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ABSTRACT

The Berry connection and curvature are key components of electronic structure calculations for atoms and molecules in magnetic fields.
They ensure the correct translational behavior of the effective nuclear Hamiltonian and the correct center-of-mass motion during molecular
dynamics in these environments. In this work, we demonstrate how these properties of the Berry connection and curvature arise from the
translational symmetry of the electronic wave function and how they are fully captured by a finite basis set of London orbitals but not by
standard Gaussian basis sets. This is illustrated by a series of Hartree-Fock calculations on small molecules in different basis sets. Based on
the resulting physical interpretation of the Berry curvature as the shielding of the nuclei by the electrons, we introduce and test a series of
approximations using the Mulliken fragmentation scheme of the electron density. These approximations will be particularly useful in ab initio
molecular dynamics calculations in a magnetic field since they reduce the computational cost, while recovering the correct physics and up to

95% of the exact Berry curvature.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0112943

I. INTRODUCTION

The Berry connection and the Berry curvature can be inter-
preted, respectively, as the vector potential and field related to a
geometric (or Berry) phase. * Therefore, these quantities are impor-
tant concepts in many fields of modern physics (for example, the
physics of crystals® or conical intersections®) and play a key role in
understanding the quantum Hall” and the Aharonov-Bohm effect.”

Less widely known are the implications of the Berry phase for
molecules in a magnetic field. Schmelcher and Cederbaum”'' and
later Yin and Mead'”"” as well as Peternelj and Kranjc'* reported
that the Born-Oppenheimer approximation in a magnetic field gives
rise to a geometric vector potential (or Berry connection) in the
effective nuclear Hamiltonian, resulting in an additional velocity-
dependent force in the nuclear equations of motion that depends
on a Berry curvature [Qy],"”

Nue
FF = Z QyRy, (1)
j=1

where Ry is the velocity of nucleus J. This Berry force is essential for
the correct physics of molecules in a magnetic field as it describes

the screening of the nuclei by the electrons.'"'*"” Neglecting the
Berry force in molecular dynamics is, thus, equivalent to omitting
the electrons when calculating the Lorentz force acting on the nuclei.

Since these conceptual discussions almost two decades ago,
the field of electronic-structure calculations in a magnetic field has
grown rapidly, allowing for predictions at magnetic field strengths
up to By =235x10" T. Besides numerical methods'®** and
anisotropic Gaussian functions,”” ' London atomic orbitals’* ™’
have become popular, combining standard Gaussian basis sets with
London phase factors that include a field dependence and gauge-
origin dependence. The advantage of the London-orbital approach
is that it can be combined with various quantum-chemistry methods
(for example, Hartree—Fock (HF) theory, density-functional theory,
and coupled-cluster theory) to calculate the energies and properties
of molecular systems in a magnetic field.”

Very recently, Culpitt et al. derived and presented a numeri-
cal scheme for calculating the Berry curvature in a magnetic field at
the HF level of theory using London orbitals.”” Their approach was
later extended to an analytical calculation®* and used to conduct the
first extensive study of ab initio molecular dynamics in a magnetic
field.””° While these publications confirmed the properties of the

11,12,15

. . 1 15 . .
Berry curvature discussed previously, it remained unclear why
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certain properties of the exact wave function are reproduced exactly
only in the basis-set limit or in a finite basis set of London orbitals.

In this work, we re-examine the geometric vector potential
and the Berry curvature in a magnetic field. In particular, we
are interested in the fulfillment of the magnetic-translational sum
rule,

Niye

> Qp = eNuB, 2
L=

where e is the unit charge, N is the number of electrons, and B is the
magnetic field tensor, related to the magnetic field B by B, = —€,.B.
where €, is the Levi-Civita symbol. In a magnetic field, the correct
center-of-mass motion is obtained only if this relation is satisfied
exactly.

In this paper, we demonstrate how Eq. (2) follows from the
translational symmetry of the exact electronic wave function and
also how it is captured by approximate wave functions in a complete
one-electron basis or in a finite basis of London orbitals. Addi-
tionally, we present approximations to Qj that fulfill Eq. (2) while
reducing the computational cost. For more details on the implemen-
tation and calculation of the geometric vector potential and the Berry
curvature, the reader is referred to Refs. 53 and 54.

The theory section (Sec. II) is organized as follows: After
reviewing the notation in Sec. II A and the electronic Hamiltonian
in a magnetic field in Sec. II B, we discuss the nuclear equations
of motion in a magnetic field in Sec. II C, with emphasis on the
Berry force and Berry curvature. Having introduced the electronic
pseudomomentum in Sec. IT D, we investigate the behavior of the
Hamiltonian and the wave function upon translation of the nuclei
in Sec. II E and the corresponding behavior of the total nuclear
canonical momentum in Sec. II F. With this information at hand,
we discuss the total Berry curvature and total Berry connection in
Secs. I G and IT H, respectively, both for exact wave functions. The
total Berry curvature in HF theory is then discussed in Secs. II A
and I ], treating both exact HF theory and HF theory using a finite
basis of London atomic orbitals. Finally, Sec. IT K presents a series
of approximate Berry curvatures based on the Mulliken approach®”
for atomic charges. We summarize computational details in Sec. I1I
and illustrate our theoretical findings by calculations on various
organic molecules at the HF level of theory in Sec. IV, followed by
conclusions in Sec. V.

Il. THEORY
A. Notation

We use indices a,b,... for the Cartesian components x, y,
and z, indices , 3, . .. for the N electrons, indices I, ], ... for the
Nrue nuclei, indices i, , . . . for the Nocc occupied molecular orbitals
(MOs), indices p, g, . . . for the Ny, general MOs, and indices y, v, . . .
for the Ny, atomic basis functions.

We use eZy, My, Ry, and R; to represent the charge, mass, coor-
dinates, and velocity of nucleus I, respectively, while r, and —e are
the coordinates and charge of electron «, respectively. The elec-
tronic and nuclear coordinates are collectively denoted by r and R,
respectively, while we use
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R1+T
R2+T 5

I‘1+T

R+Rr = r+rr=|r,+T (3)

to denote the translation of all nuclei and electrons of the system,
respectively, by the amount T.

B. Electronic Hamiltonian and wave function

Consider a molecular electronic system of N electrons in a
uniform magnetic field B, which is represented by a vector potential
in the Coulomb gauge,

A(u,0) - %Bx (u-0), @)

with gauge origin O. At a given nuclear geometry, R the electronic
Hamiltonian without the spin-Zeeman term is given by

. 1 Na ,
Ha(r,R,0) = EZ #2(r,0) + Va(r;R), (5)
a=1

where V. (r;R) is the external potential operator and #,(r, O) is the
kinetic momentum of electron «, which in terms of the canonical
momentum,

f’zx = _ith (6)
and the vector potential in Eq. (4) takes the form
7a(1,0) = Pa + eA(xa, O). (7)
We assume that the external potential V(r;R) is translationally
invariant, depending only on relative coordinates.
We denote the electronic ground-state wave function by

¢(r; R,0), which in the exact case is an eigenfunction of the
electronic Hamiltonian,

H(r,R,0)¢(1;R,0) = Epo(R)¢(1;R, 0), (8)
where the eigenvalue Ego(R) is the Born-Oppenheimer ground-
state energy. If the wave function is not an eigenstate of the Hamil-

tonian, then the Born-Oppenheimer energy can be calculated as an
expectation value,

Eso(R) = (¢(R,0)

Ha(R,0)|¢(R,0)). )

The ground-state energy depends on the nuclear geometry but—for
the exact wave function and for certain approximate wave functions
to be considered here—not on the gauge origin.

C. Nuclear equations of motion

The effective nuclear Born-Oppenheimer Hamiltonian in a
uniform magnetic field is given by’ "'’
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Niue

N 1 (.
Heff(R)O) = Z TI\/II[HI

I=1

(R,0) +x,(R,0)]" + Eno(R).  (10)

It consists of the kinetic momentum operator and the geometric
vector potential (Berry connection), respectively, of nucleus I,

II;(R,0) = P; - eZIA(R}, 0), 1n)

% (RO) = ), (12)

where the canonical momentum operator of nucleus I is given by
lA)] = -ihV]. (13)

In setting up the Hamiltonian in Eq. (10), we have omitted the usu-
ally small diagonal Born-Oppenheimer correction (DBOC) to the
Born-Oppenheimer potential.

1. Classical equations of motion and forces

Taking Hes(R,0) as the starting pomt we may set up the
classical nuclear equations of motion,” "

MR, = Fi(R,R), (14)
with three contributions to the force on atom I,

F=F°(R) + Ff(R) + F (R, R)

= ~VEpo(R) — ZreB x Ry + Z Q;(R)R;. (15)
J=1

While the first contribution to the force is the familiar position-
dependent Born-Oppenheimer force and the second contribution
is the velocity-dependent Lorentz force, the third contribution
depends on both the position and the velocity of the nucleus and
is known as the Berry force. Without the Berry force, each nucleus
would experience the applied external field rather than the local field
resulting from the screening of the electrons.

The Berry force is obtained from the Berry curvature Qy(R),
which in turn is related to the Berry connection as

oy, (R,0) [ (RO)]
Qy(R) = -2 -2 , 16
i (R) OR; OR; (16)
where we have introduced the Jacobian

ox,(R,O

W - ol o) (17)

and used the fact that the origin dependence of the Berry curvature
vanishes (as shown in Ref. 53) for the exact wave function and for
certain approximate wave functions to be considered here.

From Egs. (12) and (16), we obtain the following expression for
the Berry curvature in terms of the electronic wave function:

.0))

Qy(R) = (

_E(

). (18)
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The Berry curvature is, thus, a second-order nonadiabatic matrix
element, which provides the screening of the magnetlc field acting
on the nuclei by the electrons in the system.” "

2. Total Berry curvature

Before turning to the general case, let us consider a neutral
molecule in a uniform magnetic field. For a rigid system moving
with a constant velocity T, the total force acting on all atoms adds
up to zero,

F; =0. (19)

Since YN P F?O = 0 follows from the translational symmetry of the
Born- Oppenheimer potential energy Ego(R), the total Lorentz and
Berry forces must cancel in this case. From Eq. (15), we then obtain

eNelB X T = Qtot(R)T’ (20)

as a requirement for this cancellation. We have here used the fact
that ;"°Zr = N for a neutral system and introduced the total
Berry curvature as the sum over all its 3 x 3 blocks,

Naue
Qa(R) = > Qy(R). (21)
IJj=1

To eliminate the velocity from Eq. (20), we represent B in terms of
the three-by-three magnetic field tensor, whose elements are related
to the Cartesian field components B, = —€4p.Bc,

0 -B, B
B=| B, 0 —Bl (22)
-By By 0

Since BT = B x T, we may write the relation in Eq. (20),
Qtot(R) = eNelB> (23)

showing that the total Berry curvature is independent of the nuclear
coordinates of the molecule and that it determines the magnetic field
completely. From now on, we will refer to Eq. (23) as the magnetic-
translational sum rule. It is essential for the correct center-of-mass
motion of a general molecule, stating that an overall translation does
not induce a force on the center of mass of the neutral molecule,
while the force on the center of mass of a charged molecule matches
the Lorentz force of its total charge. We emphasize, however, that
rotations and vibrations may affect the center-of-mass motion of a
nonrigid molecule, even if the molecule is neutral.

In the following, we demonstrate that the magnetic-
translational sum rule holds for the exact electronic wave
function, for the exact HF wave function, and for HF wave functions
expanded in a finite basis of London atomic orbitals.

D. Total electronic pseudomomentum

Of interest to us here is the pseudomomentum of the
electrons within the Born-Oppenheimer approximation. The
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pseudomomentum operator of electron « in a magnetic field B is
defined as™'**"

ﬁa(r,O) = fi, — eB X 1g, (24)
which in the Coulomb gauge of Eq. (4) takes the form
ke(r,0) = o — gs x (rq + O). (25)

We note the following commutators between the Cartesian compo-
nents (denoted by 4, b, and c) of the pseudomomentum and kinetic
momentum operators of electron o,

[i{Zv ]A{Z] = 7[7%20 ﬁz] = iheeachCr (26)

(k5,751 =0, 27)

where we have omitted arguments for clarity. Introducing the oper-
ators for the total pseudomomentum of the electrons and the total
canonical momentum of the nuclei, respectively,

Nei Npyc
ktot = Zkou Ptot = Z PI) (28)
a=1 I=1
and using the commutation relation in Eq. (27), we obtain

Nei 3Ve1(R) y Niue aVel(R)

[Hel; ktot] = lh; Tra —lhl:zl Tl{[
= *[Vel(R),f)tot]- (29)

Consequently, Rtot + Pyt commutes with the electronic Hamil-
tonian,

[Hel)f(tot + IA)tot] =0, (30)

and hence that the sum of the total nuclear canonical momentum
and the total electronic pseudomomentum constitutes a constant of
motion for the electrons in the presence of a magnetic field, within
the Born-Oppenheimer approximation.”'"”*

E. Nuclear-translated Hamiltonian and wave function

We now introduce the unitary operator

U(r, R,O,T) = exp{f('(r, R, O,T)}

_ exp{féT-lA(tot e o,T)}, (31)

using the total pseudomomentum operator of the electrons defined
above and (R, O, T) as a real-valued, differentiable gauge function.
Since the latter can take many different forms, there exists a set of
U’s differing by a phase factor. Using the fact that the components
in the exponential of Eq. (31) commute

ARTICLE scitation.org/journalljcp

[T-f)a,TéBx(ra+o)]:%s.(TxT):o, (32)
we may factorize the unitary operator in the form

U(r,R,0,T) = f(R,0,T)§(r, T)(T), (33)

where we have introduced the unitary operators

¢(r,T) = exp{fzi—;(B x T) 'rtot}; (34)
i(T) - exp{—%T : pmt}, (35)

f(R,O,T) = exp{%n(R,O,T) - %Z(B % T) .o}, (36)
in terms of
Ny No
Tiot = Z Yo, f)tot = Z I:’oc- (37)
a=1 a=1

We note that #(T) and §(r,T) translate the coordinates of every
electron and the gauge origin by a vector —T, respectively, while
f (R,0,T) is an arbitrary phase factor. The order of the operators
in Eq. (33) does not matter since their arguments commute with one
another.

Consider now the unitary transformation of the Hamiltonian
by the operator U(r, R, O, T). By translation symmetry, we have

Ha(r,R,0) = Hy(r + rr, R+ R, 0 + T). (38)
Omitting the arguments of , g, and f for brevity, we then obtain

U(r,R,0,T)Hy(r,R,0)U ' (r,R,0,T)
= fgtHy(r + rr,R+ Ry, 0 + T)FTg Tf T
= feHa(r, R+ Ry, 0+ T)g 'f T
= fHa(r,R + Ry, 0)f . (39)

The effect of U is, therefore, to translate the nuclear coordinates,
leaving the gauge origin and the electronic coordinates unchanged,

U(r,R,0,T)Hy(r,R,0)U T (r,R,0,T) = Hy(r,R + Ry, 0). (40)

Within the Born-Oppenheimer approximation, the total electronic
pseudomomentum operator, therefore, generates a translation of all
nuclei in the system. Note that the phase factor cancels out such
that Eq. (40) holds independently of our choice of O and 7(R, O, T).
From now on, we will omit the arguments r and O from operators
and the argument O from wave functions to ease the reading of the
equations.

Multiplying the electronic Schrodinger equation in Eq. (8)
from the left by U(R,T) on both sides and recalling that
UT(R, T)U(R,T) = 1, we conclude from Eq. (40) that
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#(;R+Rr) = U(R, T)$(1;R). (41)

The operator U(R,T), thus, generates an eigenfunction of
H.(R + Ry) from an eigenfunction of H(R). Please keep in mind
that U(R,'T) gives us one particular solution ¢(r; R + Ry) with a
phase that depends on our choice of #. Consequently, the entire
set of U’s generates the entire set of possible eigenfunctions, each
differing by a phase.

F. Translation of the total nhuclear momentum
operator

In the present section, we consider the translation of the total
nuclear canonical momentum operator, as obtained by the unitary
transformation

PL(R,T) = UT(R,T)PU(R, T). (42)

Performing a Baker-Campbell-Hausdorff expansion, we obtain a
series of commutators with K(R, T) defined in Eq. (31),

IA’H“(R,T) = ptot + [ptobK(R;T)]

+ %[[PtOUK(R;T)],K(R,T)]+... . (43)

Evaluating the commutators and noting that Pt = —iAV, we find

[ptot)f((RaT)] = Kot + vn(R,T), (44)

[[Biot. K(R, T)], K(R,T)] = g uB x T, (45)

-

where all third- and higher-order terms in Eq. (43) vanish since
[B x T, K(R,T)] = 0. Consequently,

PU(R,T) = —ihVr — kot + (R, T) + gNelB <T,  (46)

where y is the derivative of # with respect to T,
y(R,T) = Viy(R, T). (47)

We are now ready to consider the translation of the total Berry
curvature and total Berry connections in the next subsections.

G. Total Berry curvature for exact wave functions

Regarding the evaluation of the total Berry curvature, we note
that it may be written in the manner

th(R) = %(Ptot(p(R)

- E<f’tot¢(R)

PLd(R))

PLom)). (48)

Since nuclear canonical momentum is not Hermitian, we cannot
use the turnover rule to simplify the equation. Instead, we combine
Eqgs. (41) and (42) to obtain

ARTICLE scitation.org/journalljcp

Pioid(1R + Rr) = Pt U(R, T) (15 R)
= U(R, T)Py, (R, T)$(r;R), (49)

which at T = 0 according to Eq. (46) reduces to
Puoid(;R) = [p(R) - kit [¢(1:R), (50)

in the notation p(R) =y(R,0). Inserting this expression into
Eq. (48) and using the turnover rule, we obtain

QR = +{p ()[R (R), Koy (R J6(R))

- %(gb(R)‘[iC?ot)];f’ot] ¢(R))
= —eNe€apcBe, (1)

where, in the last step, we have used the commutator in Eq. (26).
Since Eq. (51) gives Eq. (23) in matrix notation, we conclude that the
magnetic-translational sum rule holds for an exact wave function.
This result confirms the conclusion of Yin and Mead’s more heuris-
tic arguments'” and is related to the dipolar sum rule introduced by
Zabalo, Dreyer, and Stengel.””

H. Total Berry connection for exact wave functions

In the present section, we study the translational behavior of
the total Berry connection y, (R, O),

Nie
th(R) = ; X](R) = <¢(R)|Pmt¢(R) > (52)

Since the Berry connection plays the role of a vector potential and
since vector potential in Eq. (4) translates as A(T,0) - A(0,0) =
%B x T, we expect the Berry connection to behave in a similar man-
ner upon translation of the nuclear coordinates. Expressing the
expectation values in terms of the transformed nuclear momentum
operator in Eq. (42), we obtain

Axtot(R’T) = xtot(R + RT) - th(R)
= ($(R)|[Pro(R, T)~Pig(R,0) ](R) ). (53)

Use of Eq. (46) yields
AXtot(R’T) = gNel(B xT) + Ay(R,T), (54)

where Ay(R, T) is the change in the phase factor,
Ay(R,T) = p(R, T) - p(R,0). (55)

The first term in Eq. (54) has the form we would expect for the trans-
lation of a vector potential (multiplied by the total electronic charge
—Nee). The second term vanishes when the gauge function is chosen
to be translationally invariant.

Finally, as an alternative to the derivation given in Sec. I1 G, we
may obtain the total Berry curvature by differentiation of the total
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Berry connection, using Eq. (16) in combination with Eq. (17) and
summing over all pairs of nuclei,

T
Qut(R+Rr) = [Vrxp (R+R1)] - Vg (R+Rr).  (56)
Differentiation of the expression given in Eq. (54) gives

Vixe (R +Rr) = VrAys (R, T)
- INaVe(BxT) + Viy (RT).  (57)

Noting next that
vi(BxT)" = -B, (58)
T
[Viy' R T)] = Vivig(RT), (59)
we obtain
T e r
Vit (R+ Rr) = = NaB + V1 V1 (R T). (60)

Since B is antisymmetric it follows that while the contribution from
the gauge function is symmetric, consequently,

Qiot (R + Rr) = eNgiB, (61)
in agreement with the magnetic-translational sum rule [see Eq. (23)].

I. Berry curvature in exact Hartree-Fock theory

In exact HF theory, the MOs ({¢,(r;R,0)}) may be taken to
satisfy the canonical Fock equations,

(9:i(R)|g;(R)) = dy, (62)

I:“q,(R)(p,-(r; R) = &(R)¢i(r;R). (63)

We note that r now refers to a single electronic coordinate and that
the Fock operator F,(r,R,0) depends on the MOs but transforms
in the same manner as the many-electron Hamiltonian Flel(r,R)
in Eq. (38), having the same structure of the kinetic operator. In
accordance with Sec. II E, we can, thus, set up a unitary operator
Ui(r, R,0,T) as

Ui(R,T) = exp{—%T k+ %ni(R,T)}, (64)

that induces a translation by T of the nuclei in the Fock operator and
the ith MO,

Fp(R+Rr) = Ui(R,T)E,(R)UT (R, T), (65)
¢i(r; R+ Rr) = U;i(R, T)pi(1;R). (66)

Note that k(r,0) now acts on a single electron and that the
use of a different gauge function #,(R,0,T) for each MO leaves

ARTICLE scitation.org/journalljcp

Eq. (65) unchanged. Proceeding as for the exact many-electron wave
function, we find that

Pioigi(5;R) = [3;(R) - k]gi(5;R), (67)

7,(R) = V1#i(R, T)|1=0, (68)

corresponding to Eq. (50) for the exact wave function.

We now consider the evaluation of the total Berry curvature in
HF theory. Using Eq. (55) of Ref. 54 and taking into account that the
final two terms therein are real-valued, the Cartesian components of
the total Berry curvature can be written in terms of MOs as

“ 2 Nocc a .
O (R) = ?{z (Pmtqoi(R)\mego,-(R))}. (69)

i=1

Combining Eq. (69) with Eq. (67), we can make use of the turnover
rule

Nocc

LR = 13 ()

i=1

o)
= —eNe€apcBe (70)

to conclude that the total Berry curvature in the HF basis-set limit
correctly reproduces the magnetic-translational sum rule. However,
this relation may not hold in a finite orbital basis since approximate
MOs do not necessarily transform according to Eq. (66).

J. Hartree-Fock Berry curvature with London orbitals

We next consider HF wave functions with MOs expanded in a
finite set of London atomic orbitals w,(r; R,) in the manner

Nbas

¢p(5R) = > Cup(R)wy(rsRy), (71)
u=1

where each London orbital w#(r; R#,O) is a standard Gaussian
atomic orbital G,(r - R,) multiplied by a field-dependent phase
factor,

wu(r;R,) = exp{—zi—;B x (R, - 0O) -r}Gﬂ(r -R)). (72)

The expansion coefficients Cyp(R) are at each R chosen such that
the MOs are orthonormal and the Fock matrix diagonal,

{9p(R)[pq(R)) = bpq, (73)

(‘PP(R)|F¢(R)|‘Pq(R)> =& (R) Gpg- (74)

The Fock operator transforms in the same manner as in exact HF
theory upon a nuclear translation; see Eq. (65). We shall now see
that it is possible to choose the dependence of the optimal MOs on
R such that they transform in the same manner as the MOs in exact
HF theory upon a translation of all nuclei [see Eq. (66)].

J. Chem. Phys. 157, 134108 (2022); doi: 10.1063/5.0112943
Published under an exclusive license by AIP Publishing

157, 134108-6


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

Carrying out some straightforward algebra, we find that the
London atomic orbitals transform as the exact wave function but
with an additional global phase factor that depends on its center,

0p(R T)w, (r:R,) = exp{% [Bx (R, -0)]- T}w#(r; R, +T).
(75)
Since we are allowed to multiply the coefficients with this phase
factor, leaving all observables unchanged,

Cp (R4 Ry) = exp{zi—;[B < (R, - 0)] -T}CM,(R), (76)

we find that the approximate MOs in Eq. (71) transform in the same
manner as the exact MOs upon a nuclear translation,

Up(RT)gp(5R) = 3" Cp(R)Up(R T)u(r:R,.)
u=1

Nbpas
= Cuyp(R+Rr)w,(r;R, +T)
u=1
= ¢p(r;R+Rr). (77)

Consequently, we can use the same argument as in Subsection II I
to demonstrate that the magnetic-translational sum rule is fulfilled
when the MOs are expanded in a finite set of London atomic orbitals.
This has also been observed in molecular simulations in strong
magnetic fields.'””"*°

K. Mulliken approximations to the Berry curvature

Equation (70) gives us the opportunity to derive (reasonable)
approximations of the Berry curvature. This is particularly impor-
tant for molecular dynamics simulations, where the calculation of
the Berry curvature adds appreciable computational expense. We
start by assuming that every component of the Berry curvature (not
only their sum) can be written in terms of nuclear fragments of the
total electronic pseudomomentum (k;),

i Noce

Q]](R) ~ ‘R{% ; ((P;(R)

k! - [IE;RIT]TW,»(R))}. 78)

By enforcing that the Berry curvature is real-valued, we also allow for
k; that are not Hermitian operators. In order to ensure the correct
properties, the operators k; must reproduce the commutator of the
electronic pseudomomentum,

Niue Noce

(P ®RI[K. 6 Jlgi(R)) = iheqceNaBe. (79)

J=1 i=1

~

The remaining question is now how to separate k into the
contributions from the different nuclei.

In our first ansatz, we assume that the electrons are tightly
bound to the nuclei according to the Mulliken partitioning of the
electron density. Consequently, we can replace the electronic coor-
dinate r with a nuclear coordinate and introduce the Mulliken

ARTICLE scitation.org/journalljcp

projector M;*’ that we treat as independent of the nuclear and
electronic coordinates,

KM = _iha%, - gB x [R + O] M, (80)
Nbpas .
Mi = Z;Z |wu(R)Hwu(R)|wy (R)) ™ (wy(R)]. (81)
‘uE v

Inserting this first Mulliken approximation (M1) into Eq. (78), we
see that the resulting Berry curvature Q] (R) depends only on the
electronic part of the Mulliken charges,”’

Q'R) = -3 X Lo (RIMigi(R)) + (Mg (R (R)], (82

i=1
as well as the magnetic field,
0} (R) = -0yeQ) (R)B. (83)

Since the Berry force of I depends only on its charge and velocity,
Mg oy N M1 ; M D\ BY
F/ (RR) = Qp (R)R; = -eQ; (R)BR,, (84)
J=1

the use of M1 is equivalent to simulating the system with an effec-
tive nuclear charge calculated from the Mulliken charge at a given
molecular geometry,

F/(R) + B} (R,R) = —e[Z; + Q)" (R)]BR,. (85)

Thus, we assume that each nucleus is screened by the amount of
electrons it has been assigned to according to the Mulliken scheme.

In the second Mulliken scheme (M2), we also use the Mulliken
partitioning but keep the original electronic-coordinate dependence
of the total electronic pseudomomentum,

K" = 4th3 -

e
e~ 3B [F+ OlM: (86)

As a result of this, the Berry curvature now contains the Mulliken
overlap populations [Q] (R)],

Q)% (R) = —eQ)f (R)B, (87)

QHR) == 5 3 (Mg (R) Migi(R)
+ (Migi(R)[M;9i(R))]. (88)

From the resulting Berry forces,
. Noue N
F”(RR) = —¢), Qj (R)BR), (89)
j=1

we see that the second approximation introduces a coupling between
the motion of the different nuclei via the electrons, since the Berry
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force of I depends on the motion of nucleus J. In this context, Q}f (R)
can be interpreted as the amount of electrons of nucleus J that
screen the nucleus I according to the Mulliken scheme. Here, the
atomic Mulliken charge corresponds to the effective nuclear charge
that arises when the entire molecular system moves with a constant
velocity in a magnetic field,

Niue
F/(Rr) + By (R,Ry) = —[z, +> Q%I(R)]ET. (90)
J=1

In our final approximation, we represent the electronic density
by Mulliken dipole moments [g,(R)],
0 e

{ M3 .
k[ = —lhi +

R, 2Ne1B x u;(R), (91)

Noce

#(R) = —% 2 o (R)[rMigi(R)) + (Migi(R)[rlgi(R))]. (92)

i=1

Consequently, the resulting Berry curvature in the third Mul-
liken approximation (M3) contains a polarization tensor [ay(R)],
which is calculated as the derivative of the atomic dipole moment
with respect to a nuclear coordinate,

Qi (R) = - [Bay(R) + [ (R)]"B], ©3)
_ o (R)
(XU(R) = TR] (94)

Note that this Berry curvature still satisfies the magnetic-
translational sum rule, since atomic dipole moments sum up to the
total electronic dipole moment [g, (R)],

Nhuc Nowe 9 R
Z “IJ(R) = Z 7”":0:( ) = —lNel. (95)
Lj=1 J=1

Equation (93) implies that the screening of nucleus I by the electrons
of ] can be described via the change of both atomic dipole moments

0.015
B 1-STO-3G I Nunm.

= B 1-cc-pVDZ x  Analy.
;0010 I B -ccpVTZ
é'
22}
<_’0.U05 r

S EFIYYI L

P FEEEe S
O
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(calculated according to the Mulliken scheme) with respect to the
nuclear coordinates. Please note that the form of the M3 approxima-
tion coincides with the ansatz in Ref. 59, where a7 (R) is determined
from linear-response properties.

We conclude this subsection by briefly discussing the compu-
tational costs of our approximations at the HF level of theory. The
calculations of the M1 and M2 Berry curvatures do not depend on
derivatives of orbitals with respect to nuclear coordinates. Conse-
quently, they can be obtained with no additional cost subsequent
to an energy calculation. This makes their calculation significantly
faster than the calculation of the M3 and exact Berry curvatures,
which both require solving the coupled-perturbed HF equations
or carrying out numerical differentiation. Although the M3 model
does not reduce the computation time, it may give insight into the
interpretation of the exact Berry curvature.

Ill. COMPUTATIONAL DETAILS

All calculations were performed with the LONDON program
package.®. We employed the restricted HF method using a mag-
netic field of 107°B, and used the London orbital versions of
the contracted Gaussian basis sets STO-3G,* cc-pVDZ,* aug-cc
-pVDZ,"** and cc-pVTZ, " denoted by 1-STO-3G, 1-cc-pVDZ, 1-
aug-cc-pVDZ, and l-cc-pVTZ, respectively. The molecular geome-
tries of H,, LiH, BH3, CH4, NH3, H,O, FH, and CH30H were
optimized at the HF/l-cc-pVTZ/|B| = 10 By level of theory prior
to calculating the exact Berry curvature as well as the approximate
Berry curvatures M1 [Eq. (83)], M2 [Eq. (87)], and M3 [Eq. (93)]. If
not stated otherwise, the M3 and exact Berry curvatures are calcu-
lated via finite differences as presented in Ref. 53 for the latter. For
H,, LiH, CH4, H,0, FH, and CH30H, we used a local minimum of
the geometry with the principal axes perpendicular to the magnetic
field, while the axes of BH3 and NH;3 were parallel to the field. In all
calculations, we place the center of mass as well as the gauge origin
(0) at (0,0,0).

We determine three Euclidean error measures: ecom as the error
in the center-of-mass motion (resulting from a violation of the
magnetic-translational sum rule) during dynamics [see Eq. (23)],

b)
200
I STO-3G
2150 I cc-pVDZ
> B ccpVTZ
=
—100 r
A
=
g 50t
: ) Q
93 5 Q.3 > G\
RO R R R SRS
@)

FIG. 1. Error in the center-of-mass motion [see Eq. (96)] of the Berry curvature calculated for different molecules using London orbital basis sets (a) and regular Gaussian
basis sets (b). All calculations were performed at the HF level of theory with |B| = 10~3B,. We divide the individual error by the magnetic field strength and the number
of electrons to get an estimate for the screening error per electron. In (a), we show errors resulting from the numerical [bars, see Ref. 53] as well as from the analytical
[crosses, see Ref. 54] implementation of the Berry curvature. In (b) only the former is shown. Please note the different scale of the y-axis in (a) and (b).

J. Chem. Phys. 157, 134108 (2022); doi: 10.1063/5.0112943
Published under an exclusive license by AIP Publishing

157, 134108-8


https://scitation.org/journal/jcp

The Journal
of Chemical Physics

€com = ||Qtot(R) - eNeIBHZ: (96)

e as the error in all elements of the approximate Berry curvature
MX = M1, M2, and M3,

MX MX

eor =127 (R) — Q(R)]2, 97)
(a) eMX @ l-ce-pVDZ

60

. M1

or M2
X N
— 40 . 3
= 30}
a2}
=20¢

10 f

S > > > O Q
CPE L SY
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60
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and €}/ as the error in the elements within a single IJ block of the
approximate Berry curvature,
ey =12 (R) - @y (R)|]. (98)

For the latter, we calculate the average as well as the maximum
values,

(b) e¥X ax @ l-cc-pVDZ
60

M1
. M2
M3

| max

I o

0
PF S ‘%ﬂ@x
(d) XX ax @ l-cc-pVTZ
60
B M1 | max
M2 I o
I M3

P F Y ‘%@x
@)
() eﬁé’g‘,mu @ l-aug-cc-pVDZ
60
M1 | max
M2 I g
M3

¥ PP

> &
T
&

FIG. 2. Overall [a+c+e, see Eq. (97)] and average/maximum [b+d-+f, see Eqgs. (99) and (100)] error of the approximate Berry curvatures M1, M2, and M3 calculated for a
series of organic molecules at the HF level of theory using [B| = 10~°B, as well as the basis sets I-cc-pVDZ (a-+b), l-cc-pVTZ (c+d), and l-aug-cc-pVDZ (e+f). We divide
the individual error by the magnetic field strength and the number of electrons to get an estimate for the screening error per electron. In (b+d+f) we use the opacity to

differentiate between the maximum (transparent) and average (not transparent) error.
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N,
MX J LT
€avg = 73 Z €y > (99)
Niuc Ij=1

MX _ MX MX MX
€max = maX{GOO SEQL >e - €Nnuanuc }

(100)
To obtain a measure of screening error per electron, we divide all
errors by the magnetic field strength times the number of electrons
(|B|Ne1). The scans of H, and LiH were carried out in a perpendicu-
lar field orientation, with bond distances in the range 0.2-10.0 bohr
for H, and 2.0 — —10.0 bohr for LiH, in steps of 0.1 bohr.

IV. RESULTS AND DISCUSSION

In the theory section, we showed that the correct (overall)
center-of-mass motion during dynamics is closely connected to the
magnetic-translational sum rule [see Eq. (23)], which holds when
London orbitals are used as basis sets. To illustrate this, we calculated
the error according to Eq. (96) for a series of small molecules and
basis sets with and without London phase factors [see Fig. 1]. The
errors obtained with London orbitals [see Fig. 1(a)] are the result of
the numerical scheme® to determine the Berry curvature, since they

(a) H2 @ l-cc-pVDZ

dun [a)
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vanish entirely when employing an analytical scheme.” They can,
thus, be regarded as numerical noise that is independent of the size
of the basis set. In contrast to this, the calculations without London
orbitals [see Fig. 1(b)] exhibit large errors that decrease with increas-
ing basis-set size. While this behavior indicates that regular Gaussian
basis sets reproduce the correct physics in the basis-set limit, they
cannot be used, in practice, since the relatively large triple-zeta basis
set cc-pVTZ still leads to errors of about 20%, in agreement with
our results for atoms in Ref. 53. At this point, we want to stress
that the total Berry curvature calculated without London orbitals
strongly depends on the nuclear coordinates and the gauge origin.
Both dependencies vanish when using either the exact wave function
or London orbitals.

Let us now turn to the Mulliken approximations to the Berry
curvature introduced in Sec. II K. In Fig. 2, we compare their errors
with respect to the exact Berry curvature. The M2 approximation,
based on Mulliken overlap populations, performs best in most of the
investigated cases followed by the M3 approximation, which takes
into account the changes of atomic dipole moments with respect to
the nuclear coordinates. The simplest M1 approximation, including
only the Mulliken atomic charges, performs worst. These trends are

. MX _MX MX
consistent across all three error measures (€o; > €avg> ad €may)-

(b) LiH @ l-cc-pVDZ

drin [ao]

FIG. 3. Components of the Berry curvatures [Q(dxy)] and their approximations [Q@"X (dyy), see Egs. (83), (87), and (93)] of H, (a+c) and LiH (b+d) at different
bond lengths (dxy ). The calculations were performed at the HF/l-cc-pVDZ/|B| = 10~3B, (a+b) and at the HF/l-cc-pVTZ/|B| = 10~3B, (c+d) level of theory with B being
perpendicular to the bonding axis. The equilibrium bond length is indicated by the vertical dotted line.
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In general, we observe that the error measures depend strongly
on the molecular system, while the basis-set dependence is less pro-
nounced. Augmenting basis functions, however, seem to increase
the errors, possibly due to the erratic behavior of the Mulliken
charges using these basis sets. The overall error at the l-cc-pVDZ
level of theory [eli, see Fig. 2(a)] suggests that the M2 Berry cur-
vature captures more than 90% of the screening of H,, CHy4, NHj3,
H,O0, and FH correctly. This is remarkable considering the simplic-
ity of the approach. With an error of about 70%, the description of
LiH and BH; is worse. This failure may be due to the challenging
electronic structure of these low-valent molecules. The M3 and M1
models capture, on average, about 80% and 70% of the screening,
respectively. While this was expected for the simple M1 approach,
it is disappointing for the M3 approach, which requires the same
computational effort as the exact Berry curvature. In general, the
MI1 model seems to perform best when the off-diagonal matrices
of the Berry curvature are close to zero—for example, in FH and
H,O.

So far, we have only considered the Mulliken approximations
to the Berry curvature at the equilibrium geometry. To investigate
their behavior with changes in the nuclear geometry, we have cal-
culated the exact and approximate Berry curvatures of H, and LiH
at different bond lengths (d); see Fig. 3. As discussed in Ref. 53,
the limits d — 0/oo correspond to the one atom/separate atoms
limit. Whereas the M2 model reproduces both the exact united-
atom and dissociation limits well, the M1 and M3 models are exact
only in the dissociation limit. This is visible at the 1-cc-pVDZ as
well as at the I-cc-pVTZ level of theory. On the other hand, the M3
model is the only model that correctly predicts the superscreening
[Quxry(dun) < —1] of Hy and the antiscreening [ Qpxriy(duLi) > 0]
of LiH at both levels of theory, suggesting that, even though the M3
model performs worse than the M2 model for the M metrics, its
structure [see Eq. (93)] is more flexible and able to recover more
features of the exact Berry curvature.

As a final point, we stress that the approximations M1, M2,
and M3 can also be determined from calculations without London
orbitals. In our examples, with a relatively weak magnetic field of
107? By and the gauge origin and center of mass at the origin (0, 0,0),
the resulting approximate Berry curvatures are very close to those
calculated with London orbitals. Although they are not translation-
ally invariant and dependent on the gauge origin, they may be a
useful alternative when calculations with London orbitals are not
possible—in such cases, however, the gauge origin and the basis set
must be chosen with great care.

V. CONCLUSION AND OUTLOOK

In this work, we have (re)investigated the properties of the
Berry connection and curvature that are crucial for the right physi-
cal behavior of the system in magnetic fields while showing their link
to the screening of the nuclei by the electrons. It was demonstrated
theoretically and via example calculations that these features are
related to the magnetic-translational sum rule and are a direct result
of the translational behavior of the exact electronic wave function,
which is fully captured by the gauge factor used in finite London
orbital basis sets. Since this can only be reproduced by regular basis
sets in the complete basis-set limit, the use of London orbitals is
essential when calculating these properties.

ARTICLE scitation.org/journalljcp

Based on our derivations, we were able to establish a series of
Mulliken approximations to the Berry curvature (M1, M2, and M3),
which recover the properties of the exact Berry curvature, in par-
ticular, the correct center-of-mass motion during dynamics. While
the M2 approximation performed best in our test cases, recover-
ing ~90% of the exact Berry curvature, future studies will focus
on improvements of the M3 approach, which seems to capture
more features of the electronic screening process. Additionally, we
are planning to test these approximations in molecular dynamics
simulations in magnetic fields.

ACKNOWLEDGMENTS

This work was supported by the Research Council of Norway
through “Magnetic Chemistry” Grant No. 287950 and CoE Hyller-
aas Centre for Quantum Molecular Sciences Grant No. 262695. This
work also received support from the Norwegian Supercomputing
Program (NOTUR) through a grant of computer time (Grant No.
NN4654K).

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Laurens D. M. Peters: Conceptualization (lead); Data curation
(lead); Formal analysis (equal); Investigation (lead); Methodology
(equal); Software (equal); Visualization (lead); Writing — original
draft (equal). Tanner Culpitt: Formal analysis (equal); Methodology
(equal); Software (equal); Writing — original draft (supporting). Erik
I. Tellgren: Formal analysis (equal); Methodology (equal); Software
(equal); Writing - original draft (supporting). Trygve Helgaker:
Formal analysis (equal); Methodology (equal); Writing — original
draft (equal).

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

REFERENCES

M. V. Berry, Proc. R. Soc. London, Ser. A 392, 45 (1984).

2C. A. Mead, Rev. Mod. Phys. 64, 51 (1992).

3]. Anandan, J. Christian, and K. Wanelik, Am. J. Phys. 65, 180 (1997).

4R Resta, J. Phys. Condens. Matter 12, R107 (2000).

5]. Zak, Phys. Rev. Lett. 62, 2747 (1989).

®C. A. Mead and D. G. Truhlar, J. Chem. Phys. 70, 2284 (1979).

7R. E. Prange and S. M. Girvin, The Quantum Hall Effect (Springer, New York,
1990).

8Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).

9P. Schmelcher, L. S. Cederbaum, and H.-D. Meyer, Phys. Rev. A 38, 6066 (1988).
19p Schmelcher and L. S. Cederbaum, Phys. Rev. A 40, 3515 (1989).

1p. Schmelcher and L. S. Cederbaum, Int. J. Quantum Chem. 64, 501 (1997).
2L, Yin and C. A. Mead, Theor. Chim. Acta 82, 397 (1992).

'3L. Yin and C. Alden Mead, J. Chem. Phys. 100, 8125 (1994).

J. Chem. Phys. 157, 134108 (2022); doi: 10.1063/5.0112943
Published under an exclusive license by AIP Publishing

157, 134108-11


https://scitation.org/journal/jcp
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1103/revmodphys.64.51
https://doi.org/10.1119/1.18570
https://doi.org/10.1088/0953-8984/12/9/201
https://doi.org/10.1103/physrevlett.62.2747
https://doi.org/10.1063/1.437734
https://doi.org/10.1103/physrev.115.485
https://doi.org/10.1103/physreva.38.6066
https://doi.org/10.1103/physreva.40.3515
https://doi.org/10.1002/(sici)1097-461x(1997)64:5&tnqx3c;501::aid-qua3&tnqx3e;3.0.co;2-&tnqx23;
https://doi.org/10.1007/bf01113940
https://doi.org/10.1063/1.466806

The Journal

of Chemical Physics

4], Peternelj and T. Kranjc, Z. Phys. B 92, 61 (1993).

15D. Ceresoli, R. Marchetti, and E. Tosatti, Phys. Rev. B 75, 161101 (2007).

18], Ozaki, Chem. Phys. Lett. 203, 184 (1993).

'7Y. P. Kravchenko, M. A. Liberman, and B. Johansson, Phys. Rev. A 54, 287
(1996).

T8M. V. Ivanov and P. Schmelcher, Phys. Rev. A 57,3793 (1998).

M. D. Jones, G. Ortiz, and D. M. Ceperley, Phys. Rev. A 59, 2875 (1999).

20M. V. Ivanov and P. Schmelcher, Phys. Rev. A 60, 3558 (1999).

21M. V. Ivanov and P. Schmelcher, Phys. Rev. A 61, 022505 (2000).

22 A, Thirumalai and J. S. Heyl, Phys. Rev. A 79, 012514 (2009).

23 A. Thirumalai, S. J. Desch, and P. Young, Phys. Rev. A 90, 052501 (2014).

243, Lehtola, M. Dimitrova, and D. Sundholm, Mol. Phys. 118, €1597989 (2020).
25p_Schmelcher and L. S. Cederbaum, Phys. Rev. A 37, 672 (1988).

26. Kappes, P. Schmelcher, and T. Pacher, Phys. Rev. A 50, 3775 (1994).

27T, Detmer, P. Schmelcher, F. K. Diakonos, and L. S. Cederbaum, Phys. Rev. A
56, 1825 (1997).

28T, Detmer, P. Schmelcher, and L. S. Cederbaum, Phys. Rev. A 57,1767 (1998).
290. A. Al-Hujaj and P. Schmelcher, Phys. Rev. A 61, 063413 (2000).

30W. Becken and P. Schmelcher, Phys. Rev. A 65, 033416 (2002).

310. A. Al-Hujaj and P. Schmelcher, Phys. Rev. A 70, 023411 (2004).

52F. London, ]. Phys. Radium 8, 397 (1937).

33H. F. Hameka, Mol. Phys. 1, 203 (1958).

34R. Ditchfield, ]. Chem. Phys. 65, 3123 (1976).

35T, Helgaker and P. Jorgensen, J. Chem. Phys. 95,2595 (1991).

36E. L. Tellgren, A. Soncini, and T. Helgaker, ]. Chem. Phys. 129, 154114 (2008).
57E. L Tellgren, T. Helgaker, and A. Soncini, Phys. Chem. Chem. Phys. 11, 5489
(2009).

38K K. Lange, E. L. Tellgren, M. R. Hoffmann, and T. Helgaker, Science 337, 327
(2012).

3°E. 1. Tellgren, S. S. Reine, and T. Helgaker, Phys. Chem. Chem. Phys. 14, 9492
(2012).

“OR. D. Reynolds and T. Shiozaki, Phys. Chem. Chem. Phys. 17, 14280 (2015).
415, Stopkowicz, J. Gauss, K. K. Lange, E. 1. Tellgren, and T. Helgaker, J. Chem.
Phys. 143, 074110 (2015).

“2E. Hampe and S. Stopkowicz, ]. Chem. Phys. 146, 154105 (2017).

43T, J. P. Irons, J. Zemen, and A. M. Teale, . Chem. Theory Comput. 13, 3636
(2017).

ARTICLE scitation.orgljournalljcp

44F. Hampe and S. Stopkowicz, J. Chem. Theory Comput. 15, 4036 (2019).

33, Sen, K. K. Lange, and E. L. Tellgren, ]. Chem. Theory Comput. 15,3974 (2019).
“6s. Sun, D. B. Williams-Young, T. F. Stetina, and X. Li, J. Chem. Theory Comput.
15, 348 (2019).

“7}. Austad, A. Borgoo, E. L. Tellgren, and T. Helgaker, Phys. Chem. Chem. Phys.
22,23502 (2020).

“8F. Hampe, N. Gross, and S. Stopkowicz, Phys. Chem. Chem. Phys. 22, 23522
(2020).

“9A. Pausch and W. Klopper, Mol. Phys. 118, e1736675 (2020).

59D, B. Williams-Young, A. Petrone, S. Sun, T. F. Stetina, P. Lestrange,
C. E. Hoyer, D. R. Nascimento, L. Koulias, A. Wildman, J. Kasper, J. J. Goings,
F. Ding, A. E. DePrince, E. F. Valeev, and X. Li, Wiley Interdiscip. Rev. Comput.
Mol. Sci. 10, e1436 (2020).

ST, J. P. Irons, G. David, and A. M. Teale, |. Chem. Theory Comput. 17, 2166
(2021).

523, Blaschke and S. Stopkowicz, J. Chem. Phys. 156, 044115 (2022).

53T, Culpitt, L. D. M. Peters, E. I Tellgren, and T. Helgaker, ]. Chem. Phys. 155,
000012 (2021).

S4T. Culpitt, L. D. M. Peters, E. I. Tellgren, and T. Helgaker, . Chem. Phys. 156,
044121 (2022).

55L. D. M. Peters, T. Culpitt, L. Monzel, E. 1. Tellgren, and T. Helgaker, J. Chem.
Phys. 155, 024105 (2021).

56L. Monzel, A. Pausch, L. D. M. Peters, E. L. Tellgren, T. Helgaker, and
W. Klopper, J. Chem. Phys. 157, 054106 (2022).

57R. S. Mulliken, J. Chem. Phys. 23, 1833 (1955).

58B. R. Johnson, J. O. Hirschfelder, and K.-h. Yang, Rev. Mod. Phys. 55, 109
(1983).

S9A. Zabalo, C. E. Dreyer, and M. Stengel, Phys. Rev. B 105, 094305 (2022).

80R. Carbé-Dorca and P. Bultinck, J. Math. Chem. 36, 231 (2004).

S'LONDON, a quantum-chemistry program for plane-wave/GTO hybrid basis
sets and finite magnetic field calculations. By E. Tellgren (primary author),
T. Helgaker, A. Soncini, K. K. Lange, A. M. Teale, U. Ekstrom, S. Stopkowicz,
J. H. Austad, and S. Sen. See londonprogram.org for more information.

Sy, J. Hehre, R. F. Stewart, and J. A. Pople, J. Chem. Phys. 51, 2657 (1969).

3T, H. Dunning, J. Chem. Phys. 90, 1007 (1989).

S“R. A. Kendall, T. H. Dunning, and R. J. Harrison, ]. Chem. Phys. 96, 6796 (1992).

J. Chem. Phys. 157, 134108 (2022); doi: 10.1063/5.0112943
Published under an exclusive license by AIP Publishing

157, 134108-12


https://scitation.org/journal/jcp
https://doi.org/10.1007/bf01309168
https://doi.org/10.1103/physrevb.75.161101
https://doi.org/10.1016/0009-2614(93)85384-z
https://doi.org/10.1103/physreva.54.287
https://doi.org/10.1103/physreva.57.3793
https://doi.org/10.1103/physreva.59.2875
https://doi.org/10.1103/physreva.60.3558
https://doi.org/10.1103/physreva.61.022505
https://doi.org/10.1103/physreva.79.012514
https://doi.org/10.1103/physreva.90.052501
https://doi.org/10.1080/00268976.2019.1597989
https://doi.org/10.1103/physreva.37.672
https://doi.org/10.1103/physreva.50.3775
https://doi.org/10.1103/physreva.56.1825
https://doi.org/10.1103/physreva.57.1767
https://doi.org/10.1103/physreva.61.063413
https://doi.org/10.1103/physreva.65.033416
https://doi.org/10.1103/physreva.70.033411
https://doi.org/10.1051/jphysrad:01937008010039700
https://doi.org/10.1080/00268975800100261
https://doi.org/10.1063/1.433526
https://doi.org/10.1063/1.460912
https://doi.org/10.1063/1.2996525
https://doi.org/10.1039/b822262b
https://doi.org/10.1126/science.1219703
https://doi.org/10.1039/c2cp40965h
https://doi.org/10.1039/c4cp04027a
https://doi.org/10.1063/1.4928056
https://doi.org/10.1063/1.4928056
https://doi.org/10.1063/1.4979624
https://doi.org/10.1021/acs.jctc.7b00540
https://doi.org/10.1021/acs.jctc.9b00242
https://doi.org/10.1021/acs.jctc.9b00103
https://doi.org/10.1021/acs.jctc.8b01140
https://doi.org/10.1039/d0cp03259j
https://doi.org/10.1039/d0cp04169f
https://doi.org/10.1080/00268976.2020.1736675
https://doi.org/10.1002/wcms.1436
https://doi.org/10.1002/wcms.1436
https://doi.org/10.1021/acs.jctc.0c01297
https://doi.org/10.1063/5.0076588
https://doi.org/10.1063/5.0055388
https://doi.org/10.1063/5.0079304
https://doi.org/10.1063/5.0056235
https://doi.org/10.1063/5.0056235
https://doi.org/10.1063/5.0097800
https://doi.org/10.1063/1.1740588
https://doi.org/10.1103/revmodphys.55.109
https://doi.org/10.1103/physrevb.105.094305
https://doi.org/10.1023/b:jomc.0000044221.23647.20
https://doi.org/10.1063/1.1672392
https://doi.org/10.1063/1.456153
https://doi.org/10.1063/1.462569

