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A general method is presented for the efficient elimination of response parameters in molecular
property calculations for variational and nonvariational energies. For variational energies, Wigner’s
2n+1 rule is obtained as a special case of the more general k2n+1 rule, which states that for a subset
of k perturbations within a total set of z�k perturbations, response parameters may be eliminated
according to the 2n+1 rule �normally applied to the full set of perturbations�. Nonvariational
energies may be treated by introducing Lagrange multipliers that satisfy the stronger 2n+2 rule for
the k perturbations, while the wave-function parameters still satisfy the 2n+1 rule for the k
perturbations. The corresponding rule for nonvariational energies is referred to as the k2n+1,2n+2 rule.
For k=z, the well-known 2n+2 rule for the multipliers is reproduced, while the wave-function
parameters satisfy the 2n+1 rule. The application of the k2n+1 and k2n+1,2n+2 rules minimizes the total
number of response equations to be solved when the molecular property contains k extensive
perturbations �e.g., geometrical derivatives� and z−k intensive perturbations �e.g., electric fields�.
© 2008 American Institute of Physics. �DOI: 10.1063/1.3023123�

I. INTRODUCTION

Molecular properties are essential quantities in quantum-
chemical calculations as they represent the link between
theory and experiment. For static perturbations, molecular
properties may be obtained as energy derivatives with re-
spect to perturbation strengths evaluated at zero perturbation
strength. Similarly, for periodic time-dependent perturba-
tions, molecular properties may be obtained as perturbation-
strength derivatives of the time-averaged quasienergy.1,2 In
both cases, the time-consuming step in molecular property
calculations is the iterative solution of response equations.
Thus, to evaluate molecular properties in an efficient manner,
the underlying structure of the energy derivatives must be
exploited to minimize the number of response equations that
need to be solved.

When molecular properties are evaluated, the number of
components in the different classes of perturbations may dif-
fer significantly. In particular, for certain classes of perturba-
tions, the number of perturbations may be independent of the
size of the molecule �e.g., homogeneous electric or magnetic
fields�. For other classes, their number may be proportional
to the size of the molecule �e.g., nuclear displacements or
nuclear magnetic moments�. We term these perturbations in-
tensive and extensive, respectively. Except in the smallest
molecular systems, the extensive perturbations have many
more components than the intensive perturbations. For rea-
sons of efficiency, it is therefore better to reduce the order of

the responses equations that must be solved for the extensive
perturbations rather than to reduce the total order for all �ex-
tensive and intensive� perturbations. For a general set of per-
turbations ab . . .k . . .z, where ab . . .k are extensive and �k
+1� . . .z are intensive, we here discuss how a molecular prop-
erty represented by the energy derivative with respect to
these perturbations Eab. . .k. . .z may be evaluated in a way that
minimizes the number of response equations to be solved.

For a variational energy, we may in general apply Wign-
er’s 2n+1 rule,3 according to which the �2n+1�th energy
derivative can be evaluated from response parameters up to
order n. For the mixed extensive-intensive property Eab. . .k. . .z,
the 2n+1 rule is then applied to the full set of perturbations
ab . . .k . . .z. In this paper, we derive the more general k2n+1

rule, which states that the 2n+1 rule can be applied sepa-
rately to the extensive perturbations ab . . .k. As the number
of extensive perturbations ab . . .k is smaller than the total
number of perturbations ab . . .k . . .z, the order to which ex-
tensive response parameters must be evaluated is thus further
reduced relative to what is required by the usual 2n+1 rule.
This reduction for the extensive perturbations occurs at the
expense of having to calculate higher-order response param-
eters for the intensive perturbations. However, except for the
smallest systems, the associated increase in the number of
intensive response parameters to be determined is insignifi-
cant compared with the reduction in the number of extensive
response parameters that need to be solved, leading to an
overall reduction in computational effort.

Our discussion extends also to nonvariational energies,
which are treated by introducing Lagrange multipliers.4,5 Ina�Electronic mail: kasperk@chem.au.dk.

THE JOURNAL OF CHEMICAL PHYSICS 129, 214103 �2008�

0021-9606/2008/129�21�/214103/7/$23.00 © 2008 American Institute of Physics129, 214103-1

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.3023123
http://dx.doi.org/10.1063/1.3023123
http://dx.doi.org/10.1063/1.3023123


particular, we show that the k2n+1 rule for the response pa-
rameters still applies to perturbation-strength derivatives of
the Lagrangian, and that the multipliers obey the stronger
2n+2 rule for the k extensive perturbations, giving the
k2n+1,2n+2 rule for nonvariational energies. When all pertur-
bations belong to the same class �intensive or extensive� or if
all are treated equally, this rule reduces to the standard 2n
+2 rule for the Lagrange multipliers6 and the 2n+1 rule for
the wave-function parameters.

The k2n+1 and k2n+1,2n+2 rules are direct in the sense that
all terms that do not comply with the chosen rule may simply
be removed from the energy �or Lagrangian� derivative.

For variational wave functions, it has long been standard
practice to use Wigner’s 2n+1 rule to reduce the number of
response equations to be solved when calculating molecular
properties–see, for example, the monograph by Epstein and
references therein.7 For nonvariational energies such as those
of coupled-cluster �CC� theories, a similar reduction is ob-
tained using the Lagrangian technique, applying the 2n+1
rule to the wave-function parameters and the 2n+2 rule to
the Lagrange multipliers.6

The evaluation of geometrical derivatives may be
viewed as a property calculation with a perturbation-
dependent basis set. In the 1970s and 1980s, much effort was
directed toward the efficient calculation of such derivatives,
using analytic techniques.8–10 In view of their general impor-
tance in chemistry and the high cost of their evaluation, it
becomes essential that these derivatives are evaluated using
the minimal number of response equations.

Most importantly, molecular gradients in Hartree–Fock
�HF� theory can be calculated directly from the wave func-
tion, without solving first-order coupled-perturbed HF
�CPHF� equations, as demonstrated by Pulay in 1969.8 Later,
this important result was extended to correlated electronic-
structure methods by Handy and Schaefer,11 who demon-
strated how to avoid solving the first-order CPHF equations
in the calculation of derivatives from truncated configuration
interaction �CI� wave functions, using a turn-over rule. The
Handy–Schaefer technique was subsequently applied to
second- and third-order Møller–Plesset �MP� theory,12 to
fourth-order MP theory,13–16 and to CC theory.17,18 The elimi-
nation of the need for solving first-order CPHF equations in
analytic gradient calculations may be viewed as a special
case of the 12n+1,2n+2 rule.

For molecular Hessians of nonvariational methods, the
Handy–Schaefer technique was used to avoid the solution of
the second-order CPHF equations in CC and MP theories, in
the same way as for molecular gradients.19 We note that in
the Lagrangian formulation of energy derivatives and mo-
lecular properties, the elimination of response parameters
follows the same scheme as for variational energies, thereby
making the application of the Handy–Schaefer technique un-
necessary, to all orders in the perturbation, as demonstrated
for CC molecular gradients and Hessians in Ref. 20.

In the calculation of MP2 second derivatives where one
set of perturbations is extensive �nuclear displacements� and
the other intensive �electric field components�, Simandiras et
al.21 showed how the solution of the first-order CPHF equa-
tions can be avoided for the extensive perturbations. A simi-

lar technique was used by Gauss22 for evaluating MP2
shielding constants using London orbitals. Using the La-
grangian method, Cybulski and Bishop23 derived an asym-
metric form for the analytic second derivative of a general
nonvariational wave function, which may be viewed as a
special case of the general 12n+1,2n+2 rule discussed here.

Clearly, the k2n+1 and k2n+1,2n+2 rules are extremely im-
portant for evaluating higher-order molecular properties con-
taining mixed extensive and intensive perturbations, allow-
ing the largest possible number of response parameters to be
eliminated from the calculations.

The outline of the paper is as follows. In Sec. II, we
discuss the evaluation of molecular properties in variational
and nonvariational theories. In Sec. III, we derive the general
k2n+1 rule for a variational energy, and in Sec. IV we extend
the formalism to include nonvariational energies using the
Lagrangian technique. In Sec. V, we discuss the use of the
k2n+1 �k2n+1,2n+2� rule for a few selected properties. Finally,
we give some concluding remarks in Sec. VI.

II. EVALUATION OF MOLECULAR PROPERTIES

We consider a molecular system perturbed by the pertur-
bations a, b, . . . that depend on a set of perturbation strengths
�a, �b, . . ., collectively referred to as �. In general, we may
write the energy as a function of � and a set of wave-function
parameters �,

E = E��,�� . �1�

For time-independent perturbations, the energy function
E�� ,�� is represented by the energy itself. For time-
dependent perturbations, it is instead represented by the
time-averaged quasienergy.1,2

In variational theory, the energy is stationary with re-
spect to variations in the � parameters at all perturbation
strengths,

E� =
�E��,��

��
= 0, for all � , �2�

which may be used to determine the � parameters. Molecular
properties are determined as perturbation-strength deriva-
tives of the energy evaluated for the unperturbed system,

Eab. . .z = � dE

d�ad�b . . . d�z
�

�=0
, �3�

assuming that the wave-function parameters ��0� for the un-
perturbed system ��=0� have been determined. Note that E�

refers to a wave-function parameter derivative at a general
�zero or finite� perturbation strength, whereas Eab. . .z is a
perturbation-strength derivative evaluated at �=0.

In approximate theories, the wave-function parameters �
frequently do not satisfy the stationary condition Eq. �2� but
rather some subsidiary relation

e��,�� = 0, for all � . �4�

This relation may, for example, represent the amplitude
equations in CC theory or the canonical conditions in HF and
Kohn–Sham self-consistent field theories, where we impose
the condition that the molecular orbitals, in addition to being
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optimal, diagonalize the Fock/Kohn–Sham matrix. To retain
the variational formulation also in such cases, it is conve-
nient to construct a Lagrangian,

L��,�,�̄� = E��,�� + �̄e��,�� , �5�

where �̄ is the collection of Lagrange multipliers associated
with the constraints.4,5 The Lagrangian is variational in the
multipliers as well as in the original wave-function param-
eters

L�̄ =
�L

��̄
= e��,�� = 0, �6�

L� =
�L

��
= E� + �̄

�e

��
= 0. �7�

The variation with respect to �̄ in Eq. �6� gives the equation
for � in Eq. �4� and is trivially satisfied, whereas the varia-
tion in � in Eq. �7� yields a set of linear equations that de-
termine the multipliers. From this Lagrangian, molecular
properties may be determined as perturbation-strength de-
rivatives evaluated at �=0, equivalent to the variational case
in Eq. �3�,

Eab. . .z = Lab. . .z = � dL

d�ad�b . . . d�z
�

�=0
. �8�

As discussed in the Sec. I, we classify the perturbations
as either extensive or intensive and consider here derivatives
Eab. . .k. . .z that contain k extensive perturbations ab . . .k fol-
lowed by z−k intensive perturbations �k+1��k+2� . . .k. In the
following, the symbol k refers either to a particular perturba-
tion in the set ab . . .k . . .z or to the position of k in the list
ab . . .k . . .z, depending on the context.

For variational energies, we shall derive the k2n+1 rule,
which eliminates the largest possible number of response pa-
rameters of the extensive perturbations by application of the
2n+1 rule to the set ab . . .k exclusively. For nonvariational
energies, we use the Lagrangian technique and derive the
k2n+1,2n+2 rule, which eliminates wave-function parameters
according to the 2n+1 rule and Lagrange multipliers accord-
ing to the 2n+2 rule for the set ab . . .k.

III. THE k2n+1 RULE FOR VARIATIONAL ENERGIES

In this section, we consider variational energies, which
satisfy the stationary condition in Eq. �2�. First, in Sec. III A,
we discuss the form of the response equations, from which
the wave-function response parameters may be determined.
In Sec. III B, we see how the stationary condition enables us
to eliminate response parameters from perturbation-strength
derivatives of the energy in a systematic manner, leading to
the k2n+1 rule discussed in Sec. III C.

A. Response equations

The � parameters may be expanded in terms of the per-
turbation strength parameters,

� = ��0� + ��1� + ��2� + ¯ , �9�

where ��0� are the optimized parameters for the unperturbed
system ��=0� and

��1� = �
a

�a�a, �a = � ��

��a
�

�=0
, �10�

��2� =
1

2�
ab

�a�b�ab, �ab = � �2�

��a � �b
�

�=0
, �11�

and so on, where the summations are over all perturbations
and the response parameters are symmetric with respect to
index permutations �ab=�ba.

To determine a given response parameter �ab. . .p, where p
is an arbitrary index in the ab . . .z list, we differentiate the
stationary condition in Eq. �2� with respect to the corre-
sponding perturbation strengths and evaluate at �=0,

E�
ab. . .p = � dpE�

d�ad�b ¯ d�p
�

�=0
= 0. �12�

In the short-hand notation,

EN,0 = � �NE

��N�
�=0

, �13�

EN,ab. . .p = � �N+pE

��N � �a � �b ¯ ��p
�

�=0
, �14�

we may then write the stationary conditions �response equa-
tions� up to second order as

E1,0 = 0, �15�

E2,0�a + E1,a = 0, �16�

E2,0�ab + E2,a�b + E2,b�a + E3,0�a�b + E1,ab = 0. �17�

We note that the highest-order response parameter �ab. . .p al-
ways enters as E2,0�ab. . .p in the pth-order response equation

E2,0�ab. . .p + Mp−1 = 0, �18�

where Mp−1 contains only response parameters of order p
−1 and lower. We may thus write the response parameters in
the form

�ab. . .p = − �E2,0�−1Mp−1. �19�

Hence, by solving for the �a, �ab, . . ., �ab. . .p parameters suc-
cessively, substituting the lower-order parameters already
solved for into the higher-order equations, we may generate
the full set of response parameters.

B. Parameter elimination

Before discussing general energy derivatives, let us con-
sider as a special case the second-order energy derivative

Eab = E0,ab + E1,b�a + �E2,0�a + E1,a��b + E1,0�ab. �20�

From this expression, we may eliminate �ab since it multi-
plies the zero-order stationary condition in Eq. �15� and �b

since it multiplies the first-order stationary condition in Eq.
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�16�. The second-order energy may therefore be written in
the simplified form

Eab = E0,ab + E1,b�a. �21�

Note that �a cannot be eliminated from this expression since,
following the elimination of �b by the removal of �E2,0�a

+E1,a��b from the second-order energy derivative, we also
removed E2,0�a�b so that �a no longer multiplies a stationary
condition �E2,0�b+E1,b��a. Alternatively, we could have
eliminated �a while retaining �b in Eq. �20�.

Our discussion of the second-order energy illustrates
how we may eliminate certain response parameters from the
energy derivatives but not all independently. Let us now con-
sider this elimination for a general derivative Eab. . .p. . .z,
where p is an arbitrary index. Differentiating the energy with
respect to the first p perturbations, we note that the pth-order
energy derivative takes the form

dE

d�ad�b . . . d�p

= E�

�p�

��a � �b . . . ��p

+ terms independent of
�p�

��a � �b . . . ��p
, �22�

where the highest-order � derivative �p� /��a��b . . .��p oc-
curs only once, multiplied by E�=0, just like �ab occurs only
once in Eq. �20�. Further differentiation and evaluation at �
=0 now yields

Eab. . .p. . .z = E�
�p+1�. . .z�ab. . .p

+ terms independent of �ab. . .p, �23�

where �ab. . .p still only occurs once, assuming that all pertur-
bations are different. �If two or more perturbations are iden-
tical, they can be treated as symmetry-related but different
perturbations.� Next, differentiating Eq. �23� with respect to
�ab. . .p and invoking the stationary condition in Eq. �12�,
E�

�p+1�. . .z=0, we conclude that Eab. . .z is stationary with re-
spect to �ab. . .p. Since p was chosen arbitrarily, Eab. . .z must be
stationary with respect to all possible responses,

�Eab. . .z

��ab. . .p = 0, p = a,b, . . . ,z . �24�

Consequently, we may eliminate any �ab. . .p except ��0� from
Eab. . .z but, in doing so, we modify the contributions from all
parameters involving �p+1� , . . . ,z as depicted in Table I and

are no longer free to eliminate these parameters.
Consider, for example, how ��p+1� occurs in Eab. . .z before

the elimination of any � terms,

Eab. . .z = E�
a. . .p�p+2�. . .z��p+1�

+ terms independent of ��p+1�. �25�

Since ��p+1� multiplies a response equation of order z−1, it
may be eliminated. However, if we first eliminate �ab. . .p us-
ing Eq. �23�, then we have also removed certain terms from
the factor in front of ��p+1� in Eq. �25� since �ab. . .p is con-
tained in E�

a. . .p�p+2�. . .z. Thus, after the elimination of �ab. . .p,
��p+1� no longer multiplies a vanishing response equation and
cannot be eliminated. However, after elimination of �ab. . .p,
we are still free to eliminate parameters unaffected by the
elimination procedure in Table I—that is, all parameters in-
volving one or more of the ab . . . p perturbations such as �a

or �ab. . .p�p+2�. . .z. In short, we may eliminate any response
parameter �ab. . .p from Eab. . .z but this precludes the further
elimination of all response parameters entering the factor
multiplying �ab. . .p.

C. The k2n+1 rule

To keep track of the parameters, we introduce the nota-
tion �r�s

ab. . .k��k+1�. . .z to denote the set of � parameters of orders
r in the ab . . .k indices and s in the �k+1� . . .z indices. In
addition, an asterisk indicates that all orders are included in a
given set, whereas r↓ indicates that only orders r and lower
are included. For example, �2↓��

abcd�ef is the set of � parameters
up to second order in abcd and of all orders in ef .

We are now in position to eliminate the largest possible
number of response parameters referencing the extensive
ab . . .k perturbations by use of Table I. First, by eliminating
�k��

ab. . .k��k+1�. . .z, we affect parameters in the set �0��
ab. . .k��k+1�. . .z.

Similarly, elimination of �k−1��
ab. . .k��k+1�. . .z affects the

�1↓��
ab. . .k��k+1�. . .z parameters. This scheme is depicted in Table II.

The elimination may be continued until the eliminated and
affected parameters overlap. From the last line in Table II,
we see that we may eliminate parameters if k−v�v—that is,
when

v �
k

2
. �26�

Equation �26� may be viewed as a 2n+1 rule within the
ab . . .k indices and will be referred to as the k2n+1 rule for a
variational energy. When evaluating Eab. . .k. . .z, we may
eliminate all � parameters of order greater than n= �k /2� in
the ab . . .k indices, where �k /2� is the largest integer less than

TABLE I. Elimination of the pth-order response parameter �ab. . .p in the
total energy derivative Eab. . .z affects the parameters multiplying �ab. . .p. The
affected parameters, which range from order one to order z− p, may then no
longer be eliminated.

Eliminated parameter Affected parameters Order

�ab¯p ��p+1� , . . . ,�z 1
��p+1��p+2� , . . . ,��z−1�z 2

] ]

��p+1��p+2�¯z z− p

TABLE II. Systematic elimination of parameters containing the ab . . .k per-
turbations for the calculation of Eab. . .k��k+1�. . .z.

Eliminated parameters Affected parameters

�k��
ab. . .k��k+1�. . .z �0��

ab. . .k��k+1�. . .z

�k−1��
ab. . .k��k+1�. . .z �1↓��

ab. . .k��k+1�. . .z

�k−2��
ab. . .k��k+1�. . .z �2↓��

ab. . .k��k+1�. . .z

] ]

�k−v��
ab. . .k��k+1�. . .z �v↓��

ab. . .k��k+1�. . .z

214103-4 Kristensen et al. J. Chem. Phys. 129, 214103 �2008�

Downloaded 07 Jun 2013 to 193.157.137.211. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



or equal to k /2. In other words, wave-function parameters to
order n in the ab . . .k indices determine energy derivatives to
order 2n+1 within these indices. We use the notation
Eab. . .k��k+1�. . .z to indicate that the energy derivative is evalu-
ated according to the k2n+1 rule.

If k is even, certain eliminations may be performed in
addition to the k2n+1 rule because the even-order
�k/2��

ab. . .k��k+1�. . .z parameters have not been touched. We may
therefore eliminate half of the terms of order k /2 in the
ab . . .k perturbations, for example, either the set
�k/2��

ab. . .k/2��k+1�. . .z or the set �k/2��
�k/2+1�. . .k��k+1�. . .z. Similarly, the re-

maining parameters of order k /2 in ab . . .k enter in pairs and
half of them may be eliminated. However, this may not be
the best way of eliminating terms of order k /2 in the ab . . .k
indices, as illustrated for k=2 in Sec. III C 1 below.

By treating all perturbations on an equal footing and
letting k=z, we eliminate parameters of order greater than
�z /2� in all perturbations. This is the standard 2n+1 rule,
which states that for a variational energy, the energy deriva-
tive to order 2n+1 is determined by response parameters to
order n.

The 12n+1 rule discussed in the introduction is obtained
by letting k=a. We may then eliminate all parameters of
order greater than �1 /2�=0 in the a index—that is, we only
need to include �0��

a�bc. . .z in the evaluation of the energy and all
parameters involving a are thus eliminated.

1. Special case: 22n+1 rule

As described above, when k is even, we may eliminate
all response parameters of order greater than �k /2�=k /2 in
the ab . . .k indices. In addition, half of the parameters of
order k /2 in the ab . . .k indices may be eliminated. This may
be done in several ways.

Consider the case where we have two extensive pertur-
bations a and b �k=2� and three intensive perturbations cde.
When evaluating Eabcde, we may immediately eliminate all
terms quadratic in ab in accordance with the 22n+1 rule—that
is, the set �2��

ab�cde is eliminated. In addition, we may eliminate
some parameters containing either a or b, for example, elimi-
nation of �1�2

a�cde affects �1↓�1↓
b�cde. This elimination scheme is de-

picted in Table III.
One possible elimination scheme is the elimination of all

parameters containing a, �1��
a�cde �the left column of Table III�,

thereby eliminating the a perturbation completely. This re-
produces the 12n+1 rule. However, to minimize the number of
response equations to be solved, it is advantageous to elimi-

nate parameters containing the intensive cde perturbations to
higher order—that is, we may eliminate all parameters con-
taining a or b coupled to cde to second and third order.
These parameters are shown in bold font in Table III.

In general, when evaluating Eab. . .k. . .z for even k, we first
eliminate all parameters of orders greater than k /2 in the
extensive perturbations ab . . .k. Subsequently, we may elimi-
nate half of the parameters of order k /2 in the ab . . .k indices.
The eliminated parameters may be chosen so as to minimize
the orders of the intensive perturbations �k+1� . . .z as exem-
plified above. In fact, the elimination scheme described
above corresponds to applying the 2n+1 rule within the �k
+1� . . .z perturbations for response parameters of order k /2
in the ab . . .k perturbations. This procedure is of course sec-
ondary to that in Table II, where parameters coupling the
extensive perturbations ab . . .k are eliminated.

In the next section, we extend the formalism to nonva-
riational energies. We shall see that the k2n+1 rule is also
applicable to a Lagrangian function and that the Lagrange
multipliers obey the somewhat stronger 2n+2 rule within the
ab . . .k perturbations.

IV. MOLECULAR PROPERTIES
FOR A NONVARIATIONAL ENERGY

We here consider a nonvariational energy function,
where the wave-function parameters are determined from an
equation of the form in Eq. �4�. Molecular properties are
determined as perturbation-strength derivatives of the La-

grangian L�� ,� , �̄� in Eq. �5�, evaluated at zero perturbation
strengths as in Eq. �8�. The wave-function parameters � and

the Lagrange multipliers �̄ are determined from Eqs. �6� and

�7� such that the Lagrangian is variational in both � and �̄.

A. Response equations

The �̄ parameters are expanded in orders of the pertur-
bation in the same way as was done for the � parameters in
Sec. III A,

�̄ = �̄�0� + �̄�1� + �̄�2� + . . . , �27�

where

�̄�1� = �
a

�a�̄a, �̄a = � ��̄

��a

�
�=0

, �28�

�̄�2� =
1

2�
ab

�a�b�̄ab, �̄ab = � �2�̄

��a � �b

�
�=0

, �29�

such that �̄�0�, �̄a, �̄ab, . . . become the multiplier parameters.

In analogy with Eq. �12�, the � and �̄ parameters to different

orders such as �ab. . .p and �̄ab. . .p may be determined from the
differentiated variational equations �Eqs. �6� and �7��,

L
�̄

ab. . .p
= � dpL�̄

d�ad�b . . . d�p
�

�=0
= 0, �30�

TABLE III. Elimination of parameters involving either a or b in the Eab�cde

derivative. Elimination of the parameters in bold font minimizes the number
of response equations to be solved. For simplicity, we have not included any
↓ in the table. If a given parameter is eliminated, ↓ should be added to the
affected parameter, for example, elimination of �1�2

a�cde affects �1↓�1↓
b�cde, whereas

the elimination of �1�1
b�cde affects �1↓�2↓

a�cde.

Eliminated/affected a parameter Eliminated/affected b parameter

�1�3
a�cde �1�0

b�cde

�1�2
a�cde �1�1

b�cde

�1�1
a�cde �1�2

b�cde

�1�0
a�cde �1�3

b�cde
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L�
ab. . .p = � dpL�

d�ad�b . . . d�p
�

�=0
= 0. �31�

The procedure for solving for a general �ab. . .p parameter is to

solve Eqs. �30� and �31� for lower-order � and �̄ parameters
and substitute these into the higher-order response equations
until �ab. . .p has been determined. In each step, the � param-
eter is found from Eq. �30� and then substituted into Eq. �31�
to solve for the corresponding multiplier.

B. The Lagrangian k2n+1,2n+2 rule

By differentiating the Lagrangian in Eq. �5� with respect
to the �a, �b, . . ., �p perturbation strengths, we see that the
pth-order Lagrangian derivative always has the structure

dL

d�ad�b . . . d�p
= L�̄

�p�̄

��a � �b . . . ��p
+ L�

�p�

��a � �b . . . ��p

+ terms independent of
�p�̄

��a � �b . . . ��p

and
�p�

��a � �b . . . ��p
. �32�

Hence, �̄ab. . .p and �ab. . .p enter the zth-order Lagrangian de-
rivative at �=0, Lab. . .z, as

Lab. . .z = L
�̄

�p+1�. . .z
�̄ab. . .p + L�

�p+1�. . .z�ab. . .p

+ terms independent of �̄ab. . .p and �ab. . .p.

�33�

So �̄ab. . .p and �ab. . .p simply multiply the response equations
in Eqs. �30� and �31� to order z− p. The Lagrangian deriva-
tive Lab. . .z is therefore variational in all � parameters and
multipliers, analogously to the variational energy derivative
in Eq. �24�,

�Lab. . .z

��ab. . .p =
�Lab. . .z

��̄ab. . .p
= 0; p = a,b, . . . z . �34�

Any multiplier or wave-function parameter to order p may
therefore be eliminated, thereby affecting parameters to order
z− p, which then may no longer be eliminated. More pre-

cisely, elimination of �̄ab. . .p affects the � parameters involv-

ing the �p+1� . . .z indices but does not affect any �̄ param-
eters as these occur linearly in the Lagrangian in Eq. �5�.
Elimination of �ab. . .p affects both �̄ and � parameters involv-

ing the �p+1� . . .z indices as both �̄ and � enter in L�, see Eq.
�7�. We also note that zeroth-order � parameters ��0� may not
be eliminated since they enter in all terms.

We now consider the case where we want to calculate
the zth-order derivative Lab. . .k. . .z and where we want to

eliminate as many parameters �both � and �̄� as possible
referring to the ab . . .k perturbations. The elimination proce-
dure, which follows the one used in Sec. III C, is depicted in

Tables IV and V for the � and �̄ parameters, respectively.
From Table IV, it follows that elimination of the set of

parameters �k−v��
ab. . .k��k+1�. . .z affects both the � set �v↓��

ab. . .k��k+1�. . .z

and the �̄ set �̄v↓��
ab. . .k��k+1�. . .z. We may therefore continue the

elimination procedure depicted in Table IV until the elimi-
nated and the affected � parameters overlap—that is, we
must have

v �
k

2
. �35�

We thus see that the k2n+1 rule described in Sec. III C is still
valid for the � parameters in the Lagrangian formulation.
When k is even, however, we do not eliminate any � param-
eters of order k /2 in the ab . . .k indices as was done in Sec.
III C 1. Instead, we use this freedom to impose a stronger
rule on the multipliers.

By eliminating the � parameters to order higher than
�k /2� in the ab . . .k indices in Table IV, we affect � param-
eters and multipliers up to order �k−1� /2 for uneven k and
�k /2�−1 for even k. Therefore, these multipliers cannot be
eliminated but higher-order multipliers may still be elimi-
nated as long as they only affect � parameters of order �k /2�
and below in the ab . . .k indices. �Recall that for even k we
have not manipulated any � parameters of order k /2 in the
ab . . .k indices.� Using the notation in Table V, we see that

we may eliminate the set of multipliers �̄k−w��
ab. . .k��k+1�. . .z, thereby

affecting the set of � parameters �w↓��
ab. . .k��k+1�. . .z as long as

w � �k/2� . �36�

Therefore, for even k, we may eliminate the set �̄�k/2���
ab. . .k��k+1�. . .z

and all higher-order multipliers in the ab . . .k indices. We
have thus obtained a 2n+2 rule for the multipliers within the
ab . . .k indices. We only need multipliers to order n in the
ab . . .k indices to determine the Lagrangian derivative to or-
der 2n+2 within these indices. In particular, if k=z, all per-
turbations are treated on an equal footing and we obtain the
well-known 2n+2 rule,6 which states that �2n+2�th-order
Lagrangian derivatives are determined from nth-order multi-
pliers.

In summary, we have derived the k2n+1,2n+2 rule for a

TABLE IV. Systematic elimination of � parameters containing the ab . . .k
perturbations for the calculation of Lab. . .k��k+1�. . .z.

Eliminated parameter Affected � parameters Affected �̄ parameters

�k��
ab. . .k��k+1�. . .z �0��

ab. . .k��k+1�. . .z �̄0��
ab. . .k��k+1�. . .z

�k−1��
ab. . .k��k+1�. . .z �1↓��

ab. . .k��k+1�. . .z �̄1↓��
ab. . .k��k+1�. . .z

] ] ]

�k−v��
ab. . .k��k+1�. . .z �v↓��

ab. . .k��k+1�. . .z �̄v↓��
ab. . .k��k+1�. . .z

TABLE V. Systematic elimination of �̄ parameters containing the ab . . .k
perturbations for the calculation of Lab. . .k��k+1�. . .z.

Eliminated parameter Affected � parameters Affected �̄ parameters

�̄k��
ab. . .k��k+1�. . .z �0��

ab. . .k��k+1�. . .z ·

�̄k−1��
ab. . .k��k+1�. . .z �1↓��

ab. . .k��k+1�. . .z ·

] ] ]

�̄k−w��
ab. . .k��k+1�. . .z �w↓��

ab. . .k��k+1�. . .z ·
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nonvariational energy in the Lagrangian formulation. When

evaluating Lab. . .k. . .z, � and �̄ parameters may be eliminated
in accordance with the 2n+1 and 2n+2 rules within the
ab . . .k indices. We refer to the Lagrangian evaluated in ac-
cordance with the k2n+1,2n+2 rule as Lab. . .k��k+1�. . .z, in analogy
with the notation of variational theory.

V. EXAMPLES

We have now derived the k2n+1 and k2n+1,2n+2 rules,
which minimize the number of response parameters to be
determined for evaluating the energy derivative Eab. . .k. . .z

when ab . . .k are extensive perturbations and �k+1� . . .z are
intensive perturbations.

The rules may be applied, for example, to a molecular
property containing one extensive �e� and two intensive �i�
perturbations Eeii, as is the case for the polarizability gradi-
ent, which determines the line intensities in Raman spectra, e
representing nuclear displacements and i electric field com-
ponents. In this case, the 12n+1 �12n+1,2n+2� rule tells us that
no extensive response parameters �and multipliers� need to
be determined to obtain Eeii.

For the calculation of the zero-point vibrational �ZPV�
contribution to a molecular property, the second derivatives
of the molecular property with respect to nuclear coordinates
are needed.24 For example, to calculate the ZPV contribution
to the polarizability, we need a fourth-order energy deriva-
tive Eeeii, with e being nuclear coordinates and i being
electric-field components. The number of response equations
to be solved is in this case minimized by application of the
22n+1 �22n+1,2n+2� rule. Next, to calculate the ZPV contribu-
tion to nuclear magnetic shielding polarizabilities,25 Eeeeii de-
rivatives are needed, with eee being two nuclear coordinates
and one nuclear magnetic moment, whereas ii are one elec-
tric and one magnetic field component. In that case, the 32n+1

�32n+1,2n+2� rule is the method of choice.
If all perturbations are either extensive or intensive �k

=z� as for the first hyperpolarizability Eiii �i being electric
field components�, then the z2n+1 �z2n+1,2n+2� rule reduces to
the standard 2n+1 �and 2n+2� rule�s�.

To illustrate in detail the advantages of the k2n+1 rule
over the standard 2n+1 rule, let us consider Eeeeii for a varia-
tional energy. Straightforward use of the 2n+1 rule allows us
to eliminate all response parameters above second order, re-
taining the response parameters �e, �i, �ee, �ei, and �ii. Be-
cause the �ee response has not been eliminated, the number
of response equations that need to be solved increases qua-
dratically with system size. On the other hand, if instead we
apply the 32n+1 rule, we need the extensive response param-
eters to first order and the intensive parameters of all
orders—that is, �e, �i, �ei, �ii, and �eii. In this case, we have
eliminated the �ee responses and the number of response
equations to be solved increases now only linearly with sys-
tem size. Clearly, for the evaluation of Eeeeii, the 32n+1 rule
greatly reduces the total number of response equations to be
solved compared with the standard 2n+1 rule.

VI. CONCLUSION

We have derived the k2n+1 rule for variational energies,
stating that when calculating the energy derivative
Eab. . .k��k+1�. . .z, the 2n+1 rule for the elimination of response
parameters may be applied separately to the subset ab . . .k of
perturbations. Typically, this subset comprises all extensive
perturbations �whose number increases linearly with system
size�, in contrast to the remaining intensive perturbations
�whose number does not depend on the system size�. For
nonvariational energies in the Lagrangian formulation, the
k2n+1,2n+2 rule applies, stating that for the extensive perturba-
tions ab . . .k, the Lab. . .k��k+1�. . .z derivative complies with the
2n+1 rule for the wave-function parameters and the 2n+2
rule for the multipliers. The k2n+1 and k2n+1,2n+2 rules give the
minimum number of response equations to be solved for a
molecular property containing k extensive perturbations and
k−z intensive perturbations.
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