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Density fitting is an important method for speeding up quantum-chemical calculations.
Linear-scaling developments in Hartree–Fock and density-functional theories have highlighted the
need for linear-scaling density-fitting schemes. In this paper, we present a robust variational
density-fitting scheme that allows for solving the fitting equations in local metrics instead of the
traditional Coulomb metric, as required for linear scaling. Results of fitting four-center two-electron
integrals in the overlap and the attenuated Gaussian damped Coulomb metric are presented, and we
conclude that density fitting can be performed in local metrics at little loss of chemical accuracy. We
further propose to use this theory in linear-scaling density-fitting developments. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2956507�

I. INTRODUCTION

In molecular electronic-structure theory, an essential step
is the evaluation of two-electron integrals over one-electron
basis functions, typically taken to be linear combinations of
atomic orbitals or other local or semilocal basis functions.
Examples of such semilocal basis functions are Gaussian-
type orbitals �GTOs� and Slater-type orbitals �STOs�. The
expansion coefficients are found by applying the variation
principle, which ensures that all first-order variations in the
energy with respect to the variations in the density are zero.
Although a finite basis-set expansion may introduce quite
large absolute errors, the variational property leads to high
accuracy in the calculated chemical properties.

In a similar fashion, the product of two such basis func-
tions may again be expanded in one-center auxiliary orbitals.
Such density-fitting or resolution-of-the-identity �RI� ap-
proximations are introduced to speed up calculations involv-
ing four-center two-electron integrals, the traditional bottle-
neck of ab initio and density-functional calculations. In
effect, the evaluation of four-center two-electron integrals is
replaced by the evaluation of two- and three-center two-
electron integrals and the solution of a set of linear equa-
tions. The speed-up resulting from this approach depends on
the system studied and the basis set used; typically, a
speed-up by a factor of 3–30 is observed.1 The auxiliary
basis sets introduced for density fitting are about three times
larger than the regular basis set, while the errors introduced
by the auxiliary basis are about two orders of magnitude

smaller than the errors introduced by the regular basis. In this
paper, we employ the auxiliary basis sets developed in
Refs. 2 and 3.

The next section gives an introduction to density fitting.
Next, in Sec. III, we present a robust variational scheme for
approximating four-center two-electron integrals in a non-
Coulomb metric, demonstrating how it can be used for the
two-electron Coulomb and exchange contributions appearing
in Hartree–Fock �HF� theory and Kohn–Sham �KS� density-
functional theory. Implementational details are given in
Sec. IV, whereas results are presented and discussed in
Sec. V. Section VI contains some concluding remarks.

II. DENSITY FITTING

Density fitting was introduced independently in the Cou-
lomb metric by Whitten4 and in the overlap metric by Baer-
ends et al.5 In Ref. 4, Whitten established bounds on indi-
vidual integrals, and later Jafri and Whitten6 applied density
fitting in self-consistent field �SCF� calculations, where indi-
vidual integrals are either fitted or calculated directly de-
pending on whether the predicted error in the fit is below a
certain threshold or not. In the paper by Baerends et al.,5 the
electron density ��r� is approximated by an expansion in
atom-centered auxiliary basis functions ���r�,

��r� = �
ab

Dab�a�r��b�r�

= �
ab

Dab�ab�r� � �̃�r�

= �
�

Naux

c����r� . �1�
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Here tilde denotes a density-fitted quantity, the Dab are the
matrix elements of the electron density expanded in the
atomic orbitals �AOs� �a�r�, �ab�r� is the product �overlap
distribution� between �a�r� and �b�r�, and c� are the fitting
coefficients. The fitted density �̃�r� is used to construct an
approximate Coulomb potential

VC�r1� =� ��r2�
r12

dr2 � ṼC�r1� =� �̃�r2�
r12

dr2, �2�

which is in turn used for the construction of the Coulomb
part of the Fock or KS matrix

J̃ab =� �ab�r�ṼC�r�dr =� �ab�r1�
1

r12
�̃�r2�dr1dr2. �3�

Baerends et al. obtained the fitting coefficients c� by mini-
mizing the fitting error

Dw = �� − �̃	w	� − �̃
 , �4�

in the overlap metric, w�r1 ,r2�=��r1−r2�. We here use the
notation

�f 	w	g
 =� f�r1�w�r1,r2�g�r2�dr1dr2. �5�

The fitted density is further constrained to conserve charge,

� ��r�dr =� �̃�r�dr = Ne, �6�

where Ne is the number of electrons, leading to the following
set of linear equations for the fitting coefficients

�
�

��	w	�
c� = �
cd

��	w	cd
Dcd + ���� , �7�

with the Lagrange multiplier

� =
Ne − ��������	��−1��	��

��������	��−1���
. �8�

We use the notation �f 	g���f 	1 /r12	g
,

�f 	g� =� f�r1�
1

r12
g�r2�dr1dr2 �9�

and

��� =� ���r�dr . �10�

The density-fitting scheme of Baerends et al. was further
developed by Dunlap et al.,7,8 who replaced the overlap op-
erator, ��r1−r2�, with the Coulomb operator, 1 /r12. In these
two papers, Dunlap et al. established that the Coulomb met-
ric is superior to the overlap metric, noting that the error in
the energy is about one order of magnitude smaller in the
Coulomb metric than in the overlap metric.

A. Linear-scaling density fitting

Density fitting offers significant speed-ups for the calcu-
lation of four-center integrals at little loss of accuracy. Re-
cent developments toward large systems have highlighted the
need for a linear-scaling density-fitting scheme. We note that

the fitting equations �Eq. �7�� in the Coulomb metric cannot
be solved straightforwardly for large systems, as the compu-
tational time scales cubically with system size. In this sec-
tion, we give a brief overview of different linear-scaling
density-fitting schemes presented in the literature. We first
discuss methods based on the spatial partitioning of electron
density; next, we consider methods based on the use of a
local metric.

The partitioning approach has been explored by several
authors;1,9–11 all of them effectively enforce sparsity of the
solved fitting equations in different ways. In the paper by
Gallant and St-Amant,9 the density is partitioned using
Yang’s scheme.12 Each of these densities is fitted separately
by including fitting functions within some predefined vicinity
of the density. The fitted density is further constrained to
preserve charge. The resulting errors are small, but the fitted
density is not variational and the procedure does not provide
a continuous potential energy surface. The same is true for
the method presented by Salek et al. in Ref. 10, although
here the energy is correct to second order.

In the partitioning approach by Fonseca Guerra et al.,11

the density is partitioned into diatomic densities, generated
by overlaps between basis functions centered on two atoms.
The diatomic densities are fitted in the overlap metric subject
to charge conservation. The resulting energy is neither varia-
tional nor correct to second order. It is worth noting that
STOs are used rather than GTOs and that the fitted density is
used to build an approximate Coulomb potential that is in-
cluded in the numerical evaluation together with the
exchange-correlation contribution.

In the partitioning approach known as local atomic den-
sity fitting �LADF� or atomic resolution of the identity
�ARI�, Sodt et al.1 partition the density into atomic regions
by localizing the individual product overlaps between two
basis functions to one of the two atoms that the basis func-
tions originate from. These atomic densities are fitted indi-
vidually by including fitting functions in some predefined
vicinity of the atom and by introducing a bump function on
the boundary to turn off smoothly which fitting functions to
include. The bump function is important in order for the
potential energy surface to be continuous. By including
first-order Dunlap corrections,13 the fitted energy is made
variational.

Of the above partitioning schemes, the LADF scheme
offers the most elegant and balanced way to obtain the fitted
density, although the bump function does represent an arti-
fact. Clearly, in all partitioning schemes, some cutoff scheme
must be adopted. A criticism of these partitioning schemes is
that impact of the fitting error on the calculated energies is
difficult to predict.

We now turn our attention to fitting methods based on
the use of a local metric.5,14,15 In the approach of Baerends
et al.,5 the electron density is fitted in the overlap metric,
giving errors one order of magnitude greater than in the Cou-
lomb metric.7 This result was confirmed by Vahtras et al.,14

who compare three different ways of fitting the four-center
integrals in the overlap metric to the corresponding fit in the
Coulomb metric. In the paper by Jung et al.,15 the expansion
coefficients obtained in the Coulomb metric, the overlap
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metric, and the complementary error-function attenuated
metric w�r1 ,r2�=erfc�	r12� /r12 are compared. The attenu-
ated metric bridges the Coulomb and the overlap metrics by
varying the value of the damping parameter 	. The coeffi-
cients obtained in the overlap metric decay more or less ex-
ponentially with distance, whereas the coefficients obtained
in the Coulomb metric decay more slowly at long distances.
For a one-dimensional test system studied in that paper, the
fitting coefficients decay as �r−1.25 in the Coulomb metric,
with a faster decay observed for two- and three-dimensional
systems. The authors further provide statistics on atomization
energies for the G2 benchmark set using RI second-order
Møller–Plesset perturbation theory in the cc-pVDZ basis, re-
porting errors six to seven times larger in the overlap metric
than in the Coulomb metric.

The scheme of Jung et al.15 is neither robust nor varia-
tional. In Sec. II D, we present an extended scheme that is
both robust and variational, providing an accurate and reli-
able linear-scaling density-fitting alternative to the LADF
scheme by Sodt et al.1

B. Density-fitting exchange

Density fitting was originally introduced to approximate
the full density ��r� and in this way accelerate Coulomb
evaluation. Similar methodology can be used in the exchange
part and is also here termed density-fitting or RI approxima-
tions.

The exact-exchange matrix is given by

Kab = �
cd

�ac	bd�Dcd = �
i

�ai	bi� . �11�

Subscript i here denotes an occupied molecular orbital �MO�

i�r�, expanded in AOs with coefficients Cai,


i�r� = �
a

Cai�a�r� . �12�

The density-matrix elements Dab are related to the MO
coefficients according to

Dab = �
i

CaiCbi
* . �13�

Density fitting of the exact exchange was introduced by
Weigend.2 In this paper, the exchange matrix of Eq. �11� was
approximated as

K̃ab = �
cd

�
��

�ac	����	��−1��	bd�Dcd

= �
cd

�
��

�ac	������	bd�Dcd, �14�

where the last step constitutes a transformation to an or-
thogonal auxiliary basis

����r� = �
�

���	��−1/2���r� . �15�

C. Linear-scaling density fitting of exchange

Linear-scaling aspects of density fitting in the evaluation
of exchange contribution were first considered by Polly
et al.16 The fitted exchange matrix,

K̃ab = �
i

�ai	��c�
bi, �16�

is computed in linear time. This is achieved using localized
orbitals �a�r� and 
i�r� that interact with auxiliary functions
���r� only in some local domain. Localization of the MOs is
achieved through the Pipek–Mezey localization.17 The
density-fitted exchange energy,

K̃ = �
ij

�
�

�ij	��c�
ij , �17�

is computed without use of local fitting domains. It is argued
that the fitted exchange energy depends sensitively on the
size of the fitting domains, whereas the optimized MO coef-
ficients do not—reported errors are in the microhartree
range. In effect the MOs are not optimized variationally, al-
though the energy is corrected through first order. It should
be noted that the final step of Eq. �17� does not scale linearly
with system size, i.e., without the use of local fitting
domains.

The ARI exchange method �ARI-K� of Sodt et al.18 is an
extension of the LADF or ARI approach of Ref. 1, applied to
the exchange rather than the Coulomb contribution. In this
approach, the product overlaps �ai�r� are approximated by
auxiliary basis functions ���r� in the local domain �A� near
the parent atom of AO �a�r�,

�̃ai�r� = �
���A�

c�
ai���r� , �18�

with

c�
ai = �

���A�
��	��A

−1��	ai� . �19�

As in the LADF scheme, continuity of the potential energy
surface is ensured by the use of individual inverses �� 	��A

−1

associated with the centers A �see Ref. 18 for details�. The
exchange matrix of Eq. �11� is further approximated accord-
ing to

K̃ab =
1

2�
i
 �

���A�
c�

ai��	bi� + �
���B�

�ai	��c�
bi� . �20�

We note that this approach is nonvariational, which is justi-
fied by reporting errors in energies using Eq. �20� that are
typically only twice those of regular density fitting of
exchange.

D. Local robust and variational fitting of four-center
integrals

Let us consider the robust and variational fitting of the
two-electron integrals �ab 	cd� in a general metric. We denote
the fitted overlap distributions and their �negative� errors by

�ab˜	 = �
�

c�
ab��	, ��ab	 = �ab	 − �ab˜	 , �21�

104101-3 Density fitting of four-center two-electron integrals J. Chem. Phys. 129, 104101 �2008�

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



	cd˜
 = �
�

c�
cd	�
, 	�cd
 = 	cd
 − 	cd˜
 . �22�

Following Dunlap,13 a robust integral fitting is given by

�ab	cd˜ � = �ab	cd˜� + �ab˜	cd� − �ab˜	cd˜�

= �ab	cd� − ��ab	�cd� , �23�

which is manifestly quadratic in the fitting errors. The fitting
coefficients c�

ab are obtained by minimizing the self-
interaction energy of the fitting errors,

Dabcd
w = ��ab	w	�cd
 , �24�

in a metric w, possibly different from the Coulomb metric,
leading to the linear equations

��ab	w	�
 = 0, ��	w	�cd
 = 0. �25�

These equations are sparse when local metric and basis func-
tions are used, allowing for an iterative solution in time pro-
portional to system size. To make the integral �Eq. �23��
variational in the fitting coefficients, we use Lagrange’s
method of undetermined multipliers, treating Eq. �25� as
constraints on the integral. Multiplying these constraints by
c̄�

ab and c̄�
cd and adding the resulting expressions to Eq. �23�,

we obtain

�ab	cd˜ � = �ab	cd˜� + �ab˜	cd� − �ab˜	cd˜� − �ab	w	�cd


− ��ab	w	cd
 , �26�

in the notation

�ab	 = �
�

c̄�
ab��	, 	cd
 = �

�

c̄�
cd	�
 . �27�

Differentiating Eq. �26� with respect to the fitting coefficients
and setting the result equal to zero, we obtain the following
linear equations for the multipliers:

�ab	w	�
 = ��ab	��, ��	w	cd
 = ��	�cd� , �28�

that must be solved to make the integrals variational in all
parameters. Because of Eq. �25�, these terms do not make a
contribution to the unperturbed integrals �Eq. �26��. How-
ever, they do become important for the calculation of mo-
lecular properties, as discussed in Sec. III, where we consider
the linear-scaling evaluation of the two-electron contribu-
tions to molecular gradients.

III. LOCAL FITTING OF COULOMB AND EXACT
EXCHANGE

The variational fitting of four-center integrals �Eq. �26��
can be applied to all ab initio methods. We here establish
explicit expressions for this approach applied to the two-
electron Coulomb and exact-exchange contributions in HF
and KS theories. The developed theory allows for linear
scaling robust variational density fitting of these two contri-
butions in local metrics. We further show how this theory
applies to molecular properties.

A. Coulomb energy and the Coulomb matrix

In the notation

	�
 = �
ab

Dab	ab
 , �29�

the Coulomb repulsion energy is given by

J =
1

2 �
abcd

Dab�ab	cd�Dcd =
1

2
��	�� . �30�

To obtain the corresponding expression with fitted integrals,

we replace the integrals �ab 	cd� by �ab 	cd˜� of Eq. �26� and
obtain

J̃ =
1

2 �
abcd

Dab�ab	cd˜ �Dcd = ��	�̃� −
1

2
��̄	�̄� − ��̄	w	��
 ,

�31�

where 	��
= 	�
− 	�̃
 and

	�̃
 = �
ab

Dab	ab˜
 = �
�

c�	�
, c� = �
ab

c�
abDab, �32�

	�̄
 = �
ab

Dab	ab
 = �
�

c̄�	�
, c̄� = �
ab

c�
abDab. �33�

In Eq. �31�, the last term vanishes by Eq. �25� but it is re-
tained to obtain a variational expression for the fitted two-
electron Coulomb repulsion energy, which is important for
the calculation of, for example, molecular gradients.

The Fock/KS matrix is the first derivative of the HF/KS
energy with respect to the density matrix elements. There-
fore, the two-electron Coulomb contribution to the Fock/KS
matrix, the Coulomb matrix, is given by

Jab = �J/�Dab = �ab	�� . �34�

We get the fitted Coulomb matrix by differentiation of the
approximate Coulomb repulsion energy of Eq. �31� or simply
by replacing the four-center integrals of Eq. �34� with the
approximate integrals �Eq. �26��, giving

J̃ab = �J̃/�Dab = �ab	�̃� + �ab˜	�� − �ab˜	�̃� , �35�

where we have omitted the w terms, which do not contribute.
The fitted Coulomb matrix can be calculated in linear time
by standard direct integral evaluation routines, using
Cauchy–Schwarz screening and the continuous fast multiple
method �see, for example, Ref. 19 and references therein�. A
linear-scaling implementation also requires that the coeffi-
cients c�

ab are determined as accurately as possible, with a
resource usage proportional to system size, as can be
achieved by solving Eq. �25� in a local metric.

B. Exchange energy and exchange contribution
to Fock/KS matrix

We now turn our attention to exchange. The exchange
energy is given as

K =
1

2 �
abcd

Dab�ac	bd�Dcd =
1

2�
ij

occ

�ij	ij� , �36�

where i and j denote the occupied MOs. Proceeding as for
the Coulomb energy, we obtain
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K̃ =
1

2 �
abcd

Dab�ac	bd˜ �Dcd

=
1

2�
ij

�2�ij	i j̃� − �i j̃	i j̃� − 2�ij	w	�ij
� , �37�

where we have introduced 	�ij
= 	ij
− 	i j̃
 and

	i j̃
 = �
�

c�
ij	�
, c�

ij = �
ab

c�
abCaiCbj , �38�

	ij
 = �
�

c̄�
ij	�
, c̄�

ij = �
ab

c̄�
abCaiCbj . �39�

As for the Coulomb energy �Eq. �31��, the last term in
Eq. �37� is zero but is retained since it contributes to gradi-
ents. The exchange matrix is the derivative of the exchange
energy �Eq. �36�� with respect to the density-matrix elements
Dab,

Kab = �K/�Dab = �
cd

�ac	bd�Dcd = �
i

occ

�ai	bi� . �40�

In the same manner as for the Coulomb energy, we obtain the
density-fitted expressions for the exchange energy and
matrix,

K̃ab = �K̃/�Dab

= �
cd

�ac	bd˜ �Dcd

= �
i

��ai	bi˜� + �aĩ	bi� − �aĩ	bi˜�� , �41�

where the notation for 	aĩ
 and 	ai
 is analogous to that of
Eqs. �38� and �39�. When the fitting coefficients c�

ai are ob-
tained in the Coulomb metric, the last two terms vanish to
give the expression of the fitted exchange matrix of Polly
et al.16 given by Eq. �16�.

The density-matrix elements couple basis functions on
the two electrons. This coupling, together with screening, is
exploited for insulators in the order-N exchange20 and in the
linear-scaling exchange21 �LinK� algorithms to achieve linear
scaling with system size in Eq. �40�. An alternative approach
is to use localized molecular orbitals �LMOs� �see Ref. 22
and references therein�. Linear scaling then follows by using
these LMOs and Cauchy–Schwarz screening since, provided
that the AOs �a and �b are sufficiently far away from each
other, a given LMO will not overlap with both AOs. To see
this, we apply the Cauchy–Schwarz inequality twice,

	�ai	bi�	 � ��ai	ai���bi	bi�

� ��
c

	Cci	��ac	ac����
c

	Cci	��bc	bc�� , �42�

where we have used

�ai	ai� = �
cd

CciCdi�ac	ad�

� �
cd

	Cci		Cdi	��ac	ac���ad	ad�

= ��
c

	Cci	��ac	ac��2
, �43�

and so on.
For insulators, linear-scaling density-fitted exchange-

matrix construction can be achieved in a local metric by
following the same arguments as for the regular exchange
matrix and by pretabulating which three-center Coulomb re-
pulsion integrals �ab 	�� �or �ai 	��� to calculate. First, we
note that, in a local metric, the number of fitting coefficients
c�

ab scales linearly with system size, as auxiliary basis func-
tions ���r� sufficiently far away from the product overlaps
�ab�r� do not contribute to the fitted product overlap

�̃ab�r�.15 Second, since Dcd couple basis functions on two
different electrons, �c�r1� and �d�r2�, we can neglect all in-
tegrals �ac 	bd� where the density-matrix elements become
sufficiently small for example, using Cauchy–Schwarz
screening

	�ac	bd�Dcd	 � ��ac	ac���bd	bd�	Dcd	 . �44�

Therefore, the fitted integrals �ac 	bd˜� of �ac 	bd� need only
be calculated whenever

��ac	ac���bd	bd�	Dcd	  � , �45�

for a given threshold �. For insulators, the density-matrix
elements decrease in magnitude with increasing distance,
which means, for instance, that �ac�r1� only interact with

�̃bd�r2� provided that �c�r1� and �d�r2� are within some fi-
nite distance of each other. As a result, �a�r1� and �b�r2�
must also be close to each other. The same argument applies

to the fitting functions since ���r2�, included in �̃bd�r2�, have
a limited extent from the center of �bd�r2�, from which

�̃bd�r2� originates. The combined effects of locality in the
density matrix and locality in the fit imply that the number of
contributing three-center integrals �ac 	�� scales linearly with
system size. The same argument holds for the two-center
integrals appearing in the last term of Eq. �41�.

C. Contributions to gradient

To conclude this section, we make a note on how to
achieve linear scaling for the exchange contribution when
calculating properties �such as the molecular gradient� that
involve explicit differentiation of the four-center integrals
�ac 	bd�. Let � denote some variable, for example, a nuclear
coordinate. Differentiation of the fitted exchange energy of
Eq. �37� with respect to � gives

dK̃

d�
= �

ab

Dab
� K̃ab + �

ab

DabK̃ab
� + �

ab

DabK̄ab
� , �46�

with
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Dab
� =

dDab

d�
�47�

and

K̃ab
� = �

cd
�

�

��ac��	��c�
bd + �

�

c�
ac���	�bd��Dcd, �48�

and the term including the Lagrangian multipliers

K̄ab
� = �

cd
�

�

��
ac����	w	�bd
 + ��	w	��bd��
��Dcd.

�49�

In the last two equations the superscript � denotes differen-
tiation with respect to �, so that, for example,

���	w	�bd
 =� d���r1�
d�

w�r1,r2���bd�r2�

− �̃bd�r2��dr1dr2. �50�

Linear scaling of the two first terms of Eq. �46� follows the
same arguments as for the undifferentiated case, whereas
linear scaling of the third term requires insertion of the
expression for the Lagrangian multipliers of Eq. �28�,

K̄ab
� = �

cd
�

��

��ac	����	w	�
−1����	w	�bd


+ ��	w	��bd��
��Dcd. �51�

Linear scaling can be achieved by letting the inverse
��	w	�
−1 matrix work to the right rather than the left—
thereby bypassing explicitly solving for the Lagrangian
multipliers.

IV. IMPLEMENTATION DETAILS

Figure 1 outlines the algorithm employed in this paper
for the construction of the fitted Coulomb and exchange ma-
trices following Eqs. �35� and �41�, respectively. To condi-
tion the linear set of equations optimally, we orthonormalize
the auxiliary basis functions—that is, we normalize in metric
w using g�

w=���	w	�
 and orthogonalize by multiplication of
the inverse square root of the auxiliary two-center integrals
Vw,

V�,�
w = ��	w	�
 . �52�

The inverse square root �Vw�−1/2 is obtained with the scheme
presented in Ref. 23. In the orthogonal basis ���
=������	w	��
−1/2, we thus have

FIG. 1. Outline of the algorithm employed for fitting
the Coulomb and exchange matrices in local metrics.
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V��,��
w = ���	w	��


= �
��

���	w	�
−1/2��	w	�
��	w	��
−1/2

= ���,��. �53�

The three center integrals are calculated using Cauchy–
Schwarz screening,

	��	w	ab
	 � gab
w g�

w, �54�

with

gf
w = ��f 	w	f
 . �55�

More specifically, we only calculate the three-center integrals
��	w	ab
 if gab� /g�

w for a given threshold �. Furthermore,
the three-center integrals are packed in triangular form to
exploit the symmetry of the integrals �a	w	ab
= ��	w	ba
. We
do not, in the current implementation, exploit the sparsity
obtained in a local metric, although, in Sec. V, we report this
sparsity for a selected system.

In the orthogonal basis, the fitting coefficients of
Eq. �25� reduce to the three-center integrals,

c��
ab = ���	w	ab
 . �56�

The construction of the fitted Coulomb and exchange matri-
ces, given by Eqs. �35� and �41�, respectively, follows
straightforwardly by contracting the fitting coefficients with
the three-center integrals ��� 	ab� and ��� 	���. However, to
speed up the construction of the fitted exchange matrix, we
first MO half-transform both the fitting coefficients,

c��
ai = �

b

c��
abLbi, �57�

and the three-center Coulomb repulsion integrals,

�ai	��� = �
b

�ab	���Lbi, �58�

using the localized Cholesky MO coefficients Lai obtained by
the incomplete Cholesky decomposition of the density
matrix,22

Dab = �
i

LaiLbi. �59�

A. Integral evaluation

In this subsection, we provide a brief overview on how
we evaluate the molecular integrals in the different metrics
w�r1 ,r2� used to determine the fitting coefficients of
Eq. �25�. Several general integration schemes are available in
literature �see, for instance, Ref. 24�. The current implemen-
tation is part of a development version of DALTON, in which
the McMurchie–Davidson scheme forms the basis for inte-
gral evaluation.25 In the McMurchie–Davidson scheme, the
product overlap distribution between two �spherical-
harmonic� basis functions is expanded in Hermite Gaussian
primitives �tuv

P �r�, according to

�ab�r� = �
tuv

Etuv
ab �tuv

P �r�, �tuv
P �r� =

�t+u+ve−prP
2

�Px
t �Py

u�Pz
v , �60�

with p=a+b, and P= �aA+bB� / p �see Ref. 24 for details�.
The two electron integral between two such overlap

distributions is, in metric w�r1 ,r2�, given by

�ab	w	cd
 =
2�5/2

pq�p + q
�
tuv

Etuv
ab

��
��


�− 1��+�+
E��

cd Wt+�,u+�,v+
��,RPQ� ,

�61�

with �= pq / �p+q� and where RPQ refers to the distance be-
tween the two overlap distributions. In this expression, only
the Hermite two-electron integral,

Wt,u,v��,RPQ� =
�t+u+vW��,RPQ�

�Px
t �Py

u�Pz
v , �62�

depends on the metric w�r1 ,r2� with, for example,

W��,RPQ� = �
F0��RPQ

2 � for w�r1,r2� = 1/r12

�/�2��exp�− �RPQ
2 � for w�r1,r2� = ��r1 − r2�

F0��RPQ
2 � − ��F0���RPQ

2 � for w�r1,r2� = erfc�	r12�/r12

�F0���RPQ
2 �exp�− �	RPQ

2 � for w�r1,r2� = exp�− 	r12
2 �/r12.

� �63�

Here �=	2 / ��+	�, �=� / ��+	�, F0�x� is the zeroth order
Boys function, and 	 is the attenuation parameter. The
Hermite two-electron integral Wt,u,v�� ,RPQ� can be found by
reccurence.24,26 Note that for both the attenuated Coulomb
metrics of Eq. �63�, the complementary error-function
Coulomb metric erfc�	r12� /r12, and the Gaussian damped

Coulomb metric exp�−	r12
2 � /r12, we retain the Coulomb in-

tegrals in the limit 	→0, whereas in the limit 	→�, we get
scaled overlap integrals �with prefactors � /	2 and 2� /	,
respectively�. Also note that the auxiliary basis functions
used for density fitting may, similarly to the expansion of the
overlap distributions Eq. �60�, be expanded in Hermite
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Gaussians. Therefore, the arguments given in this subsection
also apply to two-electron integrals involving auxiliary basis
functions. Finally note that to speed up the integral evalua-
tion, we use Hermite instead of Cartesian primitive functions
for the auxiliary basis functions according to Ref. 27.

V. RESULTS AND DISCUSSION

To assess the presented method with respect to accuracy,
we shall now examine the errors introduced in the calculated
energies, atomization energies, and reaction enthalpies for a
set of test systems. We demonstrate that local density fitting
can be applied to molecular energies, at little cost of accu-
racy. We also take a look at energy differences, presenting
results for both atomization energies and reaction enthalpies.
The errors in energy differences are more sensitive than the
errors in molecular energies when making the transition from
Coulomb to overlap density fitting. Although the density-
fitting errors are still small, compared to, for example, orbital
basis-set errors, the somewhat larger errors for energy differ-
ences may constitute a criticism of the presented method. We
therefore discuss these issues in greater detail. We finally
make a note on computation performance as well as on the
sparsity for different screening thresholds.

A. Molecular errors

Figures 2 and 3 display the effect of attenuation on
Coulomb, exchange, and total energies at different levels of
attenuation 	. Results are for the benchmark set of Ref. 28 at
the B3LYP/cc-pVTZ�df-pVTZ� and B3LYP/6-31G�df-def2�

levels of theory. The auxiliary basis sets used for density
fitting are given in parentheses; df-pVTZ is the triple-zeta
valence plus polarization basis set of Ref. 2 and df-def2 is
the standard “RI-JK auxiliary basis set” of Ref. 3. Mean
errors in the Coulomb �J, exchange �K, and total energies
�E for the full benchmark set are plotted together with the
corresponding standard deviations, maximum errors, and
minimum errors. The plots were obtained using the Gaussian
damped Coulomb metric exp�−	r12

2 � /r12. The limit of a
small 	 corresponds to Coulomb fitting, while a large attenu-
ation factor 	 approaches overlap fitting. Concerning the
choice of a local metric, we note that the performance of the
Gaussian and error-function damping is similar with respect
to size of the errors. Since Gaussian damping gives rise to
more sparsity, it is recommended over error-function damp-
ing for large systems.

Inserting Eq. �23� into Eqs. �31� and �37�, we obtain

J̃ = J + �J = J − 1
2 ���	��� , �64�

K̃ = K + �K = K −
1

2�
ij

��ij	�ij� , �65�

and conclude that the density-fitting errors in the Coulomb
and exchange energies are both negative. The sign of the
total fitting error �E=�J−�K therefore depends on the rela-
tion between the Coulomb �J and the exchange �K errors.

In the B3LYP calculations examined here, the density-
fitting error in the Coulomb contribution is larger than the
error in the exchange contribution. In Hartree–Fock calcula-

FIG. 2. Average value and standard deviations for the fitting errors in
Coulomb �J, exchange �K, and total energy �E as computed for the bench-
mark molecule set as a function of varying attenuation strength 	. The
basis-set combination cc-pVTZ�df-pVTZ� was used. Errors are computed
per nonhydrogen atom, and results were obtained using the Gaussian
damped Coulomb metric exp�−	r12

2 � /r12. Maximal and minimal deviations
are marked with bars.

FIG. 3. Average value and standard deviations for the fitting errors in
Coulomb �J, exchange �K, and total energy �E as computed for the bench-
mark molecule set as a function of varying attenuation strength 	. The
basis-set combination 6-31G�df-def2� was used. Errors are computed per
nonhydrogen atom, and results were obtained using the Gaussian damped
Coulomb metric exp�−	r12

2 � /r12. Maximal and minimal deviations are
marked with bars.
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tions, where the contribution from exact exchange is five
times larger than in the B3LYP calculations, the exchange
error is two to three times larger than the Coulomb error.
Since the Coulomb and exchange errors are both negative,
the total error is never larger than the error in one of the
contributions. As seen from Figs. 2 and 3, attenuation in-
creases the molecular fitting errors but never by more than
50%. Since the fitting errors are much smaller than the basis-
set error, we conclude that attenuated local fitting can be
used instead of Coulomb fitting, in molecular calculations,
without adversely affecting the resulting total energies.

B. Atomic errors

In this section we address both atomic and atomization
density-fitting energies. These two quantities are more sensi-
tive than molecular energies to the transition from Coulomb
to overlap density fitting. We attribute this to an auxiliary
basis-set superposition error.

In Fig. 4, we have plotted the density-fitting error as a

function of attenuation parameter 	 for the atoms in the
benchmark set.28 Clearly, the atomic calculations behave dif-
ferently from the molecular ones. In the atomic calculations,
the transition from the Coulomb to the overlap metric in-
creases the fitting error by up to a factor of 8. Moreover, the
atomic errors do not increase monotonically as we approach
the overlap metric. Instead, the largest fitting error occurs for
some intermediate value of 	. Clearly, the attenuation error
depends strongly on the auxiliary basis set.

In molecules, auxiliary basis functions on neighboring
atoms help to lower the fitting error. These additional func-
tions are unavailable in atomic calculations, giving an unbal-
anced description of atomic and molecular systems and an
associated basis-set superposition error �BSSE� in the ener-
gies. The BSSE can, at least to some extent, be corrected for
by application of the counterpoise �CP� correction of Ref. 29.

In the case of density fitting such a BSSE effect would
be prominent due to limited flexibility of the auxiliary basis
set. To examine the BSSE associated with the auxiliary basis
set, we have applied the CP correction to atomization-energy
calculations on N2 and CO. The results in Table I show that
auxiliary BSSE is more prominent in the overlap metric than
in the Coulomb metric. In the Coulomb metric, the CP cor-
rection has little effect on the atomization energies, whereas
overlap density-fitting errors are reduced from
46 to 26 �hartrees for N2 and from 52 to 1 �hartree for CO.
Clearly, the latter value is an example of a fortuitous cancel-
lation of errors.

FIG. 4. Total density-fitting error �E obtained for hydrogen, carbon, nitro-
gen, oxygen, and chlorine atoms at B3LYP density-functional level as a
function of Gaussian attenuation strength 	. Top panel displays the fitting
error obtained for 6-31G�df-def2� basis-set combination—bottom panel for
cc-pVTZ�df-pVTZ� combination. Error for hydrogen and 6-31G�df-def2�
combination was scaled down five times.

TABLE I. Errors in atomization energies ��hartree� arising from Coulomb
and overlap density fitting for N2 and CO at the B3LYP/cc-pVTZ�df-pVTZ�
level of theory, with and without use of the CP correction. The calculations
have been carried out at the experimental bond distances of 109.768 pm for
N2 and 112.8323 pm for CO.

Molecule

Coulomb Overlap

No CP CP No CP CP

N2 21 20 46 26
CO 22 20 52 1

FIG. 5. Variation of the total density-fitting error �E
with the attenuation parameter 	 for the N2 molecule
and the N atom at B3LYP/cc-pVTZ�df-pVTZ� level of
theory. The experimental bond length of 109.768 pm
was used for N2. Results were obtained using the
Gaussian damped metric exp�−	r12

2 � /r12. The atomic
calculations labeled “ghost fitting” involve regular �or-
bital� basis functions for one of the atoms and auxiliary
basis functions at the positions of both atoms.
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Figures 5 and 6 show the B3LYP/cc-pVTZ�df-pVTZ�
density-fitting errors at different levels of attenuation for the
two molecules, as well as atomic energies calculated with
and without ghost fitting functions at the positions of the
bonding partners. The atomic fitting errors are reduced sub-
stantially once the flexibility of the auxiliary basis set is en-
hanced. In particular, for the oxygen atom, the ratio between
the overlap and Coulomb density-fitting errors is reduced
from 7.7 to 2.7 when the ghost fitting functions are included.
Moreover, with ghost functions in the atomic calculations,
the dependency of the fitting errors of the attenuation param-
eter is less pronounced, as seen from the reduced slope of the
corresponding curves in Figs. 5 and 6.

In summary, the BSSE is more pronounced in the attenu-
ated and overlap metrics than in the Coulomb metric. How-
ever, we note that the auxiliary basis set used in this inves-
tigation were optimized with respect to density fitting in the

Coulomb metric. The use of auxiliary basis sets optimized in
the overlap metric may reduce the BSSE. However, even
with the standard auxiliary basis sets used here, the density-
fitting error is small compared with the orbital basis-set error.

C. Reaction energies

From a chemical point of view, relative energies are
more important than total energies. To obtain reliable reac-
tion energies for a given method, the errors of products and
reactants must be balanced. We tested our approach on 11
reaction energies �A–K� at the B3LYP/6-31G�df-def2� level
of theory �see Table II�. The test set includes isomerization
reactions �A–C�, bond-breaking reactions leading to closed-
shell species �D–G�, and bond-breaking reactions leading to
open-shell species �H–K�. The geometries for all species

FIG. 6. Variation of the total density-fitting error �E
with the attenuation parameter 	 for the CO molecule
and the C and O atoms at B3LYP/cc-pVTZ�df-pVTZ�
level of theory. The experimental bond length of
112.8323 pm was used for CO. Results were obtained
using the Gaussian damped metric exp�−	r12

2 � /r12. The
atomic calculations labeled “ghost fitting” involve regu-
lar �orbital� basis functions for the atom in question and
auxiliary basis functions at the positions of both atoms.

TABLE II. Densit-fitting errors �E ��hartree� of reaction energies for reactions A–K in the overlap and
Coulomb metris. Also listed are the sum of the density-fitting error of the reactants �Ereac and of the products
�Eprod. Calculations were carried out at the B3LYP/6-31G�df-def2� level of theory.

�E �Ereac �Eprod

Over. Coul. Over. Coul. Over. Coul.

A: C12H12 �1� →C12H12 �2� 66 17 −268 −144 −202 −127
B: C12H12 �1� →C12H12 �3� 13 25 −268 −144 −254 −119
C: �CH3�3CC�CH3�3 →n−C8H18 −33 −21 −113 −103 −146 −124
D: n−C6H14+4 CH4 →5 C2H6 37 3 −287 −199 −250 −195
E: n−C8H18+6 CH4 →7 C2H6 59 5 −410 −280 −350 −273
F: adamantane →3 C2H4+2 C2H2 −90 −8 −132 −117 −222 −125
G: bicyclo�2.2.2�octane →3 C2H4+C2H2 −63 −8 −133 −101 −195 −109
H: CH3OCH3 →CH3O+CH3 29a 4b −101c −59d −72e −55f

I: CH3OCH2CH3 →CH3O+CH2CH3 18a 4b −104c −70d −87e −66f

J: CH3OCH�CH3�2 →CH3O+CH�CH3�2 22a 4b −121c −83d −99e −78f

K: CH3OC�CH3�3 →CH3O+C�CH3�3 34a 10b −135c −95d −100e −85f

a�E using cc-pVTZ�df-pVTZ� for H, I, J, K: 18, 17, −0.4, and −6, respectively.
b�E using cc-pVTZ�df-pVTZ� for H, I, J, K: −3, −0.4, 3, and 4, respectively.
c�Ereac using cc-pVTZ�df-pVTZ� for H, I, J, K: −61, −72, −71, and −71, respectively.
d�Ereac using cc-pVTZ�df-pVTZ� for H, I, J, K: −31, −39, −47, and −53, respectively.
e�Eprod using cc-pVTZ�df-pVTZ� for H, I, J, K: −43, −54, −71, and −77, respectively.
f�Eprod using cc-pVTZ�df-pVTZ� for H, I, J, K: −34, −39, −44, and −49, respectively.
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were taken from Ref. 30. Figure 7 shows the three isomers
1–3 of C12H12 considered in reactions A and B.

The absolute values of the overlap density-fitting errors
of the reaction energies are between 13 and 90 �hartrees, to
be compared with the Coulomb density-fitting errors be-
tween 3 and 25 �hartrees. Moreover, the fitting errors in
reaction energies are typically one order of magnitude
smaller than the total fitting errors of the products and reac-
tants. A comparison of the fitting errors in the overlap and
Coulomb metric reveals that both approaches differ less for
isomerization reactions than for bond-breaking reactions, as
expected from the interpretation that the fitting error in the
overlap metric suffers from BSSE. A reduction in the abso-
lute value of the fitting error is observed when switching
from the small 6-31G�df-def2� to the large cc-pVTZ�df-
pVTZ� basis set. The very small overlap fitting errors for
reaction I �0.4 �hartree� and the Coulomb fitting error for
reaction J �−0.4 �hartree� at B3LYP/cc-pVTZ�df-pVTZ�
level of theory arise from error cancellation.

To test for auxiliary BSSE, we corrected the interaction
energies of H, I, and K at the B3LYP/cc-pVTZ�df-pVTZ�
level of theory by applying the CP correction. Interaction
energies are defined as the difference between a molecular
energy and the sum of the fragment energies with the frag-
ments at the same geometries as in the molecule. Interaction
energies thus differ from reaction energies in that the frag-
ment geometries are not relaxed.

For reactions H and I, the fitting errors in the overlap
metric of the resulting CP-corrected interaction energies are
reduced from 18 to 0.6 �hartree and from 17 to
−2 �hartree, respectively. By contrast, for reaction K, the
fitting error increases slightly in magnitude, from 11 to
−14 �hartree, when the CP correction is included. Thus,
when density fitting is performed in the overlap metric, the
auxiliary BSSE clearly influences the quality of reaction en-
ergies, in agreement with the discussion of the atomization
energies. We stress that specifically tuned auxiliary basis sets
are expected to reduce the effect of BSSE. Even with the
auxiliary basis sets used here, the absolute error in the reac-
tion energies because of density fitting in the overlap metric
does not exceed 90 �hartrees.

D. Timings and sparsity

The purpose of this paper is mainly to show that it is
possible to perform density fitting in local metrics rather than
than in nonlocal Coulomb metric. However, to illustrate that
this method is indeed practicable; we present some timings
and sparsity results.

As is well known, the application of integral fitting to
the calculation of Coulomb and exchange matrices provides
a dramatic speed-up of the calculations. Table III contains
timings for a B3LYP/cc-pVTZ�df-pVTZ� calculation on
naphthalene, with and without density fitting, using a devel-
opment version of DALTON.31 The calculation was carried out
on a 2200 MHz SUN X2200 AMD Opteron machine, and the
code was compiled with ifort 9.0 linked with mkl-libraries
�version 8.1�. For both Coulomb and exchange matrices, the
evaluation is accelerated by almost a factor of 30. The ini-
tialization step of 269 s consists of the following main con-
tributions: three-center integral evaluation �ab 	�� �89 s�, cal-
culation of the inverse square root �� 	��−0.5 �12 s�, and
transformation to the orthonormal basis �164 s�. The remain-
ing 5 s consists of calculating g�

w=��� 	��, gab
w =��ab 	ab�,

and, after renormalization of the auxiliary basis, the �� 	��
integrals.

Table IV lists the sparsity of two- and three-center inte-
grals for acene �n=5� of Ref. 28, in the Coulomb and the
overlap metrics. Sparsity is listed at different screening
thresholds ���. Also listed are the ratios between the number
of integrals in the overlap and Coulomb metrics. The num-
bers of significant two- and three-center integrals are reduced
by a factor of 3–4 in the overlap metric compared to the
Coulomb metric. The fitting coefficients c�

ab as obtained in
the overlap metric show only a slow onset of sparsity in the
nonorthogonal auxiliary basis, reducing the number of sig-
nificant fitting coefficients in the overlap metric by 5%–14%,
for thresholds in range of 10−10–10−6 hartree. In the orthogo-
nal basis, the sparsity in the fitting coefficients c��

ab is main-
tained, reducing the number of significant fitting coefficients
by 20%–58%.

TABLE III. Timings for a complete HF/cc-pVTZ�df-pVTZ� calculation of
the naphthalene molecule. The calculation converged in 14 SCF iterations.

Method Initialization �s�
Coulomb

�s/iter�
exchange

�s/iter�

J-engine+LinK 408 1394
Coulomb and exchange fitting 269 1.2 33.1

TABLE IV. Sparsity of fitting integrals in the overlap and Coulomb metrics
at different thresholds � for the acene-5 molecule of Ref. 28 in the
cc-pVTZ�df-pVTZ� basis. Also listed is the ratio between the sparsities of
the overlap and Coulomb integrals. The prime on the auxiliary basis-set
index denote an orthogonal basis.

Integral �=10−10 �=10−8 �=10−6

�� 	�� 52% 52% 47%
���
 16% 14% 11%
Ratio ���
 / �� 	�� 0.31 0.27 0.23

�ab 	�� 26% 21% 15%
�ab�
 7.5% 5.4% 3.2%
c�

ab= �ab�
���
−1 25% 20% 13%
Ratio �ab�
 / �ab 	�� 0.29 0.25 0.22
Ratio c�

ab / �ab 	�� 0.95 0.93 0.86

�ab 	��� 26% 21% 15%

c��
ab = �ab��
 21% 14% 6.4%

Ratio �ab��
 / �ab 	��� 0.80 0.64 0.42

FIG. 7. Structures of three different isomers of C12H12: 1, 2, and 3.

104101-11 Density fitting of four-center two-electron integrals J. Chem. Phys. 129, 104101 �2008�

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



VI. CONCLUSIONS AND OUTLOOK

In this paper, we have studied the variational density-
fitting technique for the calculation of Coulomb and ex-
change matrices, with emphasis on the locality of the fitting
metric. Such local metrics yield a sparse linear set of equa-
tions for the fitting coefficients, allowing for their determi-
nation in time proportional to the system size. We have
shown that local metrics can be chosen such that the accu-
racy of the calculation does not suffer as demonstrated by
our test implementation. In the derivation of the formulas,
we have paid special attention to aspects of density fitting
relevant for property calculations �variation principle, etc.�.
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