt, where the density ��r� is
constructed from orbitals obtained via a KS equation of the
form of Eq. �1�. The maximization is carried out using a
quasi-Newton algorithm similar to the OEP method; for fur-
ther details, see Ref. 34. The key feature of this procedure is
the ability to calculate KS potentials yielding accurate elec-
tron densities without the need for an explicit form of the
exchange-correlation energy functional. In the present work,
we calculate the current densities corresponding to the KS
orbitals yielding coupled-cluster singles-and-doubles
�CCSD� densities. Results are denoted WY�CCSD�.

B. Current-density calculations

Within KS-DFT theory, the linear response of a closed-
shell molecule to a magnetic perturbation is described in
terms of the first-order corrections to the occupied KS orbit-
als �i, given by

�i
�1� = �

a

Cai
�1��a, �7�

where �a are unperturbed virtual KS orbitals. The coeffi-
cients Cai

�1� are determined by solving a set of linear equations
analogous to those arising in coupled HF theory,35

�
bj

Mai,bjCbj
�1� = − hai

�1�, �8�

where i , j ,k , . . ., denote occupied KS orbitals, a ,b ,c. . ., vir-
tual orbitals, hai

�1� is the matrix element between �i and �a of
the relevant operator associated with the magnetic perturba-
tion, and Mai,bj is the magnetic Hessian, characterized by
occupied-to-virtual composite excitation indices. For GGA
and conventional hybrid functional calculations,

Mai,bj = ��a − �i��ab�ij + ���aj
bi� − �ab
ji�� , �9�

where �pq is a Kronecker delta, �pq 
rs� are four-center two-
electron integrals involving KS orbitals, and � represents the
proportion of HF exchange present in the DFT functional
used to calculate self-consistently the KS orbitals. For OEP
and WY calculations, which involve a multiplicative poten-
tial, the Hessian takes the same form, but with � set equal to
zero as in the GGA case. For GGA, OEP, and WY calcula-
tions, the Hessian is therefore diagonal and the linear re-
sponse can simply be written as1

Cbj
�1� =

hbj
�1�

� j − �b
. �10�

To compute the gauge-origin invariant current-density
vector fields from the zero- and first-order KS orbitals, the
set of gauge distributed origin CTOCD methods is chosen

here.24,25 Within one of the four different formulations of the
CTOCD method—that is, within the diamagnetic zero �DZ�
or ipsocentric formulation—the diamagnetic and paramag-
netic contributions to the total current density are both com-
puted from the Cbj

�1� coefficient solutions to Eq. �8� obtained
by perturbing the KS orbitals with the linear- and the
angular-momentum operators, respectively. For a field ori-
ented along the z axis, the GGA-DFT diamagnetic J�,d

Bz �r�
and paramagnetic J�,p

Bz �r� contributions to the CTOCD-DZ
current at the grid point with coordinates �x ,y ,z� are given
by

J�,d
Bz �r� = −

i�e2Bz

me
2c

�
ia

rx��a
py
�i� − ry��a
px
�i�
�a − �i

J�,ia�r� ,

�11�

J�,p
Bz �r� =

i�e2Bz

me
2c

�
ia

��a
lz
�i�
�a − �i

J�,ia�r� ,

where J�,ia�r�= ��a�r����i�r�−�i�r����a�r��, lz is the one-
electron angular-momentum operator along the field direc-
tion, px and py are the one-electron linear-momentum com-
ponents perpendicular to the field direction, rx=x, ry =y, c is
the speed of light in vacuum, and e and me are the charge and
mass of an electron. Equation �11� can be obtained, for ex-
ample, by starting from Eqs. �109�, �122�, �132�, and �133�
reported in Ref. 18 specialized to a CTOCD-DZ origin shift,
a magnetic field in the z direction, a single-determinant
wavefunction, and the sum-over-states �or uncoupled
Hartree-Fock� approximation. The version of the method
used in this study �DZ2� involves a different strategy to com-
pute rx and ry as functions of x and y for grid points very
close to nuclear positions, leading to additional corrections to
Eq. �11� proportional to the unperturbed electron density.
However, since the DZ2 approach relies on the same prin-
ciple that underlies Eq. �11�, it can be analyzed using the
same expressions.

The CTOCD approach has several advantages. From a
numerical point of view, it has been shown that, in its DZ2
and PZ2 variants, the convergence to gauge-origin indepen-
dent results as a function of the size of the basis set is fast,36

as follows from the exact origin invariance of the CTOCD
methods.37 Moreover, the CTOCD-DZ or ipsocentric formu-
lation of the magnetic response provides a frontier-orbital
model,38,39 allowing the interpretation and even the predic-
tion of the existence and direction of ring currents in planar
conjugated molecules. As we are going to discuss KS orbital
contributions to ring currents in planar conjugated car-
bocycles, we shall briefly describe the theoretical framework
underlying the ipsocentric orbital model.

The model follows from the straightforward observation
that both diatropic and paratropic contributions to the total
current in Eq. �11� are written solely in terms of occupied-
to-virtual MO virtual transitions, where each transition is
proportional to a matrix element between the occupied and
virtual MOs of some relevant operator, weighted by the en-
ergy gap between the two MOs. This formulation thus allows
the definition of selection rules for the induced current den-
sity so that, as evident from Eq. �11�, if the symmetry prod-
uct of a pair of occupied and virtual MOs matches the sym-
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metry of a translation in a plane perpendicular to the field,
the corresponding transition will contribute to the diatropic-
ity of the response current. Likewise, if the same symmetry
product matches the symmetry of a rotation about the field
direction, the corresponding transition will contribute to the
paratropicity of the induced current. The transition will not
be active if it is neither translationally nor rotationally al-
lowed. Because of the energy-gap denominator, only transi-
tions among a few frontier orbitals need to be taken into
account in the symmetry analysis.

From the ipsocentric analysis, it has been shown that
�4N+2�-carbocycles ��4N�-carbocycles� can only sustain a
strong diatropic �paratropic� ring current38 when interacting
with a perpendicular magnetic field. In fact, the monocycle’s
	-electron energy spectrum can approximately be classified
according to the increasing electronic angular-momentum
projection 
 along the main symmetry axis. In
�4N+2�-carbocycles, the 	-electrons always fully occupy
N+1 angular-momentum shells, so that all occupied-to-
virtual transitions occur between different angular-
momentum shells. It follows that the paratropic current will
always be zero, given that ��m
lz
�i�=0 if �m and �i are
eigenfunctions of lz with different eigenvalues. Since the in-
plane linear-momentum operators acting on an angular-

momentum eigenfunction raises its angular momentum by
one unit, it follows from Eq. �11� that the only symmetry-
allowed transition in a �4N+2�-carbocycle is translationally
allowed, occurring between the highest occupied molecular
orbital �HOMO� shell �
=N� and the lowest unoccupied mo-
lecular orbital �LUMO� shell �
=N+1�. Accordingly, in all
idealized �4N+2�-carbocyles, the induced current is purely
diatropic and originates entirely from the HOMO electrons.
Conversely, the top two electrons of a �4N�-carbocycle only
partially occupy the 
=N,38 so that the HOMO-LUMO tran-
sition within that shell is rotationally allowed and weighted
by a small energy gap, leading to a strong paratropic ring
current response.

III. RESULTS

To examine the performance of the various DFT ap-
proaches, our discussion is divided into three sections. The
systems that will be central in Sec. III A consist of small
molecules for which shielding-constant calculations within
HF theory yield poor results—namely, O3, CO, PN, and
H2CO. In this respect, it is interesting to investigate how the
current-density map representations of the magnetic response
of these systems are modified by the use of correlated but

TABLE I. HF and DFT shielding tensor components calculated by numerical integration of the induced current density evaluated within the CTOCD-DZ2
distributed-origin approach, using a cc-pCVTZ basis set.

CO PN OO�O H2CO

C O P N O� O O C

�xx HF −167.4 −328.7 −613.4 −892.5 141.4 −115.4 421.0 116.3
B3LYP −162.2 −327.3 −565.5 −814.7 4.4 −115.1 396.9 91.8
BLYP −157.3 −322.7 −535.6 −787.1 −35.4 −114.9 385.3 84.2
KT3 −129.8 −293.0 −404.6 −716.7 −13.9 −90.0 387.9 94.9

OEP �B3LYP� −147.5 −287.3 −463.9 −718.0 −10.7 −91.6 393.3 89.1
WY �CCSD� −136.8 −274.2 −413.3 −704.8 3.1 −73.6 399.1 96.3

�yy HF −167.6 −328.7 −613.2 −892.4 −6128.9 −5368.6 −569.2 −117.9
B3LYP −162.3 −327.3 −565.7 −814.8 −2551.6 −3202.3 −537.6 −114.9
BLYP −157.3 −322.7 −535.2 −786.9 −2043.6 −2794.3 −522.3 −111.2
KT3 −129.7 −293.0 −404.7 −716.7 −1806.5 −2457.5 −472.1 −86.8

OEP �B3LYP� −147.6 −286.9 −464.0 −718.1 −1859.9 −2366.0 −471.3 −98.8
WY �CCSD� −136.8 −274.2 −413.3 −704.5 −1698.0 −2194.0 −456.6 −88.0

�zz HF 268.7 406.3 960.5 336.6 −2232.6 −2991.5 −1190.7 −15.1
B3LYP 269.3 406.5 961.5 338.3 −832.5 −1786.5 −1252.9 −49.3
BLYP 269.9 406.6 961.7 338.7 −635.1 −1548.9 −1234.5 −53.4
KT3 272.5 410.0 966.6 341.5 −607.2 −1395.9 −1065.1 −21.3

OEP �B3LYP� 269.3 406.6 961.6 338.3 −626.0 −1324.9 −1094.4 −48.9
WY �CCSD� 269.4 406.5 961.7 338.3 −592.2 −1252.8 −1018.1 −36.7

�av HF −22.1 −83.7 −88.7 −482.8 −2738.9 −2824.2 −446.2 −5.6
B3LYP −18.4 −82.7 −56.3 −430.5 −1126.3 −1701.0 −464.5 −24.1
BLYP −14.9 −79.6 −36.1 −411.7 −904.4 −1485.0 −457.1 −26.8
KT3 4.3 −58.7 52.6 −364.0 −809.0 −1314.2 −383.3 −4.4

OEP �B3LYP� −8.6 −55.7 11.4 −366.0 −831.9 −1261.3 −390.1 −19.5
WY �CCSD� −1.4 −47.3 45.4 −353.8 −762.3 −1173.5 −358.5 −9.5

Best ab initioa 5.6 −52.9 86 −341 −754.6 −1208.2 −383.1 4.7
Expt.a 2.8 −36.7 53 −349 −724 −1290 −375 −4.4

��0.9� ��17.2� ��100� ��3�
aFrom Ref. 4.
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computationally inexpensive DFT methods. In Sec. III B, the
question of aromaticity and antiaromaticity as defined by the
ring-current criterion, which has been thoroughly explored
within the HF methodology, is assessed by a direct visualiza-
tion of maps of the induced 	-current density calculated at
the DFT level for the two archetypal systems defining aro-
matic and antiaromatic carbocycles: benzene and planarized
cyclooctatetraene �COT�. Finally, extending the present ap-
proach to systems that represent both a computational chal-
lenge for ab initio theory and an interesting example of de-
localized magnetic response, we investigate the ring-current
response for o-benzyne in Sec. III C.

For O3, CO, PN, H2CO, and benzene, the calculations
are carried out at the experimental geometries40–44 in the
cc-pCVTZ basis. All electrons are correlated in the CCSD
relaxed density calculation, necessary for WY �CCSD�.

For the planarized COT molecule, the smaller cc-pVTZ
basis set is employed to facilitate the calculation of the

CCSD relaxed density matrix with a frozen core. For consis-
tency, all other calculations on this molecule employ the
same basis set. The B3LYP/cc-pVTZ D4h structure was used
throughout.

The o-benzyne molecule represents a challenging case as
discussed in Ref. 45, where it was observed that the sensi-
tivity of DFT magnetic properties to the details of the
exchange-correlation functional is greatly reduced if equilib-
rium geometries are employed for the chosen methods. Fol-
lowing this observation, we perform calculations for
o-benzyne with the cc-pCVTZ basis set at the optimized ge-
ometries. For the OEP�B3LYP� method, we use the B3LYP
optimized geometry �which is expected to be close to that
of the OEP evaluation, see Refs. 46 and 47�; for the
WY�CCSD� method, we use the experimental geometry of
Ref. 48.

For brevity in the figures, the OEP�B3LYP� and WY-
�CCSD� results will be labeled OEP and WY, respectively.

FIG. 1. Maps of current density in-
duced by a uniform magnetic field per-
pendicular to the molecular plane in
the O3 molecule. The induced current
is plotted on the molecular plane. Ori-
ented arrows describe the sense of cir-
culation of the electron probability
current density, with counterclockwise
�clockwise� current loops indicating
local diamagnetic �paramagnetic�
magnetization density. The maximal
modulus of the induced current den-
sity computed on the chosen grid jmax

�c a.u.� is reported on the top of each
map.
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A. Small molecular systems

Four small molecules for which the calculation of mag-
netic response at the HF level leads to poor results compared
with experiment and correlated ab initio methods are CO,
PN, O3, and H2CO. The isotropic shielding constants and the
three individual tensor components are listed in Table I for
the different methods used here. Also, we have included fully
correlated ab initio results for the isotropic shielding con-
stants together with experimental values.

As observed in Refs. 1 and 4, it can be immediately
noted from the values of the average shielding that HF
theory strongly exaggerates the paratropicity of the magnetic
response for these systems. This feature is partially corrected
by the hybrid functional B3LYP and the pure functional
BLYP, although neither method fully captures the balance
between paratropic and diatropic contributions to the re-
sponse. On the other hand, KT3, OEP�B3LYP�, and WY-
�CCSD� consistently improve the accuracy of the integrated

values, as is evident from the comparison with the best ab
initio and experimental results, by reducing the paramagnetic
contribution to this quantity.

An insight into this behavior is obtained by considering
the individual components of the shielding tensor. Except for
ozone, the average shielding is built up from two paramag-
netic components and one diamagnetic. Whereas the diamag-
netic component is relatively insensitive to the method em-
ployed, so that the HF results do not deviate substantially
from the DFT results, the two paramagnetic components are
much more sensitive. In ozone, all three components of the
central oxygen atom are paramagnetic at the DFT level,
while the out-of-plane component is diamagnetic at the HF
level. Thus, in DFT, the magnetic response appears to be not
only quantitatively but also qualitatively different from that
obtained within HF theory.

Although the observed trends in the magnetic response
of these difficult cases have been highlighted previously in

FIG. 2. Maps of the differences in the
current density induced by a uniform
magnetic field perpendicular to the
molecular plane in the O3 molecule.
�a�–�e� compare with the Hartree-Fock
results and �f� compares the two differ-
ent evaluations of the B3LYP
functional.
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the literature, it is interesting to investigate their signature on
the underlying HF and DFT current-density maps, which are
expected to provide a rationale for their physical origin.

1. The ozone molecule, O3

In Fig. 1, the HF and DFT maps of the current density
induced by a magnetic field perpendicular to the molecular
plane are presented for ozone. The current-density vector
field is represented as oriented arrows projected on the mo-
lecular plane. The current-density maps in the molecular
plane can be described in terms of three relatively large para-
tropic vortices centered on the oxygen nuclei, and two diat-
ropic circulations centered on the sigma bonds. In the HF
map �Fig. 1�a��, the central paratropic circulation is clearly
weaker than the outer ones. However, this difference is much
less pronounced within the DFT methods: the central parat-
ropic vortex grows in intensity going from HF to WY-
�CCSD� theory, whereas the outer paratropic circulations be-
come weaker �Figs. 1�b�–1�f��. The smallest value of the
maximal current plotted over the chosen grid �jmax� is ob-

tained with the WY�CCSD� method �Fig. 1�f��, which
thereby leads to the least paramagnetic results.

To improve clarity it is instructive to consider the current
density difference plots for each of the DFT methods relative
to Hartree-Fock, as presented in Figs. 2�a�–2�e�. For all of
the DFT methods, the central paratropic circulation is clearly
strengthened and the outer paratropic circulations are weak-
ened. The differences between the DFT methods are most
evident for the outer paratropic circulations. Of particular
note is the fact that for B3LYP, the weakening of the outer
paratropic circulations is much less pronounced than in the
OEP�B3LYP� case. Both of these calculations utilize the
same exchange-correlation energy functional form; however,
only the latter corresponds to a real Kohn-Sham method. The
difference between the two presented in Fig. 2�f� indicates
that moving from the standard evaluation to the OEP evalu-
ation, the central paratropic circulation is slightly strength-
ened while the outer circulations are weakened.

The current-density maps at the height of 1a0 �not
shown� exhibit a diatropic circulation delocalized over the

FIG. 3. Maps of current density for
the O3 molecule. �a�–�f� represent the
molecular response for a magnetic
field parallel to the molecular plane
and perpendicular to the molecular C2

axis, plotted on a plane containing the
central oxygen nucleus. �g�–�l� de-
scribe the response to a field parallel
to the C2 axis, plotted on a plane con-
taining the two end-oxygen nuclei.
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molecular framework, whose intensity does not vary signifi-
cantly with the method employed. The observed paratropic-
ity redistribution between outer and central oxygens �for all
DFT methods, especially KT3, OEP�B3LYP�, and WY-
�CCSD�� explains the sign change in the out-of-plane shield-
ing component of the central oxygen and the damped para-
magnetism of the same component for the outer oxygens.
The orbital origin of the paratropic circulations can be ratio-
nalized in terms of virtual transitions from the O–O � occu-
pied orbitals to the low-lying in-plane lp* on the oxygens,
which are magnetic dipole allowed, leading to paratropic
current-density contributions. The quantitative differences in
the current-density magnitudes in Fig. 1 arise from different
orbital-energy gaps, which are more accurate in the KT3,
OEP�B3LYP�, and WY�CCSD� approaches.

The maps for the current density induced by a magnetic
field oriented along the two independent in-plane directions
in Fig. 3 consist of very large paratropic circulations. Their
origin can again be explained in terms of magnetic dipole
allowed virtual transitions, this time from high-lying occu-
pied lone-pair orbitals to low-lying 	* virtual orbitals. Such
transitions are characterized by small energy gaps, explain-

ing the large magnitude of the induced paratropic currents.
As seen from the maximum modulus of the induced current
for the chosen grid reported in Fig. 3, this paratropicity is
strongly reduced in going from HF method to the B3LYP and
BLYP methods, and even more in the KT3, OEP�B3LYP�,
and WY�CCSD� methods, for which jmax is basically halved
with respect to HF theory. This quenching of a naturally
strong paratropic transition provides a rationalization for the
less negative in-plane components of the shielding tensors.

In general, although HF theory delivers a correct quali-
tative picture, the KT3, OEP�B3LYP�, and WY�CCSD�
methods offer an improved current density from a quantita-
tive point of view—for example, by integrating to more ac-
curate shielding constants. Since these conclusions apply to
all systems studied here, we report in the following only the
results of the best DFT methods—that is, the KT3,
OEP�B3LYP�, and WY�CCSD� methods—and the HF results
for comparison.

2. Linear molecules, CO and PN

The current density induced by a magnetic field perpen-
dicular to the internuclear axis of CO and PN is shown in

FIG. 4. Current-density maps for the
CO and PN molecules. The maps are
associated with a current induced by a
magnetic field perpendicular to the
molecular axis. The molecules are ori-
ented such that the heavier nucleus
points toward the bottom of the page.
The maps on the first and second rows
are plotted on a plane containing the
CO molecule �first row� and the PN
molecule �second row�. The maps re-
ported on the third and fourth rows are
plotted on a plane at 1a0 height from
the plane containing the CO molecule
�third row� and the PN molecule
�fourth row�.
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Fig. 4. For CO, the maps are characterized by two strong
paratropic circulations centered on the carbon and oxygen
nuclei �Figs. 4�a�–4�d��. The paratropicity arises from rota-
tionally allowed �-to-	* transitions. As seen from the jmax

values, the current magnitude decreases when going from HF
to KT3, OEP�B3LYP�, and WY�CCSD�. For PN in Figs.
4�e�–4�h�, all methods generate maps that can be described
in terms of a large paratropic current centered on nitrogen
and two concentric counter-rotating vortices centered on
phosphorus: the inner paratropic �not shown due to cutoff�
and the outer diatropic. Whereas nitrogen paratropicity origi-
nates from the �-to-	* transitions as in CO, the counter-
rotating currents arise from hybridization of the phosphorus
2s and 2p orbitals, thus producing a local diatropic �from the
2s core� and a local paratropic �from the 2p core� current-
density response. Again, the main difference between the
methods lies in the decreasing magnitude of the induced
paratropic currents when correlation is included. At the
height of 1a0, the current density is composed of a diatropic
circulation centered on the CO �Figs. 4�i�–4�l�� and PN

�Figs. 4�m�–4�p�� 	 bonds and of a paratropic circulation
above the carbon and nitrogen atoms, respectively. These
circulations are more than one order of magnitude weaker
than those in the plane containing the internuclear axis and
perpendicular to the inducing field.

3. The formaldehyde molecule, H2CO

In Fig. 5, we have plotted current-density maps of form-
aldehyde. The current for a magnetic field perpendicular to
the molecular plane plotted at the height of 1a0 �first column
of Fig. 5� consists of a diatropic circulation over the CO
double bond, shifted toward the more electronegative
nucleus. In the absence of paratropic features, little differ-
ence exists between HF and DFT approaches, although HF
diatropic current is slightly more intense than that obtained
from the DFT methods.

The central and right columns of Fig. 5 present maps of
the current density induced by a magnetic field lying in the
molecular plane, perpendicular �central column� and parallel

FIG. 5. Maps of current density in-
duced in the formaldehyde molecule
by a uniform magnetic field �i� perpen-
dicular to the molecular plane �first
column�, the current is plotted at 1a0

height, �ii� parallel to the molecular
plane and perpendicular to the C2 axis
�second column�, the current is plotted
on the plane containing the C2 axis,
and �iii� parallel to the C2 axis, the
current is plotted on the plane perpen-
dicular to the field and containing the
carbon nucleus.
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�right column� to the CO bond axis. All maps consist of two
intense paratropic circulations, the stronger one centered on
oxygen, the weaker on carbon. The strong paratropicity
originates from �-to-	* transitions. As observed for the pre-
vious systems, the paratropicity is overestimated at the HF
level, especially for the circulation centered about oxygen
�see Fig. 5�b��. This trend is clearly reflected in the �yy and
�zz values in Table I. From this table, it appears that the
B3LYP and BLYP functionals perform as poorly as or even
worse than the HF method.

B. Aromaticity and antiaromaticity on the ring-current
criterion: Benzene and COT

Induced current-density maps are useful in the investiga-
tion of the magnetic response of planar unsaturated mol-
ecules and curved carbon 	-networks.18–20,49 In these sys-
tems, such mapping helps in the detection of delocalized ring
currents. Not only does such a detection lead to a rational-
ization of observed anomalies in the proton NMR
spectra,13–15 it also provides a widely accepted criterion for

the definition of aromatic and antiaromatic molecules,
whereby an aromatic �antiaromatic� molecule is able to sus-
tain a global diatropic �paratropic� ring current when per-
turbed by a perpendicular magnetic field.14,16,17,19

Benzene and COT are the archetypical examples of aro-
matic and antiaromatic carbocyles, respectively. Hence, one
obvious issue to be addressed when assessing the perfor-
mance of DFT methods for the computation of the current-
density magnetic response concerns its ability to represent
the observed paramagnetic �diamagnetic� shifts affecting aro-
matic �antiaromatic� shielding constants in terms of global
diatropic �paratropic� ring currents. Moreover, as discussed
in Sec. II, the CTOCD-DZ or ipsocentric formulation of the
current-density response provides a clear and simple frontier-
orbital model for rationalizing the link between the observed
magnetic aromaticity and antiaromaticity of carbocycles, and
likewise the interplay between symmetry, angular-
momentum, and electron-count arguments.

In particular, a question to be asked when generalizing
the ipsocentric model to DFT is whether the frontier-orbital

TABLE II. HF and DFT shieldings in benzene, COT, and o-benzyne. Benzene and COT lie on the xy plane. The carbon atoms of o-benzyne are numbered
clockwise, beginning with the C1wC2 triple bond, and Hn is bonded to Cn. The out-of -plane direction is x.

C6H6 C8H8 C6H4
a

C1 H1 C1 H1 C1 C3 C4 H3 H4

�xx HF −66.6 23.8 −55.1 25.2 −61.9 143.0 171.2 21.4 21.6
B3LYP −71.5 22.9 −51.1 24.6 −85.0 108.9 152.1 21.2 21.9
BLYP −70.4 22.8 −47.6 24.6 −90.1 95.6 143.7 21.2 22.0
KT3 −44.4 23.6 −21.3 25.2 −62.3 105.1 156.2 21.1 22.1

OEP �B3LYP� −59.0 23.2 −37.0 24.9 −68.7 106.0 149.5 21.1 21.9
WY �CCSD� −46.0 23.4 −26.1 25.0 −89.7 103.3 154.9 20.6 21.5

�yy HF 43.1 27.5 75.9 29.8 143.6 0.0 −10.0 27.5 25.3
B3LYP 29.7 27.3 51.4 29.0 102.6 9.1 −21.1 27.1 24.5
BLYP 28.4 27.3 46.1 28.9 90.4 12.2 −23.9 29.6 24.3
KT3 47.2 27.0 66.5 28.9 105.1 35.8 2.0 27.9 24.5

OEP �B3LYP� 35.8 27.1 52.8 28.8 99.8 22.3 −12.1 27.4 24.4
WY �CCSD� 45.7 26.8 62.2 28.7 102.2 37.4 7.7 27.9 24.2

�zz HF 185.1 20.6 141.0 30.5 −121.7 34.8 −9.8 25.3 26.9
B3LYP 169.2 21.1 110.3 35.9 −87.2 22.6 −32.4 25.6 25.1
BLYP 163.5 21.3 101.1 37.3 −83.4 19.9 −36.1 25.6 24.6
KT3 171.3 20.9 110.5 37.4 −53.8 41.2 −9.2 25.6 25.5

OEP �B3LYP� 166.8 21.1 108.8 35.7 −69.4 28.8 −22.9 25.5 25.1
WY �CCSD� 171.1 21.0 118.2 34.1 −74.4 36.8 −1.0 24.8 25.6

�av HF 53.6 24.0 54.0 28.5 −13.3 59.3 50.5 24.7 24.6
B3LYP 42.5 23.8 36.9 29.9 −23.2 46.9 32.9 24.6 23.8
BLYP 40.5 23.8 33.2 30.2 −27.7 42.5 27.9 24.6 23.6
KT3 58.1 23.9 51.9 30.5 −3.7 60.7 49.7 24.9 24.0

OEP �B3LYP� 47.9 23.8 41.6 29.8 −12.8 52.4 38.1 24.7 23.8
WY �CCSD� 56.9 23.8 51.4 29.3 −20.6 59.2 53.9 24.4 23.8

CCSD 63.2b 1.3 67.6 59.0 24.6 24.2
Exp. 57.9c 24.2d 3.7 59.5 48.2 25.2 25.8

aCCSD and experimental results for o-benzyne from Ref. 11.
bCCSD�T� results from Ref. 55.
cFrom Ref. 56.
dFrom Ref. 57.
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arguments survive the transition to KS orbitals and orbital
energies. It has been shown that this is indeed the case for
B3LYP and PBE functionals,22 although the results obtained
in the previous sections have shown that, to correlate the
qualitative interpretation with numerical accuracy in DFT,
other functionals such as KT3 and the OEP�B3LYP� or WY-
�CCSD� methods should be applied.

We address these questions by calculating the 	-electron
ring-current response of benzene and COT and its orbital
decomposition for a magnetic field perpendicular to the mo-
lecular plane. The associated shielding tensors are presented
in Table II. In Fig. 6, the all-electron �first column�, total
	-electron �second column�, and doubly degenerate HOMO-
electron �third column� contributions to the induced current
density are plotted at a height of 1a0 from the molecular
plane. As expected on the basis of the ipsocentric orbital
model, hardly any difference is detectable between the
total-	 and 	-HOMO contributions in that both consist of a
global diatropic ring current, the signature of the magnetic
aromaticity of benzene. Hence, diatropic ring currents are

described in KS theory �as in HF theory� by dominant
frontier-orbital contributions that give rise to translationally
allowed transitions to low-lying virtual KS orbitals. More-
over, hardly any difference exists in the current-density mag-
nitude between the HF method and the DFT methods, a con-
firmation of the fact that correlation is important only if
paratropicity dominates the system. This fact is illustrated
explicitly in Figs. 8�a�–8�c� which display the current density
difference maps for the KT3, OEP, and WY methods.

In Fig. 7, the total 	-electron �first column�, 	-HOMO
�second column�, and doubly degenerate 	-�HOMO-1� con-
tributions to the total current density of COT are shown. In
agreement with the HF results, all DFT methods describe the
magnetic response in terms of a strong global paratropic ring
current, originating from the HOMO-to-LUMO rotationally
allowed transition and partially quenched by the �HOMO-1�-
to-LUMO translationally allowed transition, giving rise to a
diatropic �HOMO-1�-orbital current contribution. However,
at variance with the tendency of DFT to quench paratropic-
ity, the KS-HOMO paratropic ring current is systematically

FIG. 6. Maps of current density in-
duced by a perpendicular magnetic
field in the benzene molecule. The glo-
bal diatropic all-electron �first col-
umn�, 	-electron �second column�,
and HOMO-electron ring current is
plotted on a plane at 1a0 height from
the molecular plane.
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larger than that predicted by HF theory, giving a substantially
larger total 	 paratropic ring current as already observed by
Havenith and Fowler22 at the B3LYP and PBE levels of
theory. This trend is clearly seen in Figs. 8�d�–8�f� where the
current-density difference maps are presented for the total
	-electron densities from the KT3, OEP, and WY methods
relative to Hartree-Fock. We note that the WY�CCSD� re-
sults are characterized by a reduced strength of the induced
current with respect to conventional GGA and hybrid func-
tionals. The strength of the HOMO current correlates with
the inverse of the HOMO-LUMO gap, the latter being the
dominant paratropic transition in this system. Again, this is
clearly visible in Figs. 8�d�–8�f� where the paratropic ring
current is most enhanced relative to Hartree-Fock by the
KT3 functional, followed by the OEP and WY methods. This
trend reflects the increasing HOMO-LUMO gap from KT3
to OEP to WY. From a qualitative point of view, the predic-
tions of the ipsocentric orbital model about the direction and
orbital origin of the paratropic ring current characterizing
the magnetic antiaromaticity of COT are all met by the KS
methods.

C. A challenging aromatic system: o-benzyne

The o-benzyne molecule is a weak biradical with a rela-
tively low-lying triplet state �the experimental singlet-triplet
gap amounting to 37.5�0.3 kcal /mol at 298 K �Ref. 50��,
making it a challenging system for the study of NMR prop-
erties. The issue of its aromatic character has been the sub-
ject of a number of studies.

Jiao et al. investigated the aromaticity of o-benzyne us-
ing geometric, energetic, and magnetic criteria, concluding
that it is indeed aromatic and that the in-plane 	-bond in-
duces a small amount of bond localization resulting in an
acetylenic structure.51 The relative aromaticities of the o-,
m-, and p-benzyne isomers were studied by De Proft et al.,
their different criteria pointing to an increase of aromaticity
upon increasing distance of the biradicalar centers.52 For
o-benzyne, valence-bond calculations indicate a decrease in
the valence-bond resonance energy relative to the other iso-
mers, due to the fact that the triple-bond structure was sig-
nificantly more favored than the other structures considered
in the calculation.52 The NMR shielding tensor of the triple-

FIG. 7. Maps of current density in-
duced by a perpendicular magnetic
field in the planarized �D4h� cyclooc-
tatetraene �COT� molecule. The global
paratropic 	-electron �first column�,
HOMO-electron �second column�, and
�HOMO-1�-electrons ring current is
plotted on a plane at 1a0 height from
the molecular plane.
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bond carbon atoms was measured experimentally by Orendt
et al. in 1996 for the matrix-isolated compound.53 These au-
thors also showed that there is a large contribution of elec-
tron correlation to the components of the shielding tensor of
the triple-bond carbon atoms. Subsequent measurements
were presented by Warmuth.54

Helgaker et al. investigated the performance of DFT
methods in the calculation of nuclear shieldings and indirect
nuclear spin-spin coupling constants of o-benzyne and also
presented CCSD results for these quantities.45 These authors
also highlighted the influence of the geometry relaxation on
the computed NMR properties. In particular, the DFT shield-
ing constants were shown to improve consistently when
evaluated at the equilibrium geometry obtained with the
same DFT functional. It was concluded that the CCSD, HF,
and KT1 shielding constants were in reasonable agreement
with one another and with experiment; in the case of HF
theory, this was found to be due to cancellation of errors of
the in-plane components.

In Table II, we list the isotropic shielding constants and
the individual tensor components of o-benzyne. Also, we
have included the CCSD results from Ref. 45 and the experi-
mental values. Consistent with Ref. 45, KT3 gives shielding
constants fairly close to the CCSD and experimental results.
The B3LYP and BLYP functionals exaggerate the paratrop-
icity of the magnetic response. This is reduced in the KT3,
OEP�B3LYP�, and WY�CCSD� calculations. The hydrogen
shielding constants and their components are fairly constant
among the different functionals studied.

Figure 9 depicts maps of total �first column�, total 	
�second column�, and 	-HOMO �third column� ring current
computed at 1a0 from molecular plane. The total 	 contri-
bution is almost completely due to the contribution of the
two highest-lying 	 orbitals, derived from the benzene de-
generate e1g pair by symmetry lowering from D6h to C2v. For
all the DFT methods, these orbitals correspond to the
HOMO-1 and HOMO-2 orbitals, the HOMO being a � or-
bital formed by the overlap between the two in-plane p or-

FIG. 8. Maps of the differences in the
current density induced by a perpen-
dicular magnetic field for the benzene
and planarized �D4h� cyclooctatetraene
�COT� molecules relative to Hartree-
Fock. �a�–�c� are the differences for
the benzene molecule between the glo-
bal diatropic all-electron ring current
for each method and that for Hartree-
Fock. �d� and �e� are the differences
for the COT molecule between the
global paratropic 	-electron ring cur-
rent for each method and that for
Hartree-Fock.
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bitals �the triple bond�. In HF, a reordering of the orbitals in
the valence region occurs, the 	 orbitals being, in fact, the
HOMO and HOMO-1. As expected, the aromaticity derives
from the underlying benzene structure, although the 	 cur-
rent is somewhat stronger, in agreement with the analysis in
Ref. 52. The global current is a combination of this 	 current
combined with local diatropic contributions from the triple
bond. The magnitudes of the induced current densities, as
measured from their maximum values in the plane, are rela-
tively constant at all levels of theory.

IV. CONCLUSIONS

We have determined the induced current densities for a
range of molecules with several DFT methods, comparing
the results with those from HF theory. For the small mol-
ecules CO, PN, O3, and H2CO, the HF current densities ex-
hibit an exaggerated paratropicity. This is partially corrected
by the B3LYP and BLYP functionals, although the balance is
not quite correct, as seen on integration of the current densi-
ties to give nuclear shielding constants. The KT3 functional

improves upon the integrated values, reducing the paramag-
netic contribution, as visible in the current-density maps. The
DFT and HF current maps display some qualitative differ-
ences, the maximal current modulus indicating a reduction in
the paratropic current. The KT3 and OEP�B3LYP� calcula-
tions offer a good quantitative accuracy, comparable with the
more demanding WY�CCSD� calculations and with experi-
ment.

The benzene and COT molecules have been studied as
archetypal examples of aromatic and antiaromatic car-
bocycles. For the benzene molecule, the characteristic diat-
ropic ring current is insensitive to the choice of HF or DFT
methodology, highlighting the fact that correlation is only
important when paratropicity dominates. For COT, a strong
paratropic current is observed. In fact, the DFT methods pre-
dict a somewhat stronger paratropic ring current in COT than
does HF theory, in contrast to the quenching observed for
smaller molecules. It is notable that the WY�CCSD� calcula-
tions give the least enhancement. Finally, the o-benzyne mol-
ecule was considered as a computationally challenging case

FIG. 9. Maps of current density in-
duced by a perpendicular magnetic
field in the planar o-benzyne molecule.
The global diatropic all-electron �first
column�, 	-electron �second column�,
and HOMO-electron ring current is
plotted on a plane at 1a0 height from
the molecular plane.

074101-14 Soncini et al. J. Chem. Phys. 129, 074101 �2008�

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



owing to its biradical character. Its aromaticity derives from
its underlying benzene structure, and the calculated current
densities are relatively consistent for all methods.
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