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We present an analysis of the dispersion interaction energy and forces in density-functional theory
from the point of view of the adiabatic connection between the Kohn–Sham non-interacting and
fully interacting systems. Accurate coupled-cluster singles-doubles-perturbative-triples [CCSD(T)]
densities are computed for the helium dimer and used to construct the exchange-correlation poten-
tial of Kohn–Sham theory, showing agreement with earlier results presented for the Hartree–Fock–
Kohn–Sham method [M. Allen and D. J. Tozer, J. Chem. Phys. 117, 11113 (2002)]. The accuracy
of the methodology utilized to determine these solutions is checked by calculation of the Hellmann–
Feynman forces based on the Kohn–Sham densities, which are compared with analytic CCSD(T)
forces. To ensure that this comparison is valid in a finite atomic-orbital basis set, we employ floating
Gaussian basis functions throughout and all results are counterpoise corrected. The subtle charge-
rearrangement effects associated with the dispersion interaction are highlighted as the origin of a
large part of the dispersion force. To recover the exchange-correlation components of the interaction
energy, adiabatic connections are constructed for the supermolecular system and for its constituent
atoms; subtraction of the resulting adiabatic-connection curves followed by integration over the in-
teraction strength recovers the exchange-correlation contribution relevant to the density-functional
description of the dispersion interaction. The results emphasize the long-ranged, dynamically cor-
related nature of the dispersion interaction between closed-shell species. An alternative adiabatic-
connection path is also explored, where the electronic interactions are introduced in a manner that
emphasizes the range of the electronic interactions, highlighting their purely long-ranged nature,
consistent with the success of range-separated hybrid approaches in this context. © 2011 American
Institute of Physics. [doi:10.1063/1.3660357]

I. INTRODUCTION

The dispersion interaction is of fundamental importance
to the correct description of the electronic structure of a wide
variety of systems in a range of fields. Important examples
are molecular biology, where stacking interactions and pro-
tein folding are strongly influenced by dispersion interac-
tions; supramolecular chemistry, where the spatial organiza-
tion of the constituent molecular systems is determined by
weak non-covalent interactions; materials chemistry, where
the crystallographic structure is often determined by non-
covalent interactions; catalytic chemistry, where adsorption
of compounds and their propagation on surfaces are strongly
influenced by weak interactions; and molecular chemistry
and chemical reactivity, where the interactions (both inter-
and intra-molecular) of distant molecular fragments are of-
ten determined by dispersion. Given the broad range of scale
encompassed by these areas of research, Kohn–Sham (KS)
density-functional theory (DFT) often represents the method
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of choice for electronic-structure calculations—particularly,
for large and extended systems, where its attractive balance
between computational simplicity and reasonable accuracy is
essential. It is therefore disturbing that the vast majority of ap-
proximate exchange-correlation functionals employed in KS-
DFT are incapable of describing the dispersion interaction, al-
though not surprising in the light of their locality (dependence
on the density at a point in space and its immediate vicinity
only). In many of these fields, the lack of a good description
of the dispersion interaction constitutes a serious impediment
to the application of the KS-DFT methodology.

The dispersion problem of DFT has long been ap-
preciated and a number of solutions have been suggested.
More fundamental solutions aim at introducing non-locality
into the correlation component of the energy expression.
In the density-functional context, these solutions include
methodologies based on the adiabatic connection (AC) and
the fluctuation-dissipation theorem,1–5 for example, the re-
lated vdW-DF functional of Dion et al.6–9 and the VV
functionals of Vydrov and Van Voorhis.10–12 In the hybrid
density-functional context, range-separated methodologies13
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based on a host of long-ranged wave-function correlation
contributions from Møller–Plesset second-order perturba-
tion theory,14 coupled-cluster (CC) theory,15 configuration-
interaction theory,16, 17 multi-configurational self-consistent
field theory,18, 19 and N-electron valence second-order per-
turbation theory20 have been combined with specifically de-
signed short-ranged exchange-correlation functionals at the
local-density approximation (LDA),13, 21 generalized gradi-
ent approximation (GGA),15, 22, 23 and meta-GGA (Ref. 24)
levels. Recently, similar approaches based on the random
phase approximation25–32 have attracted a great deal of
interest,33–52 motivated in particular by their ability to de-
scribe non-covalent interactions. A different approach is that
of symmetry-adapted perturbation theory (SAPT),53–55 which
treats intermolecular dispersion interactions accurately based
on monomer calculations. Successful variants of SAPT based
on KS orbitals have also been reported.56 More empirical ap-
proaches to the dispersion problem of DFT involve the ex-
plicit introduction of simple energy terms designed to re-
cover the leading interaction-energy terms, summed over all
atom pairs in the system and combined with a suitable damp-
ing function to remove the contribution at shorter interatomic
distances.57–68 These approaches were originally proposed in
the context of Hartree–Fock (HF) theory and are denoted
HF-D,69 with more recent parameterizations in DFT denoted
DFT-D.66–68 Historically, a number of simple dispersion for-
mulae based on the consideration of long-ranged interactions
between separated subsystems to lowest order in perturba-
tion theory were also considered;70–75 the Becke–Johnson
exchange-hole–dipole-moment formalism76–79 may to some
extent be considered as a modern-day DFT based descendent
of these ideas.77, 79

The strength of the empirical approaches to the disper-
sion correction is their ease of implementation and (with re-
cent extensive parameterizations68) broad applicability. Com-
bined with the fact that geometrical gradients are readily
available for these approximations, there is no doubt that
these corrections provide a useful tool for applications where
dispersion interactions are significant—in particular, in the
determination of molecular structure. However, the nature
of these corrections means that they lack a self-consistent
implementation—that is, while they correct the energy ex-
pression, they have no direct influence on the electronic struc-
ture of the system since they do not have a corresponding
contribution to the KS potential. The relevance of induced
charge-density distortions to the forces on nuclei in molecules
has long been understood since (and before80, 81) the cele-
brated Hellmann–Feynman theorem.82, 83 The utility of this
route to calculate dispersion forces in Hartree–Fock–Kohn–
Sham (HFKS) theory was highlighted by Allen and Tozer in
2002.84 In that work, they illustrated how subtle charge dis-
tortions around each nucleus represent the dominant contri-
bution to the dispersion interaction and that these, in turn, are
induced by subtle distortions in the exchange-correlation po-
tential due to the presence of a distant system.

In the present work, we build on the results of Allen and
Tozer,84 linking this work to the AC formalism. The work of
Allen and Tozer focussed on the charge distortions, correla-
tion potentials, and forces, but did not analyze the energy con-

tributions in detail. Here, we extend the treatment put forward
in that work to general interaction strengths, constructing ACs
both for the total energies and for the interaction energies
alone. In addition to this generalization, we work within the
full KS formulation, treating the full exchange-correlation po-
tential rather than introducing a HF-like non-local exchange
potential.

In Sec. II, we commence by outlining the theory rele-
vant to the present work, focussing on the dispersion force
and the Hellmann–Feynman theorem and establishing ACs
for the interaction-energy contributions. In Sec. III, we then
outline the computational approach to the calculation of these
connections and detail the steps taken to ensure that the
Hellmann–Feynman theorem holds and that convergence of
the procedures used is sufficient to ensure reasonable accu-
racy. In Sec. IV, we present and analyze our results. Initially,
we focus on the special case of zero interaction strength,
corresponding to the KS system, before proceeding to study
the evolution from the non-interacting to physical, interact-
ing systems. By choosing different ways to switch on the
electronic interactions, we examine how these ACs highlight
key features of the dispersion interaction. Comparisons with
two standard approximate density functionals also highlight
the typical failures of semi-local approximations. Finally, in
Sec. V, we make some concluding remarks, indicating how
we plan to utilize this approach in the future.

II. THEORETICAL BACKGROUND

A. The Hellmann–Feynman force

Throughout the present work, we consider N-electron
systems described by the Hamiltonian (in atomic units)

Ĥλ[v] = T̂ +
∑

i

v(ri) + Ŵλ +
∑
A<B

ZAZB

RAB

, (1)

where T̂ is the kinetic energy operator, v is the external po-
tential, and Ŵλ is the two-electron interaction operator (which
depends on an interaction strength λ in a manner that will be
discussed in Sec. II B). The final term represents the repul-
sion between nuclei of charges ZA and ZB at separations RAB.
For a given perturbation of the Hamiltonian in Eq. (1), the
Hellmann–Feynman theorem allows us to express the deriva-
tive of the electronic energy with respect to the perturbation
as the expectation value of the corresponding derivative of the
Hamiltonian.83 Specializing to the case of atomic geometrical
distortions (for a fixed interaction strength λ), the Hellmann–
Feynman theorem can be used to allow the calculation of the
forces on the nuclei in a molecule directly from the elec-
tronic density. For example, noting that, in the Hamiltonian of
Eq. (1), only the contributions from the external potential v

and from the nuclear–nuclear repulsion energy depend on the
nuclear framework, the x component of the force on a nucleus
A may be written as

Fx,A = −dEλ[v]

dXA

= −
〈
�

∣∣∣dĤλ[v]

dXA

∣∣∣�
〉

= −ZA

∑
B �=A

ZBXAB

R3
AB

+ ZA

∫
ρ(r)xA

r3
A

dr , (2)
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where ρ(r) is the electronic density at position r, XA and XAB

are the x-coordinates of nucleus A relative to the origin and
to nucleus B, respectively, likewise, xA is the x-coordinate of
the electron relative to nucleus A. Here, we have assumed that
the external potential v is simply that generated by a frame-
work of point-charge nuclei, v(r) = −∑

A ZAr−1
A ; however,

the same result holds for any modification of this potential that
does not depend on the nuclear configuration. The Hellmann–
Feynman theorem is applicable to any molecular geome-
try; for well separated neutral atomic or molecular subsys-
tems with no permanent multipole moment, the Hellmann–
Feynman force becomes the dispersion force, thereby provid-
ing a direct link between the dispersion force and the elec-
tronic density.

Both terms in the Hellmann–Feynman force on atom A
exhibit a quadratic decay: in the nuclear term, with respect
to its distance to the other nuclei; in the electronic term, with
respect to its distance to the electrons. We therefore expect
the Hellmann–Feynman force to depend primarily on the den-
sity close to the nucleus. Indeed, Feynman conjectured that,
for dispersion forces, the dominant electronic contribution to
the force stems from the distortion of the electron density in
the vicinity of the nucleus, as induced by the other species.83

Feynman’s conjecture was explicitly demonstrated by Hunt85

and later illustrated by Allen and Tozer.84

Although theoretically appealing and conceptually rele-
vant to the discussion of dispersion in DFT, the Hellmann–
Feynman theorem is difficult to apply in practice because
of the use of non-variational approximate wave-function ap-
proaches and finite sets of atom-fixed basis functions. For
such approximate wave functions, the conditions of the
Hellmann–Feynman theorem are not satisfied and the forces
acting on the nuclei are given by more complicated expres-
sions than that of Eq. (2). In the present work, we will never-
theless use this expression to provide a sensitive measure of
the quality of our calculations. We defer the discussion of the
difficulties in the computation of this quantity and how they
may be circumvented to Sec. III.

B. The adiabatic connection

Having introduced the Hellmann–Feynman theorem in
Sec. II A to discuss one route to the calculation of disper-
sion forces, we now discuss the construction of a density-fixed
AC between the non-interacting and interacting systems,1–5

allowing us to recover the exchange-correlation energy of rel-
evance to DFT. To this end, we consider again the Hamil-
tonian of Eq. (1). However, rather than considering pertur-
bations of the nuclear framework as in Sec. II A, we con-
sider perturbations of the two-electron interactions described
by Ŵλ. For flexibility in the choice of AC integration path,
we use the generalized AC formalism,86 representing the two-
electron interaction in the general manner

Ŵλ = 1

2

∑
i �=j

wλ(rij ),

w0(rij ) = 0, w1(rij ) = 1

rij

, 0 ≤ λ ≤ 1 . (3)

As first discussed by Lieb,87 the ground-state energy as a
functional of the external potential Eλ[v] and the univer-
sal density functional as a functional of the electron density
Fλ[ρ], both calculated at the same interaction strength λ, are
mutual Legendre–Fenchel transforms,

Eλ[v] = inf
ρ∈X

[Fλ[ρ] + (v|ρ)] , v ∈ X∗, (4)

Fλ[ρ] = sup
v∈X∗

[Eλ[v] − (v|ρ)] , ρ ∈ X, (5)

where X and its dual X* are Banach spaces such that the inter-
action of the external potential v with the electronic density ρ

(v|ρ) =
∫

v(r)ρ(r) dr (6)

is finite for all ρ ∈ X and v ∈ X*. The conditions for a min-
imizing density ρ in Eq. (4) and a maximizing potential v in
Eq. (5) are the relations

Eλ[v] = Fλ[ρ] + (v|ρ) ⇔ ρ ∈ ∂+Eλ[v] ⇔ −v ∈ ∂−Fλ[ρ],

(7)

where ∂+Eλ[v] and ∂−Fλ[ρ] are the upper and lower subd-
ifferentials of the functionals, respectively. An external po-
tential v and a density ρ that together satisfy this equation
are said to be conjugate. We note that the universal density
functional Fλ[ρ] of Eq. (5) may be written as a constrained-
search over ensemble density matrices γ̂ that yield the density
ρ while minimizing the expectation value of the Hamiltonian
in the absence of an external potential:

Fλ[ρ] = min
γ̂→ρ

trĤλ[0]γ̂ = trĤλ[0]γ̂ ρ
λ , (8)

where a minimizing density matrix γ̂
ρ
λ always exists.

To construct an AC under the constraint of a fixed density,
as is relevant to KS-DFT,1–5 we consider the evaluation of
Eq. (5), supplying always the same physical (λ = 1) density
ρ. Relating the universal functional Fλ[ρ] for λ > 0 to the
non-interacting universal density functional

F0[ρ] = Ts[ρ], (9)

we obtain an expression for the total electronic interaction en-
ergy as a coupling-constant integral:

Fλ[ρ] = F0[ρ] +
∫ λ

0
F ′

ν[ρ] dν

= Ts[ρ] +
∫ λ

0
WJxc,ν[ρ] dν. (10)

Here, the prime denotes differentiation with respect to λ. In
the second equality, we have applied the Hellmann–Feynman
theorem to Eq. (8) and introduced the AC integrand:

WJxc,λ[ρ] = trĤ ′
λ[0]γ̂ ρ

λ = trŴ ′
λγ̂

ρ
λ (11)
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whose integration over the coupling constant from 0 to λ

yields the complete electronic interaction contribution to the
KS energy at coupling strength λ. We now decompose this
energy in the usual way

∫ λ

0
WJxc,ν[ρ] dν = Jλ[ρ] + Ex,λ[ρ] + Ec,λ[ρ], (12)

where we have introduced the classical Coulomb energy for
an AC integration path specified by wλ(r12):

Jλ[ρ] = 1

2

∫ ∫
wλ(r12)ρ(r1)ρ(r2) dr1dr2; (13)

the exchange energy:

Ex,λ[ρ] = trŴλγ̂
ρ

0 − Jλ[ρ]; (14)

and the correlation energy:

Ec,λ[ρ] =
∫ λ

0
Wc,ν[ρ] dν, (15)

Wc,ν[ρ] = trŴ ′
ν(γ̂ ρ

ν − γ̂
ρ

0 ). (16)

Combination of the exchange and correlation energies yields
the exchange-correlation energy as a coupling-constant inte-
gral:

Exc,λ[ρ] =
∫ λ

0
Wxc,ν[ρ] dν, (17)

Wxc,ν[ρ] = trŴ ′
ν γ̂

ρ
ν − J ′

ν[ρ]. (18)

The total electronic energy (including the nuclear–nuclear re-
pulsion Enn) may then be expressed in the manner

Eλ[v] = Ts[ρ] + (v|ρ) + Jλ[ρ] +
∫ λ

0
Wxc,ν dν + Enn.

(19)
In the present work, we consider two paths for the AC
integrals—namely, the linear path and the error-function path
defined as

wlin
λ (rij ) = λ/rij ,

werf
λ (rij ) = erf([λ/(1 − λ)]rij )/rij , (20)

respectively. The latter choice of two-electron interaction pro-
vides a way to emphasize the range of the electronic interac-
tions. Recently, we have examined the behaviour of the inte-
grands for both paths for the helium isoelectronic series and
for the hydrogen molecule as prototypical examples of dy-
namic and static correlation.88–90 In this work, we examine
the AC for the helium dimer, as a prototypical system exhibit-
ing the dispersion interaction.

1. An interaction-energy adiabatic connection

Since our focus in the present work is the dispersion in-
teraction, we now consider the interaction energy, defined as
the difference between the total energy of the dimer and the
two atoms. We are then interested in the interaction functional

F int
λ [ρHe2 , ρHe] = Fλ[ρHe2 ] − 2Fλ[ρHe]. (21)

Introducing the interaction components

T int
s [ρHe2 , ρHe] = Ts[ρHe2 ] − 2Ts[ρHe], (22)

J int
λ [ρHe2 , ρHe] = Jλ[ρHe2 ] − 2Jλ[ρHe], (23)

W int
xc,λ[ρHe2 , ρHe] = Wxc,λ[ρHe2 ] − 2Wxc,λ[ρHe], (24)

we may write the interaction energy in the following way:

F int
λ = T int

s + J int
λ +

∫ λ

0
W int

xc,ν dν, (25)

where we have omitted the arguments for clarity. In the
present work, we calculate these integrands at the coupled-
cluster singles-doubles-perturbative-triples (CCSD(T)) level
of theory91 and compare the results with those obtained using
two popular density functionals.

III. COMPUTATIONAL DETAILS

A. Hellmann–Feynman forces

The expression for the Hellmann–Feynman force in
Eq. (2) gives a particularly simple way to evaluate molecular
forces and provides a direct link between the force on each
nucleus and the electronic density. Unfortunately, in practical
calculations, the form given in Eq. (2) is usually not appli-
cable. Two complications arise: first, the electronic-structure
method used to calculate the energy may not determine the
energy functional variationally (by the Rayleigh–Ritz varia-
tion principle); second, we typically parameterize our molec-
ular wave function in terms of atomic orbitals (AOs), which
carry an explicit (not variationally determined) dependence
on the molecular geometry since they are usually attached
to the atomic nuclei. In the present work, we must deal with
both of these difficulties since we utilize the accurate but non-
variational CCSD(T) procedure to determine our approximate
wave function and electronic density and since the imple-
mentation uses molecular orbitals (MOs) expanded in atom-
centered AOs:

ϕp(r, x) =
∑

μ

Cμpχμ(r, x), (26)

where r are the electronic coordinates, χμ are Gaussian func-
tions centered at x, and Cμp are the MO coefficients.

Fortunately, methods to circumvent both of these obsta-
cles have been devised. We consider an electronic energy
E(x; η,λ), where x are the nuclear coordinates, η are the po-
sitions of the AOs, and λ are the remaining wave-function
parameters, such as MO coefficients and CC amplitudes. The
optimized energy is given by

E(x) = E(x; η∗,λ∗), (27)

where η∗ and λ∗ are the optimal (not necessarily variation-
ally optimized) wave-function parameters. The negative of the
forces with respect to nuclear displacements are now given by

dE(x)

dx
= ∂E

∂x

∣∣∣∣
∗
+ ∂E

∂η

∣∣∣∣
∗

∂η

∂x
+ ∂E

∂λ

∣∣∣∣
∗

∂λ

∂x
. (28)
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If the wave-function parameters η and λ have been variation-
ally optimized, then the last two terms vanish, yielding the
Hellmann–Feynman force. In practice, however, these terms
do not vanish since neither the AO positions η nor the CC
parameters λ have been variationally optimized.

To eliminate the second term in Eq. (28), we could make
the basis functions independent of the nuclear positions—for
example, by placing all functions at a fixed point in space, for
all molecular geometries. While this approach would elim-
inate the second term in Eq. (28), the burden it places on
a finite set of expansion functions is so heavy that, for all
but the most compact systems, the representation of the wave
function and associated density is rendered meaningless. Al-
ternatively, we may detach the AOs from the nuclear centres
and introduce their positions as extra parameters in the wave
function to be determined variationally,92 thereby satisfying
the condition ∂E/∂η|∗ = 0. This is the approach followed
in the present work; it was originally proposed by Hurley92

in 1954 (see also the discussion of conditions under which
the Hellmann–Feynman electrostatic theorem applies therein)
and has been re-investigated by many authors since.93–100

It is not necessary to float all AO centers η independently
to satisfy the conditions of the Hellmann–Feynman theorem.
Instead, we may attach the AO centers η to a smaller set of
floating centers ζ , upon which η depend in a trivial manner.
The second term in Eq. (28) then becomes

∂E

∂η

∣∣∣∣
∗

∂η

∂x
= ∂E

∂ζ

∣∣∣∣
∗

∂ζ

∂η

∂η

∂x
= 0 (29)

since ∂E/∂ζ |∗ = 0. In the present paper, we have attached all
AOs associated with the same nucleus to a single floating cen-
ter, whose position is variationally optimized. The total num-
ber of floating centers to optimize is then equal to the number
of atoms in the system, greatly reducing the cost needed to
satisfy the condition of the Hellmann–Feynman theorem.

Having ensured that the second term on the right-hand
side of Eq. (28) vanishes, let us now consider the last term.
Since the CCSD(T) energy is not optimized variationally by
the Rayleigh–Ritz method, this term does not vanish. To solve
this problem, we follow the Lagrangian approach of Hel-
gaker and Jørgensen101–105 to build an auxiliary variational
Lagrangian, L(x; η,λ, λ̄), which is determined variationally,
but such that its stationary value coincides with the original
non-variational energy: L(x; η∗,λ∗, λ̄∗

) = E(x; η∗,λ∗).
Given an energy functional, E(x; λ) (omitting the argu-

ment η), all non-variational conditions on the wave-function
parameters λ are identified. For the CCSD(T) energy, this
means that the equations used to determine the singles and
doubles cluster amplitudes, the perturbative triples ampli-
tudes, and the canonical conditions (or the less restrictive Bril-
louin conditions) on the MOs must all be considered to set up
a Lagrangian of the form,104

L(x; λ, λ̄) = E(x; λ) + λ̄
Te(x; λ̄), (30)

where the e(x; λ) = 0 are the constraint equations determin-
ing the relevant wave-function parameters and λ̄ are unde-
termined Lagrange multipliers, one for each condition. The

solution of the linear equations

∂L(x; λ, λ̄)

∂λ̄
= e(x; λ) = 0, (31)

∂L(x; λ, λ̄)

∂λ
= ∂E(x; λ)

∂λ
+ λ̄T ∂e(x; λ)

∂λ
= 0, (32)

for the wave-function parameters λ and for the Lagrange mul-
tipliers λ̄, respectively, ensures that L(x; λ∗, λ̄∗) = E(x; λ∗).
The Lagrangian is then variational with respect to all of the
parameters on which it depends (excluding the implicit de-
pendence of λ on x). The geometrical derivative of the elec-
tronic energy is then simplified to the form

dE(x)

dx
= dL(x)

dx
= ∂L(x)

∂x
= ∂E(x; λ)

∂x
+ λ̄

∂e(x; λ)

∂x
,

(33)
where the need to evaluate the wave-function response ∂λ/∂x
in Eq. (28) is avoided, in line with the case for methodologies
that utilize the Rayleigh–Ritz variation principle directly.

The inclusion of the canonical conditions in the La-
grangian is essential to ensure that it is variational with re-
spect not only to the CC parameters, but also the underly-
ing MOs. Once the gradient expression for CCSD(T) has
been determined following the procedure outlined above, we
can identify a relaxed (or effective variational) one-electron
density matrix, Drlx, for details see Ref. 104. This density
matrix is equal to that obtained using the Handy–Schaefer
Z-vector approach,106 though its variational nature is clearer
from the Lagrangian derivation as is its extension to higher-
order derivatives. The electronic density ρ(r) corresponding
to the relaxed density matrix Drlx derived for the CCSD(T)
method is used as our best estimate of the physical density
throughout the present work.

The evaluation of first-order one-electron properties is
particularly simple once the relaxed density matrix has been
established, being the expectation value of the relevant one-
electron operator (in the present case, the geometric derivative
of the one-electron part of the Hamiltonian, h[1], having inte-
gral matrix elements h[1]

pq), in agreement with the Hellmann–
Feynman theorem:

〈h[1]〉 =
∑
pq

h[1]
pqD

rlx
pq. (34)

Indeed, to evaluate the Hellmann–Feynman force of
Eq. (2), we evaluate the final term by contraction of the nu-
clear electric-field integrals 〈χα|rKr−3

K |χβ〉 for each nucleus K
(which may be calculated analytically) with the relaxed den-
sity matrix Drlx

αβ in the AO basis.
Throughout this paper, we employ the Lagrangian ap-

proach in tandem with floating functions to ensure that, in our
calculations, full agreement between the force evaluated by
Eqs. (2) and (33) is obtained. The Lagrangian implementation
is part of the DALTON quantum-chemistry program107 and
detailed in Ref. 104. We have made the necessary modifica-
tions to the geometry optimizer and basis-set specifications to
implement floating functions in a development version of this
code. In all calculations, we employ the d-aug-cc-pVQZ basis
set in un-contracted form.108, 109
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B. Calculation of AC integrands

To perform the Lieb maximization of Eq. (5), we em-
ploy the algorithm proposed by Wu and Yang,86 which we
have recently implemented in the DALTON program107 for ar-
bitrary interaction strengths and generalized AC paths. For a
detailed discussion of this approach, we refer the reader to
Refs. 86 and 88–90. We note that the key to the Wu–Yang
approach to perform the Lieb maximization is the parameter-
ization of the potential in the manner

vb(r) = vext(r) + vref,λ(r) +
∑

t

btgt (r), (35)

where the first term vext(r) is the external potential from
the nuclei, the second term vref,λ(r) is a fixed reference po-
tential chosen to ensure the correct asymptotic behaviour,
and the final term is a linear expansion in Gaussian func-
tions gt (r) with coefficients bt. Inserting this expansion into
Eq. (5) and using the gradient and Hessian with respect to the
coefficients bt, we may perform the Lieb maximization us-
ing standard quasi-Newton or Newton techniques. Here, we
have used the Newton method, employing a Hessian with a
truncated singular-value decomposition (SVD) cutoff of 10−6

and a convergence target of 10−8 on the gradient norm—see
Refs. 86 and 88–90 for details. All calculations in the present
work use the CCSD(T) method for the calculation of Eλ[v],
fixing the electronic density at the relaxed CCSD(T) density
at λ = 1.

IV. RESULTS

We divide the analysis of our results into two parts. First,
in Sec. IV A, we concentrate on the KS system, establishing
the accuracy of our results by comparing with CCSD(T) data
and (where possible) by comparing with the HFKS results ob-
tained by Allen and Tozer.84 The study of weak interactions
provides a stern test for the methodology outlined in Sec. III
and, in the non-interacting case, the potential vb(r) of Eq. (35)
differs by the most from the potential vext(r) at λ = 1. As such,
it represents a sensible point at which to check the accuracy
of our calculations.

Next, in Sec. IV B, we study the full-interaction AC for
the simple He2 system, allowing us to recover the interac-
tion energy from a coupling-constant integration and to break
down its contributions into the usual KS components. Ini-
tially, in Sec. IV B 1, we consider the linear AC path, compar-
ing the results with those from the standard BLYP and PBE
exchange-correlation functionals in Sec. IV B 3. In Sec. IV
B 4, we consider the error-function AC path,86 examining the
range of electronic interactions relevant to dispersion.

A. Dispersion in KS theory (λ = 0)

The failings of present-day density-functional approxi-
mations in the description of long-ranged dispersion interac-
tions are now well documented—see, for example, the re-
view in Ref. 110. In 2002, Allen and Tozer presented a
novel analysis of the dispersion interaction from the point of
view of the force on the nuclei.84 In their work, the HFKS
formalism111, 112 was employed, in which the exchange con-

tribution is treated as in HF theory and a multiplicative cor-
relation potential vc(r) is introduced. In the present work, we
perform similar calculations at λ = 0 but within the full KS
framework, incorporating the effects of both exchange and
correlation in a multiplicative potential vxc(r). Although a
non-multiplicative operator such as the HF exchange opera-
tor cannot be replaced exactly by a multiplicative potential
contribution,113 the close similarity between HF results and
those obtained by application of the optimized effective po-
tential method114, 115 to the HF energy functional (their ener-
gies agreeing typically to within a few mH) indicates that our
results at λ = 0 should be qualitatively similar to those of Ref.
84. However, it is important to establish if this is indeed the
case since the exchange contributions in the present work are
handled via the expansion of Eq. (35). Since this potential is
much larger than vc(r), the accuracy with which vxc(r) can
be established and the CCSD(T) density reproduced in terms
of the KS orbitals represented in a finite basis set must be
determined—particularly, for the very subtle dispersion inter-
actions calculated here as energy differences.

1. Density distortions

Central to the KS AC is the idea that the density is held
fixed at its physical value (here calculated using CCSD(T)
theory at λ = 1) for all values of the coupling strength. At
the non-physical interaction strengths, 0 ≤ λ < 1, we then
generate an effective potential whose associated ground-state
density is equal to the physical density. We therefore begin our
study by comparing the CCSD(T) (λ = 1) density distortion
(where A and B are the atoms):

�ρ(r) = ρHe2 (r) − ρA(r) − ρB(r) (36)

with the corresponding KS (λ = 0) density constructed from
the KS orbitals via ρ(r) = 2

∑
i |ϕi(r)|2, where the summa-

tion is over all occupied MOs. All quantities have been cor-
rected for basis-set superposition error (BSSE) by apply-
ing the Boys–Bernardi counterpoise correction.116 Thus, in
Eq. (36), all densities on the right-hand side have been cal-
culated in the same AO dimer basis consisting of floating ba-
sis functions centred at positions variationally optimized in a
CCSD(T) determination of the relaxed dimer density, as dis-
cussed in Sec. III A.

In the course of our calculations, we found that, to re-
produce the �ρCCSD(T)(r) density distortions with a set of KS
orbitals in the uncontracted d-aug-cc-pVQZ basis set, an ex-
tensive auxiliary basis set must be employed in Eq. (35). We
investigated the use of auxiliary basis sets of the type d-aug-
cc-pVXZ with 4 ≤ X ≤ 6. With X = 6, a qualitatively reason-
able agreement between the �ρCCSD(T)(r) and �ρKS(r) charge
density distortions was obtained. The combination of an un-
contracted d-aug-cc-pVQZ orbital basis with an uncontracted
d-aug-cc-pV6Z auxiliary basis set108, 109 has therefore been
used throughout this work.

We have also confirmed that variation in the SVD cutoff
used to remove small Hessian singular values in the Newton
optimization procedure between 10−5 and 10−8 has little ef-
fect on the quality of the �ρKS(r) agreement. Following Allen
and Tozer,84 we consider the geometries R = 8.0a0, 8.5a0, and
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9.0a0, where the long-range dispersion interaction is domi-
nant. The �ρCCSD(T)(r) and �ρKS(r) charge density distor-
tions are presented in Fig. 1 for these geometries.

As expected, the CCSD(T) distortions are very simi-
lar to those presented in Ref. 84 for the Brueckner-doubles-
perturbative-triples approach and the HFKS formalism. The
agreement between the �ρCCSD(T)(r) and �ρKS(r) distortions
is certainly qualitatively reasonable, although some small dis-
crepancies are present. The size of these discrepancies is
somewhat larger than that observed in the work of Tozer and
Allen, which may be attributable to the use of a finite expan-
sion set in Eq. (35) and the fact that the multiplicative poten-
tial approximated in the present work is substantially larger
than vc(r) used in the HFKS context.

2. Hellmann–Feynman forces

To quantify the agreement between the KS and CCSD(T)
densities, we have calculated the Hellmann–Feynman forces
for the CCSD(T) relaxed density and the KS density us-
ing floating basis functions. As a check, we compared our
Hellmann–Feynman results for the CCSD(T) density with
the usual geometrical gradient, calculated as described in
Ref. 104. Upon optimizing the positions of the floating ba-
sis functions, we found that their centres were very close to
the nuclear positions. When optimizing these positions with
the DALTON geometry optimizer, very tight convergence cri-
teria were therefore used on the gradient and energy. That
the floating functions do not move far from the nuclear cen-
tres is a reflection of the fact that, at the geometries con-
sidered, the He2 system resembles two isolated atoms, for
which the Hellmann-Feynman electrostatic theorem would
hold even for nuclear centred functions. On the other hand,
basis-set floating has a profound effect on the agreement
between the Hellmann–Feynman forces and the gradient in
Eq. (33). For atom-centred basis functions, the counterpoise-
corrected Hellmann–Feynman force evaluated by Eq. (2) is
1.35 × 10−6Eh/a0, while the value of the force from a con-
ventional gradient calculation is 5.15 × 10−6Eh/a0. Upon
floating the orbitals, excellent agreement is restored, as in-
dicated in Table I and required by the discussion of Sec. III.

If our KS density reproduces our CCSD(T) density accu-
rately, we should obtain similar forces by using the KS den-
sity in Eq. (2). The forces for each approach are presented in
Table I. Graphically, we have seen in Fig. 1 that the agreement
in the densities is not perfect. This imperfection is reflected

TABLE I. Comparison of analytic CCSD(T) forces F an
CCSD(T), Hellmann–

Feynman forces calculated from the CCSD(T) density F hf
CCSD(T) and the

KS[CCSD(T)] density F hf
KS[CCSD(T)] in units of 10−6Eh/a0. Also included are

accurate values for the dispersion force, Fdisp, calculated using the dispersion
coefficients of Korona et al.117 Values for forces have been calculated at the
geometries R = 8.0a0, 8.5a0, and 9.0a0.

R F an
CCSD(T) F hf

CCSD(T) F hf
KS[CCSD(T)] Fdisp

8.0 −4.94 −4.94 −4.42 −5.35
8.5 −3.76 −3.76 −3.31 −3.38
9.0 −2.75 −2.75 −2.39 −2.21

in the KS Hellmann–Feynman forces, the discrepancies in
the (counterpoise-corrected) forces being 0.52 × 10−6Eh/a0,
0.45 × 10−6Eh/a0, and 0.36 × 10−6Eh/a0 for the geometries
R = 8.0a0, 8.5a0, and 9.0a0, respectively. The small size of
these distortions means that they are difficult to reproduce and
the forces provide one way to quantify the accuracy we can
expect from our results. Qualitatively, the results are correct
and display similar behaviour to those presented by Allen and
Tozer;84 quantitatively, however, we expect a more modest ac-
curacy. For comparison, we have included the SAPT values of
Korona et al.117

3. Exchange-correlation and correlation potentials

In Ref. 84, Allen and Tozer also presented correlation po-
tentials vc(r) for the helium dimer, showing that they have
a similar structure to those obtained from individual he-
lium atoms, such as the quantum Monte-Carlo densities of
Ref. 118. In our calculations, we have used the uncontracted
d-aug-cc-pVQZ orbital basis with the uncontracted d-aug-cc-
pV6Z auxiliary basis for the potential. While the extra flexi-
bility introduced by this larger auxiliary basis set was neces-
sary to obtain the agreement in the density distortions shown
in Fig. 1, it is well known that the potential determined in such
a basis can be badly behaved.113, 119–129 In Fig. 2, we present
the exchange-correlation potentials obtained with an SVD
cutoff of 10−6 and the additional application of the smoothing
procedure of Heaton-Burgess et al.,128, 129 with a smoothing-
norm regularization parameter of 10−5 at R = 8.0a0. This
rather large value for the smoothing-norm regularization pa-
rameter is sufficient to remove the spurious oscillations that
remain at the nuclei in the SVD-only approach. In addition,
we have performed calculations to determine the KS poten-
tial yielding the HF density at λ = 0, which may be regarded
as an approximate exchange potential vx(r) in the spirit of
Refs. 130–134. Subtraction of vx(r) gives an approximate cor-
relation potential and is also presented in the second panel of
Fig. 2. It is encouraging to note the similarity of these plots
to those presented in Ref. 118. The result of applying the
smoothing-norm method on the value of the Lieb functional
obtained in the maximization procedure compared with the
SVD-only approach is a lowering of the calculated value by
2.58 × 10−5Eh, 2.56 × 10−5Eh, and 5.34 × 10−6Eh for the
dimer at R = 8.0a0, 8.5a0, and 9.0a0, respectively.

On the one hand, the absolute accuracy of the agree-
ment between the KS and CCSD(T) densities obtained at λ

= 0 is quantitatively slightly disappointing. Our discrepan-
cies being larger than the HFKS discrepancies reported by
Allen and Tozer84 are consistent with the observations for the
forces presented in Table I. On the other hand, given the very
small magnitude of the density distortions and that we deal
with much larger potentials than in HFKS theory, the fact that
both the forces and density differences do show qualitative
agreement is encouraging. That this qualitative picture of the
dispersion interaction is reasonable is further emphasized in
Fig. 3, where we present plots of the density distortions calcu-
lated directly from the CCSD(T) input densities and the non-
interacting KS densities obtained via the Lieb maximization
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FIG. 1. Density differences in atomic units (a−3
0 ) for three internuclear separations: (a) 8.0a0, (b) 8.5a0, and (c) 9.0a0. The solid lines correspond to CCSD(T)

relaxed density differences and the dashed lines correspond to the KS density differences, calculated by performing the Lieb maximization at λ = 0.

procedure in a plane containing the two nuclei. Clearly, the
qualitative structure of the density distortions is reasonably
well reproduced and their spatial extent is clear from this plot.

4. Decomposition of the He2 interaction energy

Accepting this level of accuracy for the moment, we shall
now compare the contributions to the interaction of the helium
dimer in CC and KS theories. We begin by decomposing the
total electronic energy into uncorrelated and correlated parts,

Etot = Eu + Ec, (37)

where the two contributions differ in the CC and KS cases.
However, in both cases, Eu is calculated from a determinantal
wave function . To see the difference between the two ap-
proaches, we decompose Eu further into kinetic and Coulomb
contributions Tu and Uu, respectively,

Eu = Tu + Uu, (38)

where Uu includes nuclear–electron, electron–electron, and
nuclear–nuclear contributions. In the CC case, the determi-
nantal Hartree–Fock wave function HF is obtained by mini-
mizing the expectation value of the Hamiltonian; the HF den-
sity ρ̃ is therefore different from the exact density ρ (here
taken to be the CCSD(T) density). In the KS case, the non-
interacting wave function KS is obtained by minimizing the
expectation value of the kinetic energy subject to the con-
straint that the density is equal to the exact density ρ of the

interacting system:

ECC
u = min

→N
〈|H1[vext]|〉 = EHF, (39)

T KS
u = min

→ρ
〈|H0[0]|〉 = Ts[ρ]. (40)

In practice, we have calculated Ts[ρ] = F0[ρ] by Lieb maxi-
mization at λ = 0. We note that ECC

u = EHF ≤ EKS
u .

Having determined the minimizing HF and KS wave
functions HF and KS, respectively, we decompose the to-
tal Coulomb energy as

Uu = Vu + J + Ex + Enuc, (41)

where the nuclear-attraction energy Vu is calculated in the
usual manner as (v|ρ̃) and (v|ρ), respectively, and the classi-
cal Coulomb-repulsion energy J is obtained as J [ρ̃] and J[ρ],
respectively, using Eq. (13) with λ = 1. The exchange energy
Ex is the difference between the expectation value of the two-
electron operator and the Coulomb repulsion energy:

EHF
x = 〈HF|Ŵ1|HF〉 − J [ρ̃] = E′

HF − J [ρ̃], (42)

EKS
x = 〈KS|Ŵ1|KS〉 − J [ρ] = F ′

0[ρ] − J [ρ]. (43)

Finally, the trivial nuclear-repulsion energy Enuc in Eq. (41)
is the same in the two cases.

The correlation energy Ec of Eq. (37) is calculated us-
ing CCSD(T) theory. In the KS case, the correlation energy is

FIG. 2. KS exchange-correlation (left panel) and correlation (right panel) potentials of He2 at R = 8.0a0 (atomic units). The exchange-correlation potential for
each atom is shown by the dashed lines in the left-hand panel. The structure of the correlation potential presented in the right-hand panel is consistent with that
for an individual helium atom as presented in Ref. 118.
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TABLE II. Contributions to the He2 interaction energies calculated using HF/CC theory and KS theory (10−6Eh.). In the first three columns the uncorrelated
interaction energy Eint

u and its kinetic T int
u and Coulombic U int

u components are presented, representing the difference between Eq. (38) evaluated for the dimer
and each of the atoms. In the HF/CC case these quantities correspond to the Hartree–Fock interaction energies, while in the KS case they correspond to those
evaluated on KS orbitals yielding the CCSD(T) density. Columns 5-8 give the decomposition of these energies into their nuclear-electron �V int

u , classical
Coulomb �Jint, exchange �Eint

x , and nuclear-nuclear �Eint
nuc constituents. The �’s denote the differences from their asymptotic values (see Eqs. (44)–(46)).

Columns 9–11 give the correlation contributions Eint
c for each case, with their decomposition into Coulomb U int

c and kinetic parts T int
c . Finally, in columns

12–14 the total correlated interaction energies are presented. BSSE corrections have been taken into account for all quantities.

R T int
u U int

u Eint
u �V int

u �J int Eint
x �Eint

nuc T int
c U int

c Eint
c T int

tot U int
tot Eint

tot

HF/CC 8.0 1.30 − 1.23 0.07 − 1.58 0.82 − 0.47 0.00 − 34.40 27.93 − 6.47 − 33.10 26.70 − 6.40
8.5 0.33 − 0.30 0.02 − 0.54 0.35 − 0.12 0.00 − 23.51 19.10 − 4.41 − 23.18 18.79 − 4.39
9.0 0.05 − 0.05 0.01 − 0.21 0.19 − 0.02 0.00 − 16.30 13.22 − 3.08 − 16.25 13.18 − 3.07

KS 8.0 − 38.86 39.42 0.56 49.81 − 22.06 11.67 0.00 5.76 − 12.71 − 6.95 − 33.10 26.70 − 6.40
8.5 − 27.10 27.40 0.30 34.63 − 15.30 8.06 0.00 3.91 − 8.60 − 4.69 − 23.19 18.80 − 4.39
9.0 − 19.00 19.18 0.18 24.26 − 10.72 5.65 0.00 2.75 − 6.00 − 3.25 − 16.25 13.18 − 3.07

obtained as ECC
tot − EKS

u , thereby avoiding the numerical in-
accuracies associated with the AC integration. Finally, we
decompose the correlation energy into kinetic and Coulomb
parts, calculating Tc as the difference between the CCSD(T)
kinetic energy and the HF and KS kinetic energies, respec-
tively. The Coulomb correlation energy Uc is obtained in a
similar manner.

To determine the corresponding interaction energies, we
subtract the atomic quantities from the total energies, see
Table II. Taking the functions on the floating centre nearest
the atom as the basis for that atom, we obtain BSSE correc-
tions and BSSE corrected interaction-energy components in
the usual way. In setting up the table, we have taken into ac-
count the observation that the Coulomb energy U int

u is domi-
nated by large classical Coulomb contributions with a simple

FIG. 3. Density differences in atomic units (a−3
0 ) plotted on a plane contain-

ing the nuclei at a separation of R = 8.0a0. In the upper panel, CCSD(T)
relaxed-density differences are presented; in the lower panel, the correspond-
ing KS density differences are shown, calculated by Lieb maximization at λ

= 0. Similar plots are obtained at the other internuclear separations.

dependence on the internuclear separation R:

V int
u = −8R−1 + �V int

u , (44)

J int = 4R−1 + �J int, (45)

Eint
nuc = 4R−1 + �Eint

nuc. (46)

We have therefore only listed the deviations from these
asymptotic values, whose sum vanishes asymptotically.

As expected for this system, the correlation contributions
in Table II are very close to the total interaction, in both the
CCSD(T) and KS[CCSD(T)] decompositions of the energy.
Unfortunately, because of an uncertainty in the second sig-
nificant digit in the calculated KS correlation contribution
Eint

c [ρ], it is impossible to tell whether the CCSD or KS cor-
relation energies are closest to the total interaction energy.

An inspection of Table II illustrates the enormous chal-
lenges associated with the modelling of the exchange and
correlation contributions in KS theory, both contributions
arising from a near cancellation of molecular and atomic
contributions (by five and four orders of magnitude, respec-
tively). Moreover, given that the exchange contribution to the
interaction energy is of the same order of magnitude as the
correlation contribution, any error in the modelling of the ex-
change term will strongly affect the quality of the overall in-
teraction energy. This observation is consistent with studies
showing that poor approximations to the exchange component
of a density-functional approximation can drastically under-
mine the quality of the result obtained135–138 in this context.
For an overview of conventional functional performance, see
Ref. 139. The total interaction energy is similar to that of the
KS correlation energy, in line with the idea that dispersion
is predominantly a correlation effect, with all remaining con-
tributions adding up to less than 10−6 Eh at the geometries
considered here.

B. Analysis of the AC for dispersion interactions

With a qualitative description of the dispersion interac-
tion in place for λ = 0, we now proceed to consider the
transition from the KS model non-interacting system to the
physical, interacting system. In particular, we examine the AC
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FIG. 4. Adiabatic-connection integrands for the linear integration path at R = 8.0a0 (blue), 8.5a0 (purple), and 9.0a0 (red). In panels (a)–(c), the full integrands
W lin

Jxc,λ, W lin
xc,λ, and W lin

c,λ are presented for the (He)2 dimer, respectively. In panels (d)–(f), the corresponding interaction integrands W int,lin
Jxc,λ , W int,lin

xc,λ , and W int,lin
c,λ

are presented as defined by Eq. (24).

integrands WJxc,λ, Wxc,λ, and Wc,λ defined in Eqs. (12), (16)
and (18), respectively, and the corresponding interaction in-
tegrands W int

Jxc,λ, W int
xc,λ, and W int

c,λ defined in Eq. (24) for two
choices of the AC integration path: the linear path and the
error-function path.

1. The linear AC path

The linear AC path corresponds to a simple scaling of the
two-electron interactions according to wlin

λ (rij ) in Eq. (20),
under the constraint that the electronic density remains fixed
at the relaxed CCSD(T) density obtained at λ = 1. Perform-
ing the Lieb maximization of Eq. (5) with this density us-
ing the method described in Sec. III B and Refs. 86 and
88–90 for different λ, we have determined the full AC inte-
grand WJxc,λ as an expectation value of the two-electron in-
teraction operator and then decomposed it according to Eqs.
(16) and (18). Finally, subtraction of AC integrands calculated
separately for the dimer and its constituent atoms yields the
interaction-energy integrands in Eq. (24). The AC integrands
have been counterpoise corrected by calculating the subsys-
tem integrands in the same basis sets as used for dimer inte-
grands, with the AOs at the positions optimized in CCSD(T)
dimer calculations at the full interaction strength.

The resulting linear-AC integrands have been plotted in
Fig. 4 for the total energy (top row) and for the interaction
energy (bottom row), for three internuclear distances in each
panel. From left to right, each row contains plots of the full
Coulomb-exchange-correlation integrands, of the exchange-
correlation integrands, and of the correlation integrands, re-
spectively.

Comparing the top three panels, we see that the classi-
cal Coulomb contribution in Fig. 4(a) is the only contribution
that depends appreciably on the internuclear separation, dis-
playing distinct curves for the three internuclear separations.
From the asymptotic 4R−1 dependence of the full Coulomb

interaction, we obtain the vertical separations of 0.02941Eh

and 0.02614Eh between the AC curves, both values correct
to four digits. By contrast, the exchange-correlation curves in
Fig. 4(b) and the correlation curves in Fig. 4(c) at the three in-
ternuclear distances are indistinguishable, reflecting the pre-
dominantly atomic character of these contributions. As al-
ways for linear AC paths, the curvature arises from electron
correlation, the (dominant) classical Coulomb and exchange
integrands making constant contributions.

The subtle curvature of the AC curves in the top row of
Fig. 4 indicates that the correlation energy is accurately de-
scribed by low-order perturbation theory. Consider, for ex-
ample, Görling–Levy (GL) perturbation theory,140, 141 which
represents a Taylor expansion of the AC integrand around
λ = 0:140–142

W lin
c,λ[ρ] =

∞∑
n=1

λn(n + 1)E(n+1)
c,GL [ρ]. (47)

Truncation to the lowest order gives second-order GL (GL2)
theory, corresponding to a straight line with the correct initial
slope. Given the upward curvature of the curves, GL2 theory
gives a too negative correlation energy, overestimating the ef-
fect of correlation. However, since the curvature is small, the
GL2 approximation may be reasonable.

In the linear AC path, the kinetic contribution to the cor-
relation energy Ec is the area between the AC curve and the
horizontal line that crosses this curve at λ = 1. At all three
internuclear distances, this ratio is given by Tc/Ec = −0.973,
typical of dynamical correlation; for a system exactly treat-
able by GL2 theory, the ratio is −1.

Having discussed the AC integrands for the total dimer
energy, we now turn to the integrands for the interaction en-
ergy of Eq. (24), plotted in the bottom row of Fig. 4. Compar-
ing W int

Jxc,λ in Fig. 4(d) with WJxc,λ in Fig. 4(a), we note that
full AC curves have now become (nearly) horizontal but with
the same separations (0.02941Eh and 0.02614Eh) as before.
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TABLE III. BSSE corrected interaction energies (in 10−6Eh) computed by
integration of the linear and error-function AC curves. Mean absolute errors
|�| are presented relative to the values in Table II. See text for further details.

R �Jint Eint
x Eint

c

Linear path
8.0 − 21.87 11.68 − 7.52
8.5 − 15.14 8.06 − 5.25
9.0 − 10.60 5.65 − 3.80
|�| 0.16 0.002 − 0.56

Error-function path
8.0 − 22.40 11.67 − 6.71
8.5 − 15.21 8.06 − 4.52
9.0 − 10.16 5.65 − 3.11
|�| 0.10 − 0.001 0.18

To understand this behaviour, we recall that, for the total en-
ergy, the curve separation arises from the asymptotic 4R−1 de-
pendence of the interatomic energy (which remains upon sub-
traction of atomic contributions), whereas the negative slope
arises mostly from atomic correlation (which is removed upon
subtraction of the atomic contributions).

Subtracting the classical Coulomb contribution from the
full AC curves, we arrive at the exchange-correlation AC
curves of the interaction energy W int

xc,λ in Fig. 4(e). These
curves represent the small residual interactions in the he-
lium dimer, following the subtraction of the large classical
Coulomb and atomic exchange-correlation contributions. The
W int

xc,λ curves are positive, consistent with the sum of the ex-
change and correlation contributions to the interaction energy
in Table II. Moreover, with the strongly separation-dependent
classical Coulomb contributions removed, the AC curves may
now cross.

Finally, subtracting the exchange contribution from the
AC interaction integrand, we arrive at the W int

c,λ integrand in
Fig. 4(f). The curvature of the interaction-energy curves W int

c,λ
is larger than that of the total-energy curves Wc,λ plotted
above, suggesting that higher-order GL perturbation energy
is needed for the interaction energy than for the total energy.

Some small spurious features are revealed in the
exchange-correlation and correlation AC interaction curves
in Fig. 4, arising from the numerical limitations of our pro-
cedure. Given the subtle nature of these interactions (see the
scale of these plots), we here accept the quality of the AC
curves but note that in future work we will attempt to refine
their description further.

2. Energies calculated directly and from AC curves

To assess the quality of the AC curves in Fig. 4, we com-
pare the interaction energies obtained from their integration
with those obtained by direct calculation of the energies. In-
tegrating the AC curves, we obtain the interaction energies
in Table III, which have mean absolute deviations (over all
separations), |�|, from those in Table II of ∼10−6 Eh or
smaller. These differences indicate that, while the qualitative
behaviour of the curves is meaningful, their quantitative ac-
curacy is limited.

At λ = 1, the effective potential of Eq. (35) is simply the
external potential due to the nuclei; consequently, the energies
at λ = 1 are free from any numerical difficulties associated
with the expansion of the potential in Gaussians. In contrast,
at λ = 0, the effective potential differs most strongly from the
external potential and we may here expect the greatest dif-
ficulties. As the integrated values sample the whole interval
0 ≤ λ ≤ 1, we expect these to be subject to a smaller error
than those observed for the non-interacting system. We note
that the differences between the integrated interaction ener-
gies along the linear path and the error-function path (dis-
cussed below) in Table III give an indication of the uncer-
tainties in these quantities.

One issue that complicates the comparison of the ener-
gies in Tables II and III is the manner in which the BSSE has
been accounted for. In Table II, the BSSE correction arises
from the straightforward counterpoise correction of the ener-
gies. When calculating the AC curves, we noted that the in-
teraction curves in small basis sets display a slight downward
bend for λ ≈ 1. If the counterpoise correction is applied at
each λ value to the curves, even in a small basis set, they be-
come qualitatively similar to those in larger basis sets. How-
ever, the BSSE correction then varies with λ (increasing with
λ), meaning that the interaction energies in Table II are cor-
rected by a different amount from those in Table III.

The BSSE corrections to the integrated values are similar
for the two paths in Table III and therefore do not improve
their agreement; hence, the difference between the paths does
not arise from BSSE. Removal of the integrated BSSE com-
ponent and use of the correlation values in Table II at R
= 8.0a0 lead to energies that are more positive by 0.38 × 10−6

Eh than those shown, improving the agreement with Table II
for the linear path, but degrading it for the error-function one.
From here on, we accept that our AC curves are accurate only
to 10−6 Eh in the interaction energy.

3. Comparison with standard density functionals

Given that the correlation contribution to the interac-
tion energy is primarily dynamical in nature, we now investi-
gate how the ACs for two popular standard density-functional
approximations—namely, the BLYP (Refs. 143 and 144) and
PBE (Ref. 145) functionals—compare with those discussed
above. We begin by considering the BLYP interaction ener-
gies in Table IV.

From the table, we note that the total KS(BLYP) interac-
tion energy Eint

tot is repulsive, as observed in previous studies.84

Comparing Tables II and IV, we see that KS(BLYP) values
for �V int

u and �Eint
J have opposite signs to the corresponding

KS(CC) values, suggesting a too compact KS(BLYP) elec-
tronic density. The KS(CC) value of T int

u [ρ] is negative, in-
dicating a larger non-interacting kinetic energy for the two
atoms than for the dimer, consistent with the distortions of
Fig. 3, which move density out of regions near the nuclei and
build it up in the outer valence regions. In KS(BLYP) theory,
by contrast, the non-interacting kinetic energy is higher in the
dimer than in the atoms. Likewise, the KS(BLYP) exchange
contribution to the interaction energy has an incorrect sign,
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TABLE IV. Contributions to the He2 interaction energies calculated using KS theory with the BLYP and PBE density-functional approximations (10−6Eh).
See text and Table II for the definitions of the individual quantities.

R T int
u U int

u Eint
u �V int

u �J int Eint
x �Eint

nuc T int
c U int

c Eint
c T int

tot U int
tot Eint

tot

BLYP 8.0 109.32 − 92.51 16.82 − 153.55 80.50 − 19.46 0.00 − 0.09 − 2.20 − 2.29 109.23 − 94.71 14.53
8.5 72.96 − 64.91 8.06 − 103.76 53.14 − 14.29 0.00 0.98 − 2.16 − 1.17 73.95 − 67.06 6.88
9.0 46.63 − 42.73 3.89 − 67.07 34.15 − 9.82 0.00 0.91 − 1.58 − 0.66 47.54 − 44.31 3.23

PBE 8.0 − 60.68 53.90 − 6.77 85.25 − 44.58 13.24 0.00 − 0.93 1.98 1.05 − 61.61 55.89 − 5.72
8.5 − 32.75 29.42 − 3.32 46.46 − 24.62 7.59 0.00 − 0.51 1.10 0.59 − 33.26 30.52 − 2.73
9.0 − 17.49 15.90 − 1.60 25.07 − 13.40 4.23 0.00 − 0.27 0.58 0.31 − 17.77 16.48 − 1.28

reflecting the difference in quality of the “short-sighted”
B88X + LDA exchange functional for the atoms (with in-
significant long-ranged interactions) and for the dimer (with
important long-ranged interactions). Interestingly, the LYP
correlation energy has the correct sign and qualitative trend,
although its magnitude is too low.

By contrast, the energy components for the PBE func-
tional presented in Table IV are consistent with a more dif-
fuse electronic density. The KS(PBE) values of �V int

u and
�Jint being more positive and negative, respectively, than the
KS(CC) values in Table II. Similarly, the values of T int

u [ρ]
are too negative, compared with those in Table II. A striking
feature of the KS(PBE) interaction energies is the substantial
improvement of the Eint

x values (relative to KS(BLYP) the-
ory), which now compare remarkably well with the accurate
values of Table II. The PBE exchange energy may be divided
into a local (LDA-type) contribution and a gradient correc-
tion. At R = 8.0a0, for example, the KS(PBE) exchange-
energy contribution arising from the local term is 14.44
× 10−6 Eh and from the gradient correction −1.21 × 10−6

Eh, improving the value towards that in Table II. On the other
hand, the KS(PBE) correlation contributions T int

c , U int
c , and

Eint
c are less accurate that the corresponding KS(BLYP) con-

tributions, having opposite signs to those in Table II. Interest-
ingly, the overall KS(PBE) interaction energy, Eint

tot , is much
closer to the KS(CC) value than the KS(BLYP) energy is, al-
though the KS(PBE) energy increases much too rapidly with
increasing R. Given the different behaviours of the LYP and
PBE correlation functionals, it is interesting to compare their

behaviours for different λ values and, in particular, to estab-
lish whether the qualitatively correct behaviour of the LYP
correlation interaction energies arises in a systematic fashion
(being limited by short-sightedness of the functional form) or
fortuitously.

The BLYP and PBE correlation-energy AC inte-
grands may be extracted from uniform-coordinate-scaling
relations,146–148 using the formula,

Wc,λ[ρ] = 2λEc[ρ1/λ] + λ2 ∂Ec[ρ1/λ]

∂λ
, (48)

where ρ1/λ(r) = λ−3ρ(r/λ) is a uniform-coordinate-scaled
density. In the left-hand panel of Fig. 5, we compare the
KS(BLYP) and KS(CC) curves of the W int,lin

c,λ integrand for
the linear AC path. The failure of the BLYP functional is
dramatic. Whereas the KS(CC) curves are smooth and de-
cay towards zero with increasing R, the KS(BLYP) curves are
strongly oscillatory, highlighting the inherent inability of the
BLYP functional to treat weak interaction energies correctly.
For the atoms, the densities are compact and so a GGA gives
a reasonable description of the correlation energies; for the
dimer, the GGA only partially and erratically recovers corre-
lation energy from the small distortions in the density induced
by the presence of other atoms. Similar results are obtained
when the LYP functional is evaluated from the CCSD(T) den-
sity rather than the KS(BLYP) density.

In the right-hand panel of Fig. 5, we compare the
KS(PBE) and KS(CC) curves of the W int,lin

c,λ integrands. It is
striking that the PBE integrands remain much closer to zero

FIG. 5. Correlation interaction AC integrands W int,lin
c,λ for density-functional approximations. In the left panel, the LYP correlation curves are presented (solid

lines), computed from the self-consistent BLYP density of He2 at R = 8.0a0, (red), 8.5a0, (purple), and 9.0a0 (blue); the curves may be distinguished by noting
that the magnitude of the oscillations decreases with increasing R. In the right panel, the PBE correlation curves are presented (solid lines, same colour scheme),
computed from the corresponding self-consistent PBE densities; the curves may be distinguished by noting that they decrease with increasing R. Also shown in
both panels are the corresponding CCSD(T) integrands (dashed lines), which approach zero with increasing R.
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FIG. 6. Adiabatic-connection integrands for the error-function AC path at R = 8.0a0 (blue), 8.5a0 (purple), and 9.0a0 (red). In panels (a)–(c) the full integrands
Werf

Jxc,λ, Werf
xc,λ, and Werf

c,λ are presented for the (He)2 dimer, respectively. In panels (d)–(f), the corresponding interaction connections W int,erf
Jxc,λ , W int,erf

xc,λ , and

W int,erf
c,λ are presented as defined by Eq. (24).

and behave much more smoothly than the corresponding LYP
curves in the left-hand panel with increasing λ. However, un-
like the negative KS(CC) curves, their values are positive ev-
erywhere and become increasingly positive with increasing
R, consistent with the PBE values of Eint

c of Table IV. We
have presented the correlation-only integrands in Fig. 5 since,
for the linear AC path, the exchange contribution (by con-
struction) produces only a constant shift of the AC curve.
By contrast, the shape of the correlation-interaction-energy
ACs is strongly functional dependent, reflecting the be-
haviour of the respective functional forms under the scaling of
Eq. (48). We have confirmed that similar plots are obtained
when the self-consistent density associated with each func-
tional is used rather than the CCSD(T) density employed in
this work. Given that local and semi-local functionals do not
contain sufficient physical information to reliably determine
accurate dispersion interactions, it may be desirable for these
forms to return an interaction strength of zero in this regime.
In this respect, it may be argued that PBE represents a better
form than LYP.

It is noteworthy that the bulk of the correlation integrand
W int,lin

c,λ,PBE stems from the gradient correction, which is positive
at all λ values. The local contributions are typically an order
of magnitude smaller and have a negative minimum in the in-
terval 0.1 < λ < 0.2, increasing steadily to positive values
beyond this point. This behaviour is consistent with the corre-
sponding local and gradient contributions to Eint

c , which at R
= 8.0a0, for example, are 0.12 × 10−6 and 0.93 × 10−6 Eh,
respectively. A more extensive study of the AC integrands of
standard density-functional approximations will be presented
in a forthcoming study.

4. The error-function AC path

Following the discussion of the interaction energies in
Sec. IV A, we are motivated to examine the range of elec-
tronic interactions that are important for describing interac-

tion energies and their components. To this end, we employ
a generalized AC,86 generated by an attenuated two-electron
operator, which takes the usual non-interacting and interact-
ing form at the end points λ = 0, 1. In particular, we choose
the error-function path, widely used in range-separated meth-
ods to combine short-ranged density-functional contribu-
tions with long-ranged wave-function contributions.13 Using
the two-electron interaction werf

λ (rij ) in Eq. (20), we switch
the interactions on in a range-dependent fashion, with the
long- and short-ranged regions to the left and right, respec-
tively, in the plots. For details of the Lieb maximization
used here, see Ref. 90; also, see Refs. 149 and 150 for
Lieb maximizations along non-linear AC paths. In Fig. 6,
we present the error-function AC curves for the helium dimer,
displayed in the same manner as for the linear AC path in
Fig. 4, with the AC curves for the total and interaction ener-
gies in the top and bottom rows, respectively.

For small λ values (which sample long-ranged interac-
tions), the plots in Fig. 6(a) differ at the three internuclear
separations, the lowest and highest curves corresponding to
the longest and shortest separations, respectively. However,
in the region 0.25 < λ < 0.35, the curves become indistin-
guishable as predominantly atomic interactions are sampled.

In range-separation studies, where normally
μ = λ/(1 − λ) (of dimension inverse length) rather
than λ is used for range separation,14–20, 151–160 the selection
of appropriate values of μ has been the subject of much
discussion. Typically, values in the range of 0.3–0.5 have
been proposed,18, 19, 151–160 coinciding nicely with the region
where the integrands become degenerate in Fig. 6(a). Also,
these values bracket the inverse van der Waals radius of the
helium atom, 0.37a−1

0 , which has been suggested by Goll
et al.15 as a method for selecting an appropriate μ value and
which concurs well with the plots of Fig. 1.

Subtracting the dominant classical Coulomb contribution
(which in the error-function path is not a constant in λ) from
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the AC integrand, we arrive at the exchange-correlation inte-
grand Werf

xc,λ in Fig. 6(b); further subtraction of the exchange
contribution yields the Werf

c,λ integrand in Fig. 6(c). For these
integrands, the curves at the different geometries are indis-
tinguishable. Moreover, the exchange-correlation and corre-
lation integrands look similar to those for the helium isoelec-
tronic series in Ref. 90, with the correlation contribution being
predominantly short-ranged in nature; by contrast, the full AC
integrand in Fig. 6(a) has a qualitatively different shape, with
an extra peak in the long-ranged (left-hand) part of the plot.

Having examined the AC curves for the total dimer en-
ergy, we now consider the corresponding curves for the inter-
action energy. The difference between the classical Coulomb
interactions in the atoms and the dimer is revealed clearly
by comparing Figs. 6(a) and 6(d). The short-ranged intra-
atomic contributions are essentially removed by subtraction
of the atomic contributions; only the long-ranged part of the
predominantly classical Coulomb repulsion contribution re-
mains. Its decay upon the separation of the dimer is clearly
evident.

Removing the classical Coulomb contributions, we ar-
rive at the exchange-correlation AC integrands W int,erf

xc,λ in
Fig. 6(e). In the right-hand part of the plot, we see that the
short-ranged exchange interactions in the atoms are more neg-
ative than those in the dimer, resulting in a positive interac-
tion contribution. In fact, the exchange-only contribution (ob-
tained by removing the correlation contribution depicted in
Fig. 6(f)) is positive everywhere but, as expected for atomic
systems of finite size, it decays rapidly as we move to the left
(towards the long-ranged part of the plot).

As expected from the long-ranged nature of dispersion,
the correlation AC integrands W int,erf

c,λ in Fig. 6(f) are almost
entirely localized to the long-ranged part, with λ < 0.35. The
λ value at which these plots approach zero corresponds to a μ

value in the range of 0.50a−1
0 –0.65a−1

0 . This value is probably
highly geometry and system dependent; the open question for
practical calculations using short-ranged density-functional
approximations is the lowest μ or λ values that deliver mean-
ingful results. The slightly higher value indicated by W int,erf

c,λ

than by W int,erf
Jxc,λ is consistent with that chosen in studies of

non-covalent interactions14, 153.
The ACs shown here support the idea that the range

0.50a−1
0 –0.65a−1

0 for μ is adequate to recover the bulk of the
dispersion interaction, although the best choice of μ will be
heavily system and functional dependent. The fact that this
higher μ range is clear from the correlation-only integrand
rather than from the total integrand highlights the point that,
since the Coulomb contribution at long and short ranges is
exactly determined, it is useful to focus on the exchange and
correlation contributions, which must be approximated.

V. CONCLUSIONS

The results of Sec. IV illustrate that the dispersion inter-
action energy is dominated by the correlation contribution but,
to observe this dominance, other large energetic components
must cancel in a rather delicate fashion. Unfortunately, stan-
dard density-functional approximations are unable to achieve

the correct balance between the large contributions—in par-
ticular, their exchange contribution is often in substantial
error. Indeed, many studies have shown that, if a good ap-
proximation to deal with dispersion interactions is to be used
successfully, it must be combined with an accurate approxi-
mation to the exchange contribution.135–138

The calculations in the present work highlight the long-
ranged dynamical nature of the dispersion interaction. Most
density-functional approximations fail to recover this correla-
tion contribution sufficiently due to their “short-sighted” na-
ture, depending on the density and its gradients in a local or
semi-local fashion. In the present work, we found that the LYP
functional yields much too low dispersion forces and too pos-
itive correlation interaction energies. It is noteworthy that the
different quality of the LYP description of the atomic sub-
systems and the dimer leads to large AC oscillations that inte-
grate to small negative values. By contrast, the PBE functional
gives AC correlation interaction integrands that are closer to
zero and more smoothly behaved, although integrating to give
an energy contribution with an incorrect sign.

The results of the present study illustrate why density-
functional approximations struggle to describe dispersion in-
teractions in general. On the one hand, the density distortions
are localized around each atom, meaning that the bulk of the
force experienced by each nucleus arises from the distortion
of that atom’s own density, as conjectured by Feynman.83 On
the other hand, these distortions are generated by a delicate
balance of long-ranged exchange and correlation interactions.
It is in the recovery of these long-range energy contributions
that density-functional approximations typically fail.

The error-function interaction AC curves studied in this
work support the use of range-separated approaches to de-
scribe non-covalent interactions. Moreover, our AC analysis
of the KS components gives values of the range-separation
parameter μ consistent with those used in a variety of
studies.18, 19, 151–160

Range-separated techniques13 represent one possible
route to describe dispersion interactions by introducing long-
range wave-function energy contributions. However, range-
separated methods go beyond the KS framework, often incur-
ring significantly higher computational cost. In addition, their
implementations are often carried out in a post-SCF manner,
meaning that the charge-density distortions are not incorpo-
rated self-consistently. To remain within the KS framework
while capturing the relevant charge-density distortions, an ex-
plicit non-local density dependence must be introduced. This
approach has been adopted in the van der Waals density func-
tionals of Lundqvist et al.6–9 and in the related forms pro-
posed by Vydrov and van Voorhis.10–12 At the root of the
derivation of these forms is an analysis of the AC in a time-
dependent framework in conjunction with the fluctuation-
dissipation theorem.1–5 Here, we calculate the AC without re-
course to the time-dependent picture. In future work, we plan
to investigate the extent to which these connections may be
used to develop improved approximations, with an explicit
non-local density dependence, and the extent to which these
data may be used to refine existing forms.

The main obstacle to this development is that the accu-
racy of our present numerical procedure is not high enough
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to give a fully quantitative reproduction of the dispersion in-
teraction. The reasons for this inaccuracy may be related to
the expansion techniques used to represent the KS potentials
and the basis sets in which these potentials are represented.
An investigation of this point is ongoing, along with the con-
sideration of formulations to perform the Lieb maximization
without expanding the potential in a finite basis set. Formally,
it may be noted that, in a finite basis set, it is not guaran-
teed that a CC density is exactly re-producible by a set of KS
orbitals.161, 162 In previous works where we have considered
the energy contributions in individual systems, the accuracy
achieved has been more than sufficient (typically approaching
the μH level). However, for dispersion interactions, this accu-
racy is of a similar size to the interaction energies under study.
The extent to which the non-interacting v-representability of
the CC densities limits the accuracy that may be achieved is
also under investigation.
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