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A self-consistent field �SCF� London-orbital computational scheme to perform gauge-origin
independent nonperturbative calculations for molecules in strong magnetic fields is presented. The
crucial difference in the proposed approach with respect to common-origin finite-field SCF
implementations consists in the evaluation of molecular integrals over the field-dependent molecular
basis functions, which is tantamount to computing molecular integrals in a hybrid Gaussian and
plane-wave basis set. The implementation of a McMurchie–Davidson scheme for the calculation of
the molecular integrals over London orbitals is discussed, and preliminary applications of the newly
developed code to the calculation of fourth-rank hypermagnetizabilities for a set of small molecules,
benzene, and cyclobutadiene are presented. The nonperturbative approach is particularly useful for
studying the highly nonlinear response of paramagnetic closed-shell systems such as boron
monohydride, or the �-electron response of cyclobutadiene. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2996525�

I. INTRODUCTION

Investigations of the properties of nanosystems in strong
magnetic fields represent an important area of research in
condensed matter and molecular physics. On the one hand,
small systems such as molecules in strong magnetic fields
naturally give rise to a rich phenomenology that can be ex-
plained in terms of pure quantum effects. As a matter of fact,
molecules with unpaired electrons provide neat and thor-
oughly investigated examples of systems whose response to
strong magnetic fields is dominated by quantum effects.1–3

On the other hand, in closed-shell systems, the effectiveness
of the �purely orbital� magnetic interaction is proportional to
the magnetic flux so that the larger the system, the richer the
nature of its response to experimentally attainable external
magnetic perturbations. It is therefore an accepted paradigm
that closed-shell molecules display a relatively small
temperature-independent diamagnetism and paramagnetism.4

Strong magnetic fields have been shown to affect signifi-
cantly the band structure of extended systems, for which the
energy scale of the magnetic interaction becomes compa-
rable to that of the relevant electronic energy gaps.5,6 How-
ever, the limit of experimentally attainable magnetic field
strengths has been significantly increased in the past decade.
Indeed, measurements in pulsed magnetic fields as high as
60 T have recently appeared in literature,5 fostering the pros-
pect of reaching field strengths of up to 100 T. This scenario
implies that the critical size of the �closed-shell� systems that
are expected to display interesting magnetic quantum behav-
ior in strong fields is entering the �macro�molecular domain.
Semiconducting carbon nanotubes and graphene nanoribbons
and flakes are examples of systems whose conducting prop-
erties can be greatly influenced by strong magnetic fields,6–9

and both from an experimental point of view10–12 and from a
quantum-chemical perspective,13–15 are approaching the bor-
der between large molecules and small nanostructures.

The appearance of pure quantum effects due to energy-
level crossing in strong fields for graphene nanoribbons has
been predicted by means of model calculations within the
screened nuclei approximation with magnetic field,16,17

which uses one basis function per carbon atom and ignores
the bielectronic interaction potential. It is evident that the
extension of these preliminary investigations via the devel-
opment of all-electron quantum-chemistry methods for the
nonperturbative investigation of molecules in strong mag-
netic fields is a highly desirable task.

Although some efforts in this direction have been made
using plane waves for periodic infinite systems18 and using
grid methods for finite systems,19 very few works have ap-
peared in literature concerning ab initio methods for the cal-
culation of nonlinear magnetic properties of generic mol-
ecules using atom-centered basis functions. Several works
concerning Hartree–Fock calculations based on quadratic re-
sponse theory have been published, reporting on nonlinear
magnetic response properties of closed-shell molecules such
as fourth-rank hypermagnetizabilities,20–24 as well as
magnetic25 and electric nuclear hypershieldings.26 The non-
linear ring-current response of aromatic and antiaromatic
carbocycles was first investigated via finite-field Hartree–
Fock calculations in Ref. 27. However, there is one major
drawback common to all ab initio atom-centered calculations
of nonlinear magnetic properties discussed so far: they are all
based on common-origin implementations of self-consistent
field �SCF� perturbation theory in a magnetic field. They are
therefore strongly affected by basis-set convergence prob-
lems due to the gauge-origin dependence of this approach,28

giving reliable results only for very large basis sets.a�Electronic mail: alessandro.soncini@kjemi.uio.no.
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It is the purpose of this work to introduce an ab initio
SCF method capable of gauge-origin invariant nonperturba-
tive calculations using London orbitals in arbitrarily strong
magnetic fields. A London orbital is a product of a Gaussian-
type orbital �GTO� and a plane wave, where the wave vector
is given by the magnetic vector potential in the cylindrical
Coulomb gauge evaluated at the center of the GTO.29

London orbitals have been used by the quantum-chemical
community for a long time to formulate gauge-origin inde-
pendent methods for the calculation of magnetic response
properties30,31 and represent the most efficient technique to
obtain accurate magnetic response properties with finite basis
sets.28 However, with the exception of work concerning very
small systems such as H2 and Li in strong fields,32–34 all
methods based on London orbitals appeared so far in litera-
ture are based on the response formalism, which leads to
analytical derivatives evaluated at zero field. Hence, to date,
it has rarely been necessary to compute molecular integrals
over GTOs including magnetic field-dependent plane-wave
factors. By contrast, such integrals are at the very basis of the
hereby proposed implementation of a finite-field SCF
scheme using London orbitals, making this approach differ-
ent from the common-origin finite-field approximation.27

In Sec. II, we discuss the generalized McMurchie–
Davidson scheme35 we have implemented to compute mo-
lecular integrals over a set of hybrid Gaussian and plane-
wave basis functions, where the plane waves are London
gauge factors. In Sec. III A, we present preliminary applica-
tions to finite-field calculations of fourth-rank hypermagne-
tizabilities using London orbitals for small diamagnetic mol-
ecules and for benzene, comparing with literature results
obtained in the common-origin approximation. In Sec. III B,
we discuss preliminary applications of the code to paramag-
netic closed-shell systems with very large nonlinear
magnetic response. Finally, we draw some conclusions in
Sec. IV.

II. MOLECULAR INTEGRALS OVER LONDON
ORBITALS

Hybrid Gaussian and plane-wave two-electron molecular
integrals can be computed in the same manner as integrals
over pure Gaussians, except that complex arguments must be
used in the Boys function.36,37 A hybrid Gaussian and plane-
wave strategy was proposed by Louie et al.38 for d-electrons
in metals, although the relevant integrals were computed
with an approximate Fourier-grid procedure. Ohno et al.39

extended this scheme to all-electron calculations, using
numerical atom-centered basis functions.

To the best of our knowledge, there are four different
approaches in literature concerning general schemes for ana-
lytical evaluation of molecular integrals over hybrid Gauss-
ian and plane-wave basis sets. The first is based on the
Obara–Saika scheme,34,40 the second on the Rys quadrature
scheme,41 the third on the McMurchie–Davidson scheme,42

whereas the fourth is based on recurrence relations for Lon-
don orbitals at a nonzero field within the accompanying co-
ordinate expansion scheme.43 However, all existing applica-
tions of these schemes have been restricted to atoms and H2

such as in Refs. 32–34.

Also, within the McMurchie–Davidson scheme, the
London-orbital case has not been discussed, and none of the
proposed schemes appear to have been implemented in
general quantum-chemistry codes for molecular calculations
using London orbitals and strong fields.

A. The McMurchie–Davidson scheme

A primitive unnormalized London orbital can be written
as

�a�r,A� = Ga�r − A�e−ika·r, �1�

where Ga�r−A�= �x−Ax�la�y−Ay�ma�z−Az�nae−a�r − A�2
corre-

sponds to the usual definition of a primitive Cartesian Gauss-
ian function centered at A with exponent a, and ka= 1

2H
�A is the k vector of the London plane wave, which de-
pends on both the position of the center A and on the exter-
nal magnetic field H. Let us start by defining a magnetic
field-dependent overlap distribution �OD�—that is, a general
product rule between two London orbitals �a and �b. As in
the usual Gaussian case, the product of two London orbitals
is a new London orbital,

�a�r,A��b�r,B� = �ab
k1�rP� = exp�− ik1 · r��ab�rP� , �2�

where k1=kb−ka, rP=r−P, and �ab�rP� correspond to the
usual definition of OD �Refs. 35 and 44� with center P
= �aA+bB� / p and exponent p=a+b. Next, as in the standard
McMurchie–Davidson scheme,35 we introduce magnetic
field-dependent Hermite Gaussian �HG� functions �tuv

k1 �rP�,
which will be used to expand the London OD. Just like HG
functions are obtained by differentiation of a spherical
Gaussian function at the same center as the parent OD, a
London HG is obtained from a spherical London orbital by
differentiation,

�tuv
k1 �rP� = � �

�Px
�t� �

�Py
�u� �

�Pz
�v

e−prP
2
e−ik1·r. �3�

This definition matches the one reported in Eq. �5� of Ref.
42, although in the case of London orbitals, additional terms
could in principle arise on differentiation from the depen-
dence of the plane-wave exponent k1 on the coordinates of
the centers of the Gaussian functions forming the OD. How-
ever, it is possible to let the London phase factors initially
depend on some generic position variables A� and B� and
evaluate the Hermite derivatives at �A� ,B��= �A ,B�. Alter-
natively, we note that k1= 1

2H� �B−A� only depends on the
relative separation of the Gaussians. Consequently, the
change in coordinates P�A ,B�= �aA+bB� / p and U�A ,B�
=B−A allows us to write

�

�P�

e−ik1·r = � �

�A�

+
�

�B�
�e−ik1·r = 0, �4�

for all components �=x ,y ,z. Hence, differentiation with re-
spect to P� does not lead to any new terms due to the Lon-
don phase factor, paving the way for the standard inter-
change in the order of differentiation and integration in the
Coulomb integrals. The magnetic field-dependent HG may
then be written as a product of a London gauge factor and a
normal HG function,
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�tuv
k1 �rP� = e−ik1·r�tuv�rP� . �5�

It is now possible to expand the London OD Eq. �2� into
London HG Eq. �5� according to

�ab
k1�rP� = �

tuv
Et

lalbEu
mambEv

nanb�tuv
k1 �rP� , �6�

where the expansion coefficients Etuv
ab �Et

lalbEu
mambEv

nanb and
the tuv summation range are field independent and identical
to the ones used to expand Cartesian Gaussians over HG in
the field-free case. The coefficients can thus be computed in
the usual way.35,44 Using Eq. �6�, we can now express field-
dependent molecular integrals in terms of integrals over
field-dependent HG functions. For instance, the field-
dependent overlap integrals between London orbitals can be
expanded in terms of Fourier transforms of field-independent

HGs �̂tuv�k1� �i.e., integrals of field-dependent HGs Eq. �5�
over the position variable� given by

�̂tuv�k1� = ��

p
�3/2

�− ik1x�t�− ik1y�u�− ik1z�ve−ik1·Pe−�k1
2/4p�.

�7�

Note that our result in Eq. �7� differs from Eq. �12� as re-
ported in Ref. 42 by a translationally noninvariant complex
phase factor. The field-dependent overlap integrals over Lon-
don orbitals can now be easily computed according to

Sab
k1 = �

tuv
Etuv

ab �̂tuv�k1� . �8�

On the basis of Eq. �8�, all monoelectronic multipole, differ-
ential, and mixed-operators field-dependent molecular inte-
grals such as the ones needed to represent the kinetic-energy
operator in a magnetic field in the London-orbital basis can
be easily evaluated using recursion relations. For instance,
for a mixed moment and differentiation operator we find

	�a
�x − Cx�e � f

�xf �y − Cy�g �h

�yh �z − Cz�i � j

�zj 
�b�

= Llalb
�x�;efLmamb

�y�;ghLnanb

�z�;ij , �9�

where the recursion relations for, e.g., the x component read

Llalb
�x�;ef = Lla+1,lb

�x�;e−1,f + �Ax − Cx�Llalb
�x�;e−1,f , �10�

Llalb
�x�;ef = − 2bLlalb+1

�x�;e,f−1 − ikbxLlalb
�x�;e,f−1 + lbLlalb−1

�x�;e,f−1, �11�

with Llalb

�x�;00Lmamb

�y�;00Lnanb

�z�;00=Sab
k1.

Next, let us consider bielectronic Coulomb repulsion.
Using the field-dependent OD expansion Eq. �6�, we can
write a general field-dependent two-electron repulsion inte-
gral over London orbitals as

��a�b
�c�d� = �
tuv

�
��	

Etuv
ab E��	

cd ��tuv
k1 �rP�
���	

k2 �rQ�� , �12�

with k2=kd−kc, rQ=r−Q, Q= �cC+dD� /q, and q=c+d. It
is then straightforward to show that the two-electron integral
over field-dependent HGs can be written as

��tuv
k1 
���	

k2 � =
2�5/2

pq�p + q
exp�−

k1
2

4p
�exp�−

k2
2

4q
�Rtuv,��	

0 ,

�13�

where

Rtuv,��	
0 =

�t+u+v

�Px
t � Py

u � Pz
v

��+�+	

�Qx
� � Qy

� � Qz
	

�exp�− ik1 · P − ik2 · Q�F0���P� − Q��2�� .

�14�

In Eq. �14�, P�=P− �i /2p�k1, Q�=Q− �i /2q�k2, �= pq / �p
+q�, and F0���P�−Q��2� are the zeroth-order Boys function
calculated for the complex argument ��P�−Q��2.37,45

Let us further introduce the functions

Rtuv,��	
n =

�t+u+v

�Px
t � Py

u � Pz
v

��+�+	

�Qx
� � Qy

� � Qz
	 exp�− ik1 · P�

�exp�− ik2 · Q��− 2��nFn���P� − Q��2�� ,

�15�

where Fn���P�−Q��2� is the nth order Boys function defined
in the usual manner.45 It is then possible to recover the func-
tions Rtuv,��	

0 needed for the calculation of two-electron inte-
grals Eq. �12� by the following downward recursions, here
given for the x component:

R�t+1�uv,��	
n = − ik1xRtuv,��	

n + �XPQ − iK12,x�Rtuv,��	
n+1

+ tR�t−1�uv,��	
n+1 − �Rtuv,��−1��	

n+1 ,

�16�
Rtuv,��+1��	

n = − ik2xRtuv,��	
n − �XPQ − iK12,x�Rtuv,��	

n+1

− tR�t−1�uv,��	
n+1 + �Rtuv,��−1��	

n+1 ,

where XPQ= Px−Qx and K12,x=k1x /2p−k2x /2q. In the
zero field case, the above tensor may be simplified to a
lower-dimensional object through the relation Rtuv,��	

n

= �−1��+�+	Rt+�,u+�,v+	
n . In the presence of a field, this simpli-

fication is no longer possible, and it is necessary to work
with the full tensor Rtuv,��	

n .
The recursion relations in Eq. �16� are formally identical

to those reported in Ref. 42 for field-independent and center-
independent plane waves, although we note that in Eq. �20�
of Ref. 42, which is a special case of our Eq. �15�, a trans-
lationally noninvariant complex phase factor is missing. The
two Gaussian factors that have been factored out in our defi-
nition of Rtuv,��	

n by collecting them in front of Eq. �13� are
also missing from Eq. �20� of Ref. 42.

B. The Obara–Saika scheme

For the sake of completeness, let us here briefly derive
the basic recursion relations for the calculation of magnetic
field-dependent two-electron Coulomb integrals within the
Obara–Saika scheme, where the Cartesian two-electron inte-
grals are obtained directly from the Boys function, bypassing
the intermediate evaluation of integrals over HGs �Eq.
�13��.44 We start by defining the auxiliary functions
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lalblcld;mambmcmd;nanbncnd

N � 
lalblcld
N

= AN
k1,k2 �

tuv,��	

Et
lalbE�

lcldEu�v	Rtuv,��	
N ,

�17�

where

AN
k1,k2 = �− 2��−N 2�5/2

pq�p + q
exp�−

k1
2

4p
�exp�−

k2
2

4q
� ,

Eu�v	 = Eu
mambE�

mcmdEv
nanbE	

ncnd,

and Rtuv,��	
N are given by Eq. �15�. The source integrals for

the Obara–Saika scheme are the scaled Boys functions
represented by a particular case of the auxiliary integrals
Eq. �17�, namely, 
0000;0000;0000

N , whereas the target integrals,
the final two-electron Cartesian integrals, are given by

lalblcld;mambmcmd;nanbncnd

0 . Following Ref. 44, we start with the
incremented integral,


�la+1�lblcld
N = AN

k1,k2 �
tuv,��	

Et
�la+1�lbE�

lcldEu�v	Rtuv,��	
N . �18�

Since we found that the McMurchie–Davidson expansion
coefficients of field-dependent ODs over field-dependent
Hermite Gaussians are the same as for the field-independent
case, we expand the incremented coefficient Et

�la+1�lb using
the standard recursion relation

Et
�la+1�lb = XPAEt

lalb +
1

2p
laEt

�la−1�lb + lbEt
la�lb−1� + Et−1

lalb� ,

�19�

which leads to �after substitution of t by t+1�


�la+1�lblcld
N = XPA
lalblcld

N +
1

2p
la
�la−1�lblcld

N

+ lb
la�lb−1�lcld
N �

+
1

2p
AN

k1,k2 �
tuv,��	

Et
lalbE�

lcldEu�v	R�t+1�uv,��	
N .

�20�

We can now expand the last term by substituting the new
recursion relations for the Coulomb integrals over field-
dependent Hermite Gaussians Eq. �16� so that we obtain


�la+1�lblcld
N = �XPA −

ik1,x

2p
�
lalblcld

N +
1

2p
la
�la−1�lblcld

N

+ lb
la�lb−1�lcld
N � −

�

p
�XPQ − iK12,x�
lalblcld

N+1

−
�

2p2AN+1
k1,k2 �

tuv,��	

�2ptEt
lalb�E�

lcldEu�v	

�R�t−1�uv,��	
N+1 +

�

2pq
AN+1

k1,k2 �
tuv,��	

�Et
lalb�2q�E�

lcld�Eu�v	Rtuv,��−1��	
N+1 . �21�

Finally, using the following standard recursion relations for
the E-coefficients,44

2ptEt
lalb = laEt−1

�la−1�lb + lbEt−1
la�lb−1�, �22�

we obtain the Obara–Saika recursion relations generalized to
London orbitals


�la+1�lblcld
N

= �XPA −
ik1,x

2p
�
lalblcld

N −
�

p
�XPQ − iK12,x�
lalblcld

N+1

+
la

2p
�
�la−1�lblcld

N −
�

p

�la−1�lblcld

N+1 �
+

lb

2p
�
la�lb−1�lcld

N −
�

p

la�lb−1�lcld

N+1 �
+

lc

2�p + q�

lalb�lc−1�ld

N+1 +
ld

2�p + q�

lalblc�ld−1�

N+1 , �23�


lalb�lc+1�ld
N

= �XQC −
ik2,x

2q
�
lalblcld

N +
�

q
�XPQ − iK12,x�
lalblcld

N+1

+
lc

2q
�
lalb�lc−1�ld

N −
�

q

lalb�lc−1�ld

N+1 �
+

ld

2q
�
lalblc�ld−1�

N −
�

q

lalblc�ld−1�

N+1 �
+

la

2�p + q�

�la−1�lblcld

N+1 +
lb

2�p + q�

la�lb−1�lcld

N+1 , �24�

which differ from the usual recursion relations in �i� the
source integrals from which the recursion is started, i.e., the
Boys functions with complex argument, and �ii� the first two
terms of the recursion, in which the geometrical factors are
corrected by a purely imaginary field-dependent term.

C. Implementation

The McMurchie–Davidson scheme described here has
been implemented in a local ab initio code LONDON,46 which
at present is able to perform molecular Hartree–Fock calcu-
lations in a basis of primitive Cartesian London orbitals. The
evaluation of the Boys function of a complex argument z is
implemented as a combination of three methods. For 
z

�11 and for 
z
�20 with Re z�0, method 1 from Ref. 45 is
used. Next, for 
z
�20 and Re z�0, Eq. �11� from Ref. 45 is
used. Finally, for 
z
�11 and Re z�0, we found that

F0�z� = e−z�
i=0


�2z�i

�1 + 2i� ! !
�25�

may be used together with upward recursion, although this
case never occurred for the basis sets and magnetic field
vectors used in this study. The preliminary nature of our pilot
code for integral evaluation is compensated somewhat by the
use of Cauchy–Schwarz screening, 
�ab 
cd�
2� �ab 
ab�
��cd 
cd�, to avoid the calculation of insignificant Coulomb
integrals, offering substantial speedups for the larger calcu-
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lations in this work. SCF convergence is achieved using the
direct inversion of iterative subspaces �DIIS� method.47,48

Diagonalization of the Fock matrix and solution of the DIIS
linear equation system is done using standard LAPACK

routines.49

The LONDON code has been tested to reproduce magnetic
linear response properties calculated as analytical derivatives
in London-orbital basis sets using the DALTON package50 and
magnetic nonlinear response properties within the common-
origin approximation using a local version of the SYSMO

package.27 In Sec. III, we describe a few preliminary results
providing a test for our new methodology.

III. RESULTS

The energy of a closed-shell molecule in a magnetic field
can be expanded in even powers of the external perturbation
as �Einstein summation convention�

W�H� � W�0� − 1
2���H�H� − 1

24X����H�H�H�H�, �26�

where W�0� is the molecular energy at zero field and ��� is
the molecular magnetizability. As discussed in, for example,
Ref. 20, the lowest-rank tensor describing the nonlinear mag-
netic response of a closed-shell molecule is the fourth-rank
hypermagnetizability X����.

The usefulness of Eq. �26� for describing the behavior of
a molecule in a strong field clearly relies on the assumption
that the external magnetic field can be treated perturbatively,
and that the expansion converges rapidly. The nonperturba-
tive approach developed by us allows a direct assessment of
the usefulness of Eq. �26� to describe the magnetic response
of a system for a given range of fields.

For diamagnetic molecules, such as hydrogen fluoride,
water, methane, and benzene considered here, our approach
offers a smoothly convergent method to calculate X���� on
the basis of the polynomial expansion Eq. �26�. Although the
finite-field approach is clearly more computationally de-
manding than the analytical derivative approach to the evalu-
ation of lower-rank nonlinear response properties such as
X����, to date no analytical derivative scheme based on Lon-
don orbitals for this property appear to exist. Because of the
computational cost, we limit ourselves here to the evaluation
of the diagonal components of X���� in order to illustrate
without loss of generality the convergence properties of the
nonperturbative London scheme.

By contrast, we shall see by direct calculation of the
energy as a function of field that closed-shell molecules char-
acterized by total or partial paramagnetism, such as boron
monohydride �BH� �Ref. 51� or �4N� annulenes �e.g., cyclob-
utadiene�, belong to a class of systems for which the energy
expansion Eq. �26� converges much more slowly. To charac-
terize the behavior of cyclobutadiene and BH in strong mag-
netic fields, perturbation treatments based on analytical de-
rivatives become less useful and computationally more
demanding, and the nonperturbative approach presented here
provides a more suitable representation of the physics.

A. Fourth-rank hypermagnetizabilities for small
molecules and benzene

The basis-set convergence of the common-origin
Hartree–Fock values for X���� has been investigated for the
small molecules hydrogen fluoride, water, and methane in
Ref. 20 and for benzene in Ref. 22. In these studies, the most
accurate values for the small molecules were obtained in the
aug-cc-pCV5Z basis �with g and h functions neglected� and
for benzene with aug-cc-pCVQZ �with g functions ne-
glected�.

To assess the performance of the proposed finite-field
London method, we present here X���� results for three of
the small molecules considered in Ref. 20 �HF, H2O, and
CH4� and for benzene, using six standard basis sets of in-
creasing quality made of uncontracted Cartesian Gaussians,
augmented with London plane-wave factors: STO-3G,
6–31G, cc-pVDZ, aug-cc-pVDZ, cc-pVTZ, and aug-cc-
PVTZ. The geometries of Refs. 20 and 22 were used for all
systems. For HF, the z-axis was chosen along the bond. The
H2O molecule was placed in the yz-plane, with the z-axis
along the C2 symmetry axis. The benzene molecule was
placed in the xy-plane with the z-axis along the C6 symmetry
axis. For methane, the coordinate system was chosen so that
the hydrogen nuclei lie along the C3 symmetry axes passing
through the vertices of a cube with the faces perpendicular to
the Cartesian axes. The results are compared to those ob-
tained using the same uncontracted basis sets without Lon-
don phase factors �which is equivalent to a common-origin
approach� and with the best common-origin estimates re-
ported in Refs. 20 and 22.

To compute linear and nonlinear magnetizabilities, we
performed SCF calculations with magnetic fields varying
over 21 uniformly spaced values between −0.1 and 0.1 a.u.
�1 a.u.=2.36�105 T� and obtained the energy derivatives
from a least-squares fitted polynomial of the resulting sets of
data. Unless otherwise stated, fitting polynomials of degree
six have been used to determine magnetizabilities and hyper-
magnetizabilities. The first neglected even-order term is then
of order B8�10−8, unless amplified by a very large coeffi-
cient. For all diamagnetic systems, this approach has led to
robust values of the hypermagnetizability.

1. Small diamagnetic systems

In Tables I–III, we have reported the results of the cal-
culations for the diagonal components of the linear and non-
linear tensors ��� and X���� for hydrogen fluoride, water,
and methane. To highlight the advantages inherent in our
origin invariant approach, common-origin calculations were
performed, both, with respect to an origin fixed on the center
of mass of the system and with respect to an origin fixed on
a peripheral hydrogen nucleus. In agreement with the results
reported in Ref. 20, the diagonal components of the hyper-
magnetizability for these small diamagnetic systems are all
positive, representing a very weak paramagnetic perturbative
correction to the dominant diamagnetism characterizing their
linear response.

The faster and smoother convergence of the London-
orbital basis is particularly evident from the values calcu-
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lated with the small basis sets. For instance, let us consider
the HF molecule �see Table I�. The component Xxxxx calcu-
lated at the 6–31G level with London orbitals already recov-
ers 46% of the value computed with the aug-cc-pVTZ basis,
to be compared to the common-origin approach where Xxxxx

is less than 1% of the augmented triple-zeta estimate. It is
also interesting to note that at the very crude Slater type
orbital �STO�-3G level, the London-orbital result recovers
38% of the aug-cc-pVTZ value, whereas the common-origin
result goes through a sign change, thereby questioning the
reliability of a common-origin method with small basis sets
even on a purely qualitative ground. The Xzzzz component for
HF is exactly the origin invariant since the origin is trans-
lated along the field direction.

The results for water in Table II display a very similar
trend. In fact, an interesting feature shared by water and hy-
drogen fluoride is that for all components almost 100% of
the value obtained with the best basis sets is recovered al-
ready by using the aug-cc-pVDZ basis, whereas the larger
but unaugmented triple-zeta basis cc-pVTZ recovers only
about 50% of our best estimates. This trend is common to the
London-orbital and common-origin approaches, suggesting
that as previously noted for closed-shell atoms,52 for these
systems, augmentation is more important than polarization.

The performance of the common-origin approach is par-
ticularly poor for small basis sets when the gauge origin is
fixed on a hydrogen nucleus—for instance, for water, the

6–31G value for Xxxxx displays the wrong sign. The minimal
basis STO-3G performs even worse, leading to meaningless
results.

Results for methane are somewhat less dramatic �see
Table III�. In fact, for this system, the common-origin/
STO-3G or 6–31G approaches recover already the 30%–
40% of the best basis-set value for Xzzzz. This performance
should, however, be compared to the improvements offered
by the London approach in the same small basis sets, leading
to estimates for Xzzzz that are 70%–75% of the largest basis-
set values.

2. Benzene

For larger systems such as benzene, the poor perfor-
mance of the common-origin approach becomes more evi-
dent �see Table IV�. At the STO-3G level, the sign of all
diagonal components of the fourth-rank hypermagnetizabil-
ity is opposite to that of the best basis-set values. Moreover,
the in-plane component Xxxxx preserves the wrong sign at the
6–31G level, and even at the polarized cc-pVDZ level. By
contrast, the London-orbital results obtained with the small-
est basis-set STO-3G not only display the correct qualitative
behavior but also recover for Xxxxx around 63% of the best
London-orbital result �aug-cc-pVDZ� and 67% of the
common-origin/aug-cc-pCVQZ value reported in Ref. 22.
Note that for this component, the aug-cc-pVDZ basis set
augmented with London phase factors �288 primitives� leads

TABLE I. Hartree–Fock magnetizability and fourth-rank hypermagnetiz-
abilty tensor diagonal components calculated for a series of uncontracted
basis sets of Gaussians and London-orbital augmented functions for the
hydrogen fluoride molecule.

Basis set �xx �zz Xxxxx Xzzzz

London orbitals
STO-3G −1.93 −1.84 3.01 0.96
6–31G −2.10 −2.01 3.64 1.39
cc-pVDZ −2.12 −2.01 3.66 1.52
cc-pVTZ −2.18 −2.07 4.89 2.64
aug-cc-pVDZ −2.24 −2.13 7.96 5.35
aug-cc-pVTZ −2.23 −2.12 7.96 5.81

Common origin: Center of mass
STO-3G −1.96 −1.84 −2.94 0.96
6–31G −2.18 −2.01 0.04 1.39
cc-pVDZ −2.13 −2.01 1.87 1.52
cc-pVTZ −2.19 −2.07 4.36 2.64
aug-cc-pVDZ −2.25 −2.13 7.28 5.35
aug-cc-pVTZ −2.23 −2.12 7.93 5.81
aug-cc-pCV5Z a 7.99 5.71

Common origin: Hydrogen nucleus
STO-3G −6.87 −1.84 8.76 0.96
6–31G −6.56 −2.01 10.45 1.39
cc-pVDZ −4.03 −2.01 10.10 1.52
cc-pVTZ −2.89 −2.07 11.28 2.64
aug-cc-pVDZ −2.71 −2.13 4.34 5.35
aug-cc-pVTZ −2.32 −2.12 7.17 5.81
aug-cc-pCV5Za 7.46 5.71

aFrom Ref. 20.

TABLE II. Hartree–Fock magnetizability and fourth-rank hypermagnetiz-
abilty tensor diagonal components calculated for a series of uncontracted
basis sets of Gaussians and London-orbital augmented functions for the
water molecule.

Basis set �xx �yy �zz Xxxxx Xyyyy Xzzzz

London orbitals
STO-3G −2.64 −2.56 −2.60 12.00 4.17 3.55
6-31G −2.80 −2.78 −2.82 12.99 5.43 7.33
cc-pVDZ −2.83 −2.74 −2.80 13.95 5.42 5.74
cc-pVTZ −2.90 −2.82 −2.87 17.28 7.77 7.93
aug-cc-pVDZ −2.96 −2.91 −2.96 18.78 14.40 15.53
aug-cc-pVTZ −2.95 −2.90 −2.94 22.42 14.95 12.87

Common origin: Center of mass
STO-3G −2.93 −2.58 −2.71 2.61 2.95 0.97
6-31G −3.06 −2.84 −2.94 3.52 4.32 3.97
cc-pVDZ −2.88 −2.75 −2.83 10.33 4.45 5.52
cc-pVTZ −2.91 −2.82 −2.88 16.55 7.43 9.35
aug-cc-pVDZ −2.97 −2.92 −2.97 21.55 14.17 14.48
aug-cc-pVTZ −2.96 −2.90 −2.95 23.45 14.80 15.95
aug-cc-pCV5Z a 23.79 14.71 16.12

Common origin: Hydrogen nucleus
STO-3G −6.88 −4.20 −6.29 −10.98 6.94 −0.62
6-31G −6.64 −4.24 −6.26 −0.66 9.50 12.68
cc-pVDZ −4.04 −3.24 −3.95 6.48 8.18 6.13
cc-pVTZ −3.24 −2.96 −3.19 13.65 9.69 10.47
aug-cc-pVDZ −3.29 −3.06 −3.26 14.39 14.39 10.82
aug-cc-pVTZ −3.03 −2.93 −3.00 22.41 14.78 15.72
aug-cc-pCV5Za 23.51 14.65 15.88

aFrom Ref. 20.
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to a value for Xxxxx that is already 94% of that obtained with
the common-origin/aug-cc-pCVQZ in Ref. 22 �1116 primi-
tives contracted to 864 CGTO�.

The trend for the Xzzzz �out-of-plane� component displays
features that are similar to those of the in-plane component.

However, in this case, it is more difficult to identify a basis-
set limit, as the common-origin results reported in Ref. 22 do
not appear to be completely converged, whereas the largest
basis our pilot implementation of the finite-field London-
orbital methodology can reasonably afford for benzene is the
uncontracted aug-cc-pVDZ basis set. Taking the common-
origin/aug-cc-pCVQZ value as the best estimate, our aug-cc-
pVDZ London-orbital result appears to overshoot the correct
value by about 50%. Further investigation is clearly neces-
sary to test the stability of the common-origin estimate and
to investigate the behavior of the London-orbital approach
with larger basis sets.

B. Enhanced nonlinear magnetic response of
closed-shell paramagnetic systems

We consider here the nonlinear magnetic properties of
BH and cyclobutadiene �C4H4�. As observed first in Ref. 27,
there is a fundamental difference in the nonlinear magnetic
behavior of aromatic and antiaromatic carbocycles. Antiaro-
matic systems are characterized by a very large nonlinear
magnetic response—one or two orders of magnitude larger
than that of similarly sized aromatic systems. The basic fea-
ture that differentiates the magnetism of antiaromatic and
aromatic systems in the linear regime is their �-electron re-
sponse: strongly paramagnetic for antiaromatic systems,
strongly diamagnetic for aromatics. Hence, drawing a tenta-
tive generalization from the analogy with antiaromatic sys-
tems, we can expect that all closed-shell systems character-
ized by some form of strong paramagnetism represent
suitable candidates to detect large nonlinear magnetic re-
sponse.

The BH molecule is known to be a purely paramagnetic
closed-shell system.51 The perpendicular components of its

TABLE III. Hartree–Fock magnetizability and fourth-rank hypermagnetiz-
abilty tensor diagonal components calculated for a series of uncontracted
basis sets of Gaussians and London-orbital augmented functions for meth-
ane.

Basis set �zz Xzzzz

London orbitals
STO-3G −3.97 43.70
6-31G −4.06 47.52
cc-pVDZ −4.01 55.88
cc-pVTZ −3.99 59.85
aug-cc-pVDZ −4.00 60.95
aug-cc-pVTZ −3.99 63.42

Common origin: Center of mass
STO-3G −5.01 18.14
6-31G −5.01 23.55
cc-pVDZ −4.35 41.94
cc-pVTZ −4.09 55.36
aug-cc-pVDZ −4.04 59.75
aug-cc-pVTZ −3.99 62.87

Common origin: Hydrogen nucleus
STO-3G −8.35 28.47
6-31G −7.85 30.30
cc-pVDZ −5.30 66.33
cc-pVTZ −4.34 72.76
aug-cc-pVDZ −4.28 48.24
aug-cc-pVTZ −4.04 61.90

TABLE IV. Hartree–Fock magnetizability and fourth-rank hypermagnetizabilty tensor diagonal components
calculated for a series of uncontracted basis sets of Gaussians and London-orbital augmented functions for the
benzene molecule �C6H6�. Note that the two in-plane components �which should be equal by symmetry for
magnetizabilities and fourth-rank hypermagnetizabilities� are no longer equal in the common-origin calculation
with gauge-origin at a hydrogen atom.

Basis set �xx �yy �zz Xxxxx Xyyyy Xzzzz

London orbitals
STO-3G −8.11 −8.11 −22.97 −211.17 −211.17 −52.08
6-31G −8.24 −8.24 −23.14 −218.79 −218.79 −64.32
cc-pVDZ −8.08 −8.08 −22.27 −235.96 −235.96 −120.11
aug-cc-pVDZ −7.99 −7.99 −22.41 −316.46 −316.46 −152.67

Common origin: Center of mass
STO-3G −35.75 −35.75 −48.11 45.21 45.21 26.91
6-31G −31.56 −31.56 −39.42 28.88 28.88 −151.57
cc-pVDZ −15.38 −15.38 −26.93 8.90 8.90 −241.48
aug-cc-pVDZ −9.91 −9.91 −25.22 −412.51 −412.51 −158.50
aug-cc-pCV5Za −335.43 −335.43 −97.95

Common origin: Hydrogen nucleus
STO-3G −35.75 −176.25 −116.69 45.19 1477 −5340
6-31G −31.56 −144.81 −88.03 28.88 1588 −5866
cc-pVDZ −15.38 −48.00 −41.56 9.11 2935 −3355
aug-cc-pVDZ −9.91 −20.94 −33.86 −412.55 −3321 −1097

aFrom Ref. 22.
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linear magnetizability are in fact positive and large enough to
make even the average magnetizability positive �paramag-
netic�. It is therefore interesting to verify via our finite-field
London-orbital approach whether this very small system is
indeed characterized by a particularly large nonlinear mag-
netic response. The geometry used for the calculations is that
optimized at the multiconfigurational SCF level in Ref. 51,
corresponding to a bond length of rBH=1.2352 Å.

For the parallel components of the magnetizability and
hypermagnetizability, we are able to obtain robust estimates
using the fitting described above, leading to the values �� =
−2.51 a.u. and X� =35.25 a.u., respectively, from aug-cc-
pVTZ calculations. The same values are obtained both with
London orbitals and any common-origin calculation that em-
ploys a gauge origin on the line passing through the B and H
atoms since in this case, due to the cylindrical symmetry, the
London orbitals make no difference.

For the perpendicular components, the estimates of the
hypermagnetizability we obtain using the above mentioned
fitting procedure are not robust, varying with the number of
data points included in the least-squares fitting and the de-
gree of the polynomial. Using 41 uniformly spaced field val-
ues in the range −0.1–0.1 a.u. and a fitting polynomial of
order 16, we arrive at reasonably converged values of ��

=7.1 a.u. and X�=−8�103 a.u. for the magnetizability and
hypermagnetizability, respectively, at the aug-cc-pVTZ level.
In Fig. 1�c�, we report a plot of the aug-cc-pVTZ energy as
function of field �triangles�. For comparison, we report in
Fig. 1�a� the corresponding benzene plot. As the linear re-
sponse for BH is paramagnetic, the curvature of the magnetic
field energy dependence is clearly reversed. More impor-
tantly, whereas it is evident from Fig. 1�a� that the curve for
benzene is to a very good approximation parabolic so that
the nonlinearities arise from small corrections that are not
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FIG. 1. Energy as a function of the magnetic field for different systems. Triangles represent results from finite-field calculations and solid lines are quartic
fitting polynomials. �a� Benzene �with the aug-cc-pVDZ basis� illustrates the typical case of diamagnetic quadratic dependence in response to an out-of-plane
field. �b� Cyclobutadiene �aug-cc-pVDZ� deviates from the typical case by exhibiting a nonquadratic dependence on an out-of-plane field. �c� Boron
monohydride �aug-cc-pVTZ� is an interesting case of positive magnetizability for a perpendicular field, exhibiting nonquadratic behavior. �d� Boronmono-
hydride �aug-cc-pVTZ� in a larger range of perpendicular fields, exhibiting a clearly nonperturbative behavior.
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easily visible in the plot, the BH curve clearly diverges from
a parabolic behavior as we leave the region close to B=0 so
that the large-field portion of the curve appears to vary al-
most linearly with the field strength. This clear signature of
the highly nonlinear magnetic behavior of BH explains the
difficulty of fitting a polynomial expression such as Eq. �26�
to the energy calculations.

An even more dramatic behavior is observed if we ex-
tend the magnetic field range up to 0.45 a.u. The plot of the
aug-cc-pVTZ energy curve in this range is shown in Fig.
1�d�. Interestingly, at a field strength of about 0.20–0.25 a.u.
the system turns from paramagnetic to diamagnetic, going
through an energy minimum. Consequently, a BH molecule
placed in a field gradient characterized by fields increasing
from 0 to 0.45 a.u. would be trapped �i.e., maximally stable�
in an intermediate region of space corresponding to about 0.2
a.u.

In Fig. 2, we report a similar data plot as in Fig. 1�d�
together with the graph of the least-squares fitted polynomi-
als of degree 6, 10, and 14. Lower-order polynomials are not
able to reproduce the energy curve, which is a signature of
the inadequacy and eventually the break down of Eq. �26� as
a model for the behavior of this paramagnetic closed-shell
system in a strong magnetic field. In this case, the nonper-
turbative approach becomes vital to represent the physics of
these interesting nonlinear magnetic systems.

Turning our attention to cyclobutadiene, the situation is
similar although less dramatic. We performed the calcula-
tions using a D2h geometry optimized at the
B3LYP/6-31G�� level of theory. Unlike the BH molecule,
the out-of-plane �-electron paramagnetism in the C4H4 mol-
ecule is not strong enough to result in global paramagnetism.
However, despite the negative curvature, the energy is evi-
dently nonquadratic in the field. Figure 1�b� shows the en-
ergy as a function of a magnetic field perpendicular to the
molecular plane. The original fitting procedure fails also in
this case to give robust results for the out-of-plane compo-

nents of hypermagnetizability, indicating that a low-degree
polynomial is unable to model the field dependence ad-
equately. Using the energies obtained with the largest basis
we can afford for this system �aug-cc-pVDZ�, a more accu-
rate estimate leads to �i� the very small out-of-plane diamag-
netizability of ��=−6.1�10−1 a.u., resulting from cancella-
tion between the �-electrons paramagnetism and the
�-electrons diamagnetism, and �ii� the very large hypermag-
netizability X�=−4�103 a.u., highlighting the highly non-
linear magnetic response of C4H4. These estimates are based
on 41 uniformly spaced field values in the range
−0.1–0.1 a.u. and a fitting polynomial of degree 14, and are
converged to the precision quoted.

IV. CONCLUSIONS

We have presented an implementation of the
McMurchie–Davidson scheme for integral evaluation over
London orbitals at finite magnetic fields, enabling Hartree–
Fock calculations of the molecular response to strong fields.
For the diamagnetic systems studied here, the London-orbital
calculations are consistently more efficient, recovering large
fractions of the Hartree–Fock limit hypermagnetizabilities
with small basis sets compared to common-origin calcula-
tions. For our small diamagnetic molecules, the differences
are less dramatic when the gauge origin is placed at the cen-
ter of mass than when it is placed on a hydrogen atom. On
the other hand, we expect that for larger molecules, for
which calculations with high-quality GTO basis sets are in-
feasible and the choice of an optimal gauge origin is less
obvious, a common-origin approach will lead to results that
are far from converged, of little use even for a qualitative
analysis. In contrast, London-orbital calculations are sub-
stantially better at recovering the correct qualitative behavior
and larger fractions of the Hartree–Fock limit hypermagne-
tizabilities, even with relatively small basis sets. The results
for the benzene molecule, where the common-origin in-plane
hypermagnetizability has the wrong sign even at the cc-
pVDZ level, provide an indication that the center of mass is
not an efficient gauge origin.

Finally, paratropic and paramagnetic systems such as
C4H4 and BH provide interesting examples of cases where
finite-field calculations are not just an alternative to response
calculations, but a necessity due to either slow convergence
or divergence of the perturbative approach.
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