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Toruń, PL 87-100, Poland
2Institute of Physics, Faculty of Physics, Astronomy, and Informatics, Nicolaus Copernicus University, ul.
Grudzia̧dzka 5, Toruń PL 87-100, Poland
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A model for describing the states of a molecular system trapped in a cavity created by a fast-rotating
strong magnetic field is proposed and implemented. All-particle explicitly correlated Gaussian func-
tions with shifted centers are employed in the model to expand the wave functions of the system. Both
“internal” states associated with the system’s rovibrational and electronic motions and the “exter-
nal” states associated with translational motion of the center of mass of the system in the cavity
are calculated. The states are visualized by density plots. The model is applied to a trapped HD
molecule. Published by AIP Publishing. https://doi.org/10.1063/1.5055767

I. INTRODUCTION

Magnetic trapping is widely employed in modern ultra-
cold physics and its applications. Areas such as quantum
information processing, quantum metrology, quantum optics,
or high-resolution spectroscopies would not have advanced
as fast as they have without this technique. Magnetic traps,
such as quadrupole traps, the time-averaged orbiting potential
traps, and the Ioffe-Pritchard traps, are most commonly used
for Bose-Einstein condensation. Magnetic trapping was first
introduced in plasma physics for confining charged particles
and for controlling fusion reactions inside plasmas. The first
technique employed to trap and confine charged particles was
the so-called magnetic bottle configuration.1 It is based on the
Zeeman effect and Earnshaw’s theorem.2 Earnshaw’s theorem
determines the properties of a particular magnetic field config-
uration and plays a key role in the trapping of neutral particles.
This type of trapping is fundamental to understanding modern
ultracold physics.3,4

In this work, we describe a quantum-mechanical model of
a molecular trap involving a rotating static magnetic field. The
model is based on our recent studies concerning the devel-
opment and implementation of computational methods for
determining quantum states of a molecular system interacting
with a static magnetic field.5,6 In the approach, the nuclei and
the electrons are treated on an equal footing as quantum parti-
cles and the Born-Oppenheimer approximation is not assumed
(a non-BO approach). Thus the wave function representing a
state of the system is dependent on the coordinates of all parti-
cles forming the system. To facilitate an effective description
of the coupled motion of the nuclei and the electrons, the
wave function is expanded in terms of all-particle explicitly
correlated Gaussians (ECGs) with shifted centers. These func-
tions, by including an explicit dependence on the inter-particle

distances, are capable of very accurately representing the
nucleus-nucleus, nucleus-electron, and electron-electron cor-
relation effects in a molecular system confined in a magnetic
trap.

When a molecule is placed in a magnetic trap, two types
of motions can be distinguished. The first type of motion and
its corresponding stationary bound quantum states are associ-
ated with the translational degrees of freedom of the molecule
moving as a whole in the trap. The second type of motion
is related to the relative motion of the particles forming the
system with respect to each other. We call this motion the
internal motion and the corresponding bound quantum states
the internal states. The internal states are states representing
coupled rotational, vibrational, and electronic degrees of free-
dom. In our previous studies,5,6 we only considered quantum
states associated with the internal motion. Within the con-
ventional non-BO approach, the consideration of the internal
motion is usually carried out by separating the motion of
the center of mass from the internal motion of the system
by an appropriate transformation of the coordinate system.
Such separation is rigorous at the non-relativistic level of
theory. When the magnetic field is included in the model, a
rigorous separation of the two types of motions is, in gen-
eral, not possible. Schmelcher and Cederbaum7 analyzed this
problem and used the so-called pseudo-momentum to per-
form a pseudo-separation of the two motions. The properties
of the total pseudo-momentum expressed in terms of relative
coordinates were also exploited to partition the Hamiltonian
operator of the system into an electronic part and a nuclear
part.

The validity of the BO approximation for the hydrogen
atom8 and a diatomic molecule9,10 in a stationary magnetic
field was investigated in Refs. 8–10. Also the effect of a mag-
netic field on the rotations and vibrations of neutral diatomic
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molecules was studied.11 To our knowledge, our studies5,6 are
first practical applications of a direct non-BO approach involv-
ing separation of the center-of-mass motion from the internal
motion in calculations of molecular systems in the presence
of a magnetic field. However, instead of using a transforma-
tion of the coordinate system to achieve the separation, we
used an alternative approach, where the Hamiltonian operator
representing the internal state of the molecule is obtained by
subtracting the operator representing the motion of the center
of mass expressed in a Cartesian laboratory coordinate system
from the global laboratory-frame non-relativistic Hamiltonian
also expressed using those coordinates. As such, the procedure
is approximate and the approach should be considered as an
effective method for studying the behavior of molecules in a
magnetic field without the BO approximation. The procedure
is also used in this work to determine the internal state of a
molecule confined in a magnetic trap. To study the station-
ary states of the molecule corresponding to the translational
motion in the confinement of the trap, the complete laboratory
Hamiltonian is used. This means that both pure translational
states and all other types of states are obtained in the calcula-
tion (these states are called global states in this work). The term
“pure translational states” refers to states where the molecule
as a whole (i.e., its center of mass) moves inside the cavity
of the trap and the internal state of the molecule is its ground
state. The term “all other states” in this context refers to states
where the molecule is internally excited (rotationally, vibra-
tionally, and/or electronically) and the state of the motion of
the center of mass is either not excited or excited. As the pure
translational states usually have lower energies than the inter-
nal states, they can be effectively separated out (though some
coupling between the internal states and the translational states
may occur).

Thus, the calculations of the internal states and global
states differ only in terms of the kinetic energy operator used
in the Hamiltonian; i.e., in calculating the internal states,
the global laboratory-frame Hamiltonian minus the opera-
tor representing the kinetic energy of the center-of-mass
motion is used, and in calculating the global states, includ-
ing the pure translational states, the global laboratory-frame
Hamiltonian is used. ECGs are good basis functions for both
calculations.

To visualize the internal and global states of the trapped
molecule, density plots for individual distinguishable parti-
cles in some selected states are generated and analyzed. These
plots show the relative density distributions of the electrons
and the nuclei in internal states, as well as in ground and
excited global states of the system confined to the cavity of the
trap.

II. THE METHOD

We employ the effective non-Born–Oppenheimer (non-
BO) method introduced by Kozlowski and Adamowicz.12 The
starting point is the global nonrelativistic Hamiltonian of the
system without a magnetic field written in terms of the lab-
oratory Cartesian coordinates, Rl, l = 1, . . ., N, where N is
the number of particles forming the system (the number of the
nuclei plus the number of the electrons). In atomic units, the

Hamiltonian is

Ĥ = T̂ + V̂ = �
NX

l

1
2Ml
r2

Rl
+

NX

k>l

QkQl

Rkl
, (1)

where T̂ and V̂ are the kinetic-energy and potential-energy
operators, respectively. In (1), Ml and Ql are the mass and
the charge of particle l, respectively, and Rkl is the distance
between particle k and particle l. The coordinates of the center
of mass of the system are

Rcm =

PN
l MlRl

M
, (2)

where M =
PN

l Ml is the total mass of the system. The opera-
tor, T̂cm, representing the kinetic energy of the center-of-mass
motion in the laboratory coordinate system is

T̂cm = �
1

2M
r2

Rcm
. (3)

The effective Hamiltonian representing the internal energy of
the system, Ĥint , is the difference between the laboratory-
frame Hamiltonian, Ĥ, and T̂cm,

Ĥint = Ĥ � T̂cm. (4)

Note that as T̂cm =
1

2M P̂
2
cm, where P̂cm is the momentum oper-

ator associated with the motion of the center of mass and P̂cm
is a sum of the operators representing the canonical momenta,
p̂l, of all particles forming the system,

T̂cm =
(
PN

l p̂l)
2

2M
. (5)

Ĥint is used in this work to calculate internal bound states
of the system. Note that as the effective internal Hamiltonian
depends on the laboratory coordinates of all particles forming
the system, the wave function is also a function of all these
coordinates.

In the calculation of global states of the molecule in the
cavity of the trap, we use the global laboratory-frame Hamilto-
nian (1). The calculations yield both internal and translations
states, which are to some degree coupled. As mentioned,
the translational states have usually lower energies than the
internal states and can be separated out for analysis.

The calculations performed in this work concern global
and internal states of an HD molecule confined to a magnetic
trap. HD rather than H2 is chosen as a model for the calcu-
lations because as the two nuclei—proton and deuteron—are
different, their densities should also show some differences.
For example, the proton density should be slightly more delo-
calized in the trap than the deuteron density. This makes HD
a more interesting model system than H2 for the non-BO
calculations.

The wave function in the effective non-BO method, which
depends on the laboratory coordinates of the nuclei and the
electrons forming the system and on their respective spins, has
to be properly symmetrized (for bosons) and anti-symmetrized
(for fermions). For the HD molecule, the total wave function,
which is a product of a spatial function and a spin function,
has to be antisymmetric with respect to the permutation of the
labels of the two electrons. For a singlet state of a two-electron
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system, like HD, the electronic part of the wave function is
a product of a symmetric spatial function and an antisym-
metric spin function. Thus, the total spatial wave function
representing ground and excited states of the HD molecule,
with the electronic component representing the single state,
in the present approach is (1 + P̂(1, 2)) (Rd , Rp, R1, R2),
where indices d, p, 1, and 2 denote the deuteron, the pro-
ton, and the two electrons, respectively, and P̂(1, 2) is the
operator that permutes the electron labels. To obtain the
total wave function, the above spatial function is multiplied
by a product of spin functions for the deuteron and for
the proton and an antisymmetric spin function for the two
electrons.

In this work, we employ the following explicitly correlated
all-particle Gaussian functions for expanding the spatial part
of the wave function:

�k = exp
f
�(R � sk)0 Ak(R � sk)

g
, (6)

where R is a vector with the length of 3N built from the Ri
vectors (for HD, these vectors are Rd , Rp, R1, and R2), sk is a
vector containing N Gaussian shift vectors, Ak is a 3N ⇥ 3N-
dimensional, symmetric, positive definite matrix of Gaussian
exponential factors defined as

Ak = Ak ⌦ I3, (7)

with I3 being a 3⇥ 3 identity matrix, ⌦ denoting the Kronecker
product, and Ak being a N ⇥ N symmetric matrix. In (6),
prime denotes transposition of the vector. Functions (6) were
implemented in our previous work.6

For Gaussians (6) to be used in expanding the wave func-
tion of bound states, they have to be square integrable. This
happens when Ak is positive definite. Ak is automatically pos-
itive definite if it is represented in the Cholesky-factored form
as LkL0k , with Lk being a lower triangular N ⇥N matrix whose
elements range from �1 to +1. This property is particularly
important in the variational optimization of the Gaussians, as it
allows us to perform this optimization in terms of the Lk matrix
elements without any constrains, i.e., in the (�1, +1) range.
By allowing the Gaussian centers, sk , to move and by the vari-
ational adjustment of both Lk and sk , these functions should
be capable to adequately represent the internal and transla-
tional (global) states of the molecule in the cavity created by
the magnetic trap.

Now, let us consider the potential generated by the mag-
netic field in the trap. In considering the interaction with
a static magnetic field, we distinguish between the canoni-
cal momentum operator p̂l = �i~rl and the gauge-invariant
kinetic momentum operator

⇡̂l = �i~rl � QlA(rl), (8)

where Ql is the charge of particle l. The magnetic vector poten-
tial A(r) represents an external magnetic field B = r ⇥ A(r).
The vector potential for a uniform magnetic field is

A(rl) =
1
2

B ⇥ (rl � g), (9)

where g is the gauge origin. The total kinetic energy operator
in the presence of a static magnetic field is then given by

T̂ =
NX

l

⇡̂2
l

2Ml

=

NX

l

f
�~2r2

l � i~QlB · ((rl � g) ⇥ rl) + Q2
l |A(rl)|2

g
/2Ml,

(10)

where we omit the spin Zeeman interactions. The second
term in the parentheses can be identified as 1

2 B · L̂g;l, with
L̂g;l = (rl � g)⇥ p̂l denoting the canonical momentum relative
to g. This term represents the orbital Zeeman effect and van-
ishes for states with zero angular momentum (also our choice
of the basis set effectively targets states for which this effect
vanishes).

For time-reversal symmetric states, represented by real-
valued wave functions, this term is zero. The term is also trivial
for states that are related to a time-reversal symmetric state
by a gauge transformation, which introduces the same single-
valued phase factor into all-particle coordinates.

Using the vector identity |u ⇥ v|2 = u2v2 � (u·v)2, we
obtain for the diamagnetic contribution in the Hamiltonian

Q2
l |A(rl)|2 =

Q2
l

4
B2 |rl � g|2 �

Q2
l

4
[B · (rl � g)]2. (11)

Taking the origin of the coordinate system to coincide with the
gauge origin and the z-axis to coincide with the magnetic field
direction, we obtain

g = 0, B = Bez = (0, 0, Bz). (12)

Hence, Bx = By = 0. Effectively, each particle is then subject
to an external potential of the form

Vl(xl, yl, zl) =
Q2

l

2Ml
|A(rl)|2 =

Q2
l

8Ml
B2

z (x2
l + y2

l ), (13)

where rl = (xl, yl, zl). The potential places each particle in a
quadratic (harmonic) well along the x and y axes (the potential
is zero along the z axis) that is proportional to the squared par-
ticle charge, the squared field strength, and the inverse particle
mass. Thus, a molecule placed in a magnetic field is subject to
the following potential:

V (x1, y1, z1, . . . , xN , yN , zN ) =
NX

l

Vl(xl, yl, zl), (14)

where the summation is over all particles forming the
molecule.

Let us now consider a magnetic field of uniform strength
but with the magnetic field vector that has its origin in the center
of the coordinate system and its end rotating with a very high
velocity on a sphere. Such a rotating field generates a potential
that, based on the above discussion, can be approximated by

V (x1, y1, z1, . . . , xN , yN , zN ) = B2
NX

l

Q2
l

8ml
(x2

l + y2
l + z2

l ). (15)

This potential is spherically symmetric with respect to the cen-
ter of the coordinate system and confining for both electrons
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and nuclei. This potential represents the trapping in the present
approach, and it is used in the present calculations.

The term Ĥint includes subtraction of the operator repre-
senting the kinetic energy of the center-of-mass motion (5).
In the presence of the magnetic field, the canonical momen-
tum operators p̂l in T̂cm are replaced by the kinetic momentum
operators ⇡̂l (8),

T̂cm =
(
PN

l ⇡̂l)2

2M
. (16)

In the spirit of the effective character of the present method, we
here make an approximation and represent T̂cm in the presence
of the field as

T̂cm =
⇧̂2

2M
⇡
⇥
P̂ � QtotA(Rcm)

⇤2

2M
, (17)

where Qtot =
PN

l Ql is the total charge of the system and
⇧̂ =

PN
l ⇡̂l. Since Qtot is zero for a neutral system, like

HD, the second term in Eq. (17) vanishes. The approxima-
tion in (17) is based on the fact that, classically speaking,
the center-of-mass motion of the system in the presence of
the magnetic field is a combination of the system’s transla-
tional motion and the motion induced by the interaction of
the field with the total charge of the system; the approxima-
tion somewhat modifies the coupling between the motions of
the individual particles and the center-of-mass motion that

TABLE I. Energies of the lowest three internal S states [Eint(S)] and the
lowest three internal P states [Eint(P)], as well as of the lowest three global
S states [Eglob(S)] of the HD molecule confined to a magnetic trap. All states
are electronic singlet states. The energies are in a.u.

State no. Eint(S) Eint(P) Eglob(S)

1 1.15 744 658 1.15 706 812 1.15 623 743
2 1.15 558 914 1.15 543 495 1.15 456 654
3 1.15 422 188 1.15 420 787 1.15 320 087

appears in the magnetic field.13 Specifically, a term propor-
tional to the cross product of the magnetic field and total
dipole moment is omitted in the parentheses on the right-
hand side. In the absence of a field, the coupling vanishes and
the global nonrelativistic laboratory-frame Hamiltonian can be
rigorously separated into an operator representing the center-
of-mass motion and an internal Hamiltonian independent
on Rcm.

As the potential acting on the system in the trap is spher-
ically symmetric, both the internal and global (translational)
states of the system are “atom-like.” Thus, they should trans-
form according to the irreducible representations of the SO(3)
rotation group—in particular, the ground internal state of HD
is represented by a spherically symmetric wave function. The
wave functions of the global states (including translational

FIG. 1. Electron density of global
S-symmetry states 1 and 3. The value of
the contour used in plots (a) and (c) is
0.0007. The values of the contour used
in plots (b) and (d) are the same and
they are chosen to most clearly show the
difference between the two densities.
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states) should also have the SO(3) symmetry. The question is
then whether basis functions (6) can be used to generate such
wave functions. While Gaussians with all centers located in
the center of the coordinate system are spherically symmetric,
Gaussians where at least one center in the sk vector is shifted
off the coordinate center are not. However, a linear combina-
tion of Gaussians (a contracted function), whose centers are
symmetrically shifted on spheres centered in the coordinate
center, can be made, with the right contraction coefficient,
into functions which, as explained below, approximately have
the SO(3) symmetry. For the wave function representing the
ground state, the Gaussian contraction coefficients are all equal
and have the same sign. For example, in the first test calcula-
tions of an HD molecule confined in a magnetic trap, Gaussians
with centers along the x-axis generated in our previous work6

for the ground state of the HD molecule in the magnetic field
oriented along the x-axis are first inverted (by applying the x!
�x transformation to the Gaussian centers) and then the two
x and �x Gaussians are rotated to be positioned along the y
and z axes. Thus, at the starting point of the calculation of the
trapped HD molecule, each previously generated Gaussian is
used to form a contracted function of the six Gaussians (i.e.,
the x, �x, y, �y, z, and �z Gaussians) with contraction coef-
ficients that for a function that approximates an S-symmetry

function are all positive and equal to each other. For a Px-
symmetry function, the two ECGs with centers located on
the x-axis have contraction coefficients with opposite signs
but the same magnitude. All other contraction coefficients are
zero.

In the present calculations, we use the standard variational
method. The wave function and the corresponding energy are
obtained by energy minimization with respect to the linear
expansion coefficients of the wave function in terms of the
basis functions, the matrix elements of Lk , and the coordinates
of sk . In the HD calculations, the R vector has the dimension of
12, Lk is a 4 ⇥ 4 triangular matrix, and sk is a 12-dimensional
vector. As the generator Gaussian for each contracted basis
function for the HD molecule has four non-zero x coordinates
in sk and ten independent matrix elements in Lk , there are
14 non-linear parameters for each basis function, which are
variationally optimized.

The standard procedure involving squaring the wave func-
tion ( ⇤  ) and integrating over the coordinates of particles
2, 3, . . . is used to calculate the density of particle 1, P(r1, r01),

P(r1, r01) =
⌅
 (r1, r2, . . . , rn) (r01, r2, . . . , rn)dr2, . . . , drn.

(18)

FIG. 2. Proton density of global
S-symmetry states 1 and 3. The value
of the contour used in plots (a) and (c)
is 0.0003. The values of the contour
used in plots (b) and (d) are the same
and they are chosen to most clearly
show the difference between the two
densities.
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To calculate the density of particle i (other than particle 1), the
appropriate rows and columns of the Ak = LkL0k are permuted
to make the i particle become the first particle. The deriva-
tion of the formula for calculating one-particle densities for
wave functions expanded in terms of ECGs can be found in
Ref. 14. The densities are plotted with the contour-plot 4D
procedure implemented in Mathematica. The xy cross sec-
tions of the densities are also plotted using a 3D Mathematica
procedure.

III. ILLUSTRATIVE CALCULATIONS

The all-particle explicitly correlated Gaussian functions
with shifted centers are implemented within the non-BO
above-described non-BO approach. Two versions of the
approach are implemented. In the first, the Hamiltonian is a
sum of the lab-frame Hamiltonian H (1) and potential V (15),
and in the second, it is a sum of Hint (4) and V (15). The purpose
of both methods is to study neutral molecular systems confined
by a static magnetic trap. The approach is general and can be
used to study trapped single molecules, as well as clusters of
molecules. The computer code, where the methods are imple-
mented, is written in Fortran90 and uses the MPI (message
passing interface) to enable multiprocessor calculations. The

integral algorithms used to calculate the Hamiltonian matrix
elements are taken from our previous work.6 The code con-
tains a module for variational optimization of the non-linear
parameters (Lk and sk) of the ECGs. The approach is employed
to perform calculations of low-energy states of a HD molecule
confined within a spherical magnetic trap. The purpose of the
calculations is to illustrate the working of the method and
to show some sample states of the trapped HD molecule it
produces.

A. Global HD states

The first set of calculations are performed with the first
method, yielding global states. Three lowest states of the S
symmetry (i.e., fully spherically symmetric states) are calcu-
lated. The HD molecule is suspended in a spherical trap by
rotating magnetic field with {Bx, By, Bz} = {0.001, 0.001,
0.001} in atomic units (0.001 a.u. = 235 T). First a starting
ECG basis set containing 40 functions is formed. For that,
a set of “generator” ECGs with the centers located on the
x-axis is used. Orbital-product functions obtained in our pre-
vious studies5,6 are used as the “generator” functions. These
orbital-product functions were generated starting with the pro-
ton orbitals and the deuteron orbitals placed symmetrically

FIG. 3. Electron density of internal
S-symmetry states 1 and 3. The value of
the contour used in plots (a) and (c) is
0.0007. The values of the contour used
in plots (b) and (d) are the same and
they are chosen to most clearly show the
difference between the two densities.
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on opposite sides with respect to the center of the coordinate
system. The total number of adjustable Lk and sk non-linear
parameters for this set is equal to 40 ⇤ (10 + 4) = 560 (10 Lk
parameters and 4 x-coordinated of the sk shift vector for each
ECG). Each “generator” ECG is first reflected with respect to
the center of the coordinate system (this is achieved by the
x ! �x transformation of the Gaussian centers). Then each
of the two ECGs (i.e., the original ECG and the reflected
one) is rotated to first place its centers on the y-axis and
then to place them on the z-axis. The reflection and the rota-
tions generate six ECGs for each “generator” ECG. The six
ECGs are contracted with linear coefficients equal to one to
generate a function which approximately represents a basis
function with the S symmetry. Applying these procedures to
each of the 40 “generator” ECGs creates the basis set for the
calculation.

The same basis set is used to expand the wave func-
tions of all three S-symmetry states. The non-linear Lk and
sk parameters of the ECGs are variationally optimized by the
minimization of the sum of the total energies of the states. The
total energies obtained in the calculations are �1.15 623 743,
�1.15 456 654, and �1.15 320 087 a.u. (see also Table I). As
each energy includes the kinetic energy of the center-of-mass

motion, the minimization of their sum results in the molecule
delocalization (diffusion) in the cavity of the trap. This hap-
pens because the delocalization lowers the contribution from
the kinetic energy of the center-of-mass motion to the sum of
the total energies. This is provided that the states obtained in
the calculation differ from each other only (or predominantly)
in terms of the translational excitation. The delocalization
increases with the level of the excitation. To demonstrate this
effect, we compare the electron and proton densities for states
1 and 3. Plots of the densities are shown in Fig. 1 (electron den-
sities) and Fig. 2 (proton densities). First, we should note that
all densities presented in this work are calculated in a cubic
box with the dimensions 10 ⇥ 10 ⇥ 10 a.u. A grid with the
step of 0.5 a.u. along the x, y, and z directions is used in the
calculations. The total number of points in the grid is equal to
213 = 9261. After the density is calculated, it is numerically
integrated over the whole box to check what part of the whole
density is located within the box (a desirable result of the inte-
gration is a number close to one). Each density is plotted in two
ways. The first is a 3D contour plot showing the density sur-
face corresponding to some fixed density value and the second
is a cross-section plot of the density in the xy plane. For state
1, the numerical integration of the electronic density and the

FIG. 4. Proton density of internal
S-symmetry states 1 and 3. The value
of the contour used in plots (a) and (c)
is 0.0003. The values of the contour
used in plots (b) and (d) are the same
and they are chosen to most clearly
show the difference between the two
densities.
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proton density gives values 0.9993 and 0.9997, respectively,
indicating that these densities are almost entirely confined to
the 5 ⇥ 5 ⇥ 5 a.u. box. However, for state 3, the respective
numbers are much lower (0.0835 and 0.0844) indicating much
larger delocalization of this state within the cavity of the trap.
The delocalization is confirmed by the plots of both electron
and proton densities shown in Figs. 1 and 2. The cross-section
plots of the electron and proton densities for state 3 [Figs. 1(d)
and 2(d)] show nodes that result from the orthogonality of
the wave of this state to the wave functions of global states 1
and 2.

B. Internal HD states

Internal states of the trapped HD molecule are calculated
with the second method where the Hamiltonian is a sum of
Hint and V [(4) and (15)]. The calculations are performed for
the lowest three internal bound states with S symmetry, as
well as the three lowest states with P symmetry. The calcu-
lations of the latter states are done to illustrate how higher
symmetry can be implemented in the present model to cal-
culate internal states. As this implementation can be carried
out in an identical way in global-state calculations, results
for global P states are not shown. The field strengths of {Bx,

By, Bz} = {0.001, 0.001, 0.001} a.u. are used for the mag-
netic trap. The ECG basis set of the three S states consists
of 40 functions generated in the same way as the functions
used in the calculations of the global S states. All non-linear
parameters of the ECGs (i.e., the Lk and sk parameters) are
optimized by minimization of the sum of the total internal
energies of the states. In the calculations of the P states,
the same approach is used, but in this case, the basis func-
tions are constructed by only reflecting the generator ECGs
positioned on the x-axis with the x ! �x reflection of their
centers and not performing any rotations. Also, in this case,
each ECG is contracted with its reflection image with a coef-
ficient of minus one to effectively simulate the Px symme-
try of the basis function. The energies of the S-symmetry
states obtained in the calculations are �1.15 744 658,
�1.15 558 914, and�1.15 422 188 a.u. and for the P-symmetry
states, the energies are �1.15 706 812, �1.15 543 495, and
�1.15 420 787 a.u. (see also Table I). The energies of the
global S states are higher than the energies of the corre-
sponding internal S energies because the global-state energies
include the energy of the center-of-mass motion, which is
positive.

The absence of the operator representing the kinetic
energy of the center-of-mass motion in the Hamiltonian used

FIG. 5. Deuteron density of internal
S-symmetry states 1 and 3. The value of
the contour used in plots (a) and (c) is
0.0003. The values of the contour used
in plots (b) and (d) are the same and
they are chosen to most clearly show the
difference between the two densities.
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to calculate internal states [Eq. (4)] means that the wave
functions of the states do not undergo diffusion throughout
the cavity. This is apparent in the density plots (see Figs. 3–
7). The electron densities of S-symmetry states 1 and 3 are
plotted in Fig. 3. It can be noticed that, as the trapped HD
is excited from the ground state to the second excited state,
the electron density becomes noticeably more diffuse. On the
cross-section plots, this is manifested by a much larger splitting
of the density peak located in the center of the box for state 3
than for state 1. The appearance of the four peaks results from
approximately representing the spherically symmetric wave
functions of the S-symmetry states in the present model by
ECGs with centers symmetrically distributed along the x, y,
and z axes. The larger splitting between the peaks for state
3 results from the nuclei moving further apart as the system
becomes excited from the fully symmetric ground state to the
fully symmetric second excited state. As there is no change
in the rotational state, the excitation corresponds to a change
in the vibrational state of the system (i.e., it is a vibrational
excitation). The electron, proton, and deuteron density plots
for states 1 and 3 shown in Figs. 3–5, respectively, show the
same trends. All three densities become more diffuse when
the system is excited from S-symmetry state 1 to state 3.
For both states, the proton densities are slightly more diffuse
than the corresponding deuteron densities (this effect is more

transparent by comparing the numerical values of the densities
because the resolution of the plots is too low to make it clearly
visible).

The electron and proton densities for Px-symmetry states
1 and 3 are shown in Figs. 6 and 7. The contour plots of the elec-
tron densities show that (state 1! state 3) excitation results in
some density diffusion. The cross-section density plots show
the same trend. As the excitation is primarily a vibrational
excitation, it results in an increase of the proton-deuteron dis-
tance. As the peaks in the electronic densities correspond to
the maxima of the proton and deuteron densities, vibrational
excitation should result in an increase of the distance between
the peaks. This is what is observed. A similar effect should
also occur in the proton density. The cross-section plots of this
density for both states [1 and 3; see Figs. 7(b) and 7(d)] show
two peaks. They correspond to the two areas located symmet-
rically on opposite sides of the x-axis where there is the highest
probability of finding the proton in a Px state. When the proton
is on the right-hand side with respect to the center of the coor-
dinate system, the highest probability of finding the deuteron is
located (almost symmetrically) on the left-hand side, and vice
versa. Upon the (state 1! state 3) vibrational excitation, the
distance of the peaks in the proton density should increase and
this is what one can see comparing the plots shown in Figs. 7(b)
and 7(d).

FIG. 6. Electron density of internal Px-
symmetry states 1 and 3. The value of
the contour used in plots (a) and (c) is
0.0007. The values of the contour used
in plots (b) and (d) are the same and
they are chosen to most clearly show the
difference between the two densities.
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FIG. 7. Proton density of internal Px-
symmetry states 1 and 3. The value of
the contour used in plots (a) and (c) is
0.0003. The values of the contour used
in plots (b) and (d) are the same and
they are chosen to most clearly show the
difference between the two densities.

IV. SUMMARY

A computational model of a molecular magnetic trap
generated by fast-rotating strong magnetic field is proposed,
implemented, and tested. The strength of the field makes the
diamagnetic contribution to the interaction of the molecule
with the magnetic field stronger than paramagnetic contri-
bution. This allows for approximating the trap potential as
a sum over the number of particles of 3D parabolic terms each
proportional to the second power of the charge of the respec-
tive particle. While the potential squeezes the system in the
trap, exciting the system results in its increasing delocaliza-
tion. The density plots of individual particles demonstrate this
tendency.

In the model developed in this work, all particles forming
the trapped system (i.e., nuclei and electrons) are treated on an
equal footing as quantum particles. This allows for full account
of quantum behavior (i.e., quantum states) of the system. The
wave functions representing the ground and excited states of
the system are expanded in terms of all-particle explicitly cor-
related Gaussian functions with shifted centers. The non-linear
parameters of the functions are fully variationally optimized in
the calculation. The correlated Gaussians, through terms which
explicitly depend on the electron-nucleus distances, allow for

accurate representation of the electrons following the nuclei
in their rotational, vibrational, and translational motions in
the trap. This effect is much more difficult to describe with
electronic and nuclear orbitals.

Two Hamiltonians are used in the proposed approach.
Both include the trap potential. The first Hamiltonian is
obtained by subtracting the operator representing the kinetic
energy of the center-of-mass motion from the laboratory frame
all-particle Hamiltonian. The calculations with this Hamilto-
nian provide energies and wave functions of internal bound
states of the system. In this work, the wave functions are
used to calculate and plot one-particle densities that show the
physical nature of the states. The second Hamiltonian is the
complete lab-frame Hamiltonian. The calculations with this
Hamiltonian provide energies and wave functions of states
which represent both internal and translational (including
the vibrational and rotational) motions of the system in the
trap. For the moderate trapping potential, the lowest states
obtained in the calculations are predominantly translational
states.

The quantum model of a magnetic trap presented in this
work will be applied to study various physical and chemical
properties of molecules and molecular clusters exposed to trap-
ping forces. It will also be extended to described other types
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of trapping such as tapping of atoms or molecules in clathrates
or molecular cavities. Application of the all-particle quantum
approach (i.e., the non-BO approach) and explicitly correlated
Gaussian functions in studying these problems will continue
to be a topic of our future work.
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