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The ab initio calculation of molecular geometrical properties in the Hellmann±Feynman
approximation is discussed in which the atomic orbitals are ®xed at the positions of the nuclei
at the reference geometry, thereby avoiding the calculation of derivatives of the molecular
integrals with respect to the positions of the atomic orbitals. For the molecular gradient, the
molecular Hessian, and the molecular dipole gradient, the convergence of the calculated
properties is studied for a large number of basis sets at the Hartree±Fock level and at the
CCSD(T)-R12 level. In the Hellmann±Feynman approximation, it is found to be necessary to
impose explicitly rotational and translational invariance. Although small basis sets perform
poorly in the Hellmann±Feynman approximation (compared with the standard approach
where the atomic orbitals are moving with the displaced nuclei), satisfactory convergence is
obtained for geometries and harmonic frequencies (to within 1% of the standard approxima-
tion) with the larger of the correlation-consistent core±valence cc-pCVXZ basis sets. For the
infrared intensities, the agreement with the standard approach is still poor (only within 15%
for the largest correlation-consistent basis). The best results are obtained with an R12 basis
previously developed for the calculation of energies in the explicitly correlated R12 approx-
imation. In this basis, the geometrical parameters and harmonic frequencies are within 0.5%
of the standard approach and the infrared intensities within 5% , suggesting that the
Hellmann±Feynman approximation may be useful for applications at the highly accurate
MP2-R12, CCSD-R12, and CCSD(T)-R12 levels of theory.

1. Introduction

According to the Hellmann±Feynman theorem[1, 2],
we may calculate the force acting on a nucleus in a mol-
ecular system as the expectation value of the ®eld at the
nucleus multiplied by the nuclear charge. Since the
operator for the ®eld is a simple one-electron operator,
the Hellmann±Feynman theorem opens up the poss-
ibility for an e!cient calculation of molecular forces.

Unfortunately, the conditions that must be satis®ed
for the Hellmann±Feynman theorem to be applied are
rather strict. Each parameter entering the wavefunction
must be either variationally determined or else unaf-
fected by the nuclear distortion. Indeed, these conditions
are not satis®ed for the calculation of geometrical deri-
vatives by the standard wavefunctions of quantum
chemistry, where the molecular orbitals are expanded
in a ®nite set of atomic orbitals (AOs) ®xed on the
atomic nuclei. As the molecule distorts, the AOs move
with the nuclei and thus their positions are neither var-
iationally determined nor ®xed in space. Consequently,
the Hellmann±Feynman theorem cannot be applied.
Instead, the nuclear forces must be evaluated by a

more elaborate scheme, which takes into account the
displacement of the AOs as the molecule distorts [3].
In practice, the calculation of molecular forces (molecu-
lar gradients) for such wavefunctions becomes rather
time-consuming, requiring the evaluation of the deriva-
tives of all molecular integrals with respect to the
nuclear positions. A further complication arises since,
upon displacement of the nuclei, the molecular orbitals
(which are expanded in the AOs) do not remain ortho-
normal. Orthonormality constraints must therefore be
applied, introducing terms that involve derivatives of
the overlap matrix [3].

Nowadays, programs have been developed that calcu-
late molecular forces e!ciently for all the standard
wavefunctions of quantum chemistry, using analytical
rather than numerical techniques [4, 5]. Moreover, for
many approximations, also the force constants (molecu-
lar Hessian) may be calculated e!ciently by analytical
techniques [6, 7], although the higher complexity of the
Hessian evaluation means that often Hessians are
obtained by numerical di"erentiation of analytically cal-
culated gradients. For the evaluation of anharmonicities
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(i.e., derivatives higher than second), very few programs
have been developed, and then only at the Hartree±Fock
level [8, 9]. Thus, although the di!culties introduced by
®xing the AOs on the nuclei can be solved quite e!-
ciently at the gradient level, to higher orders, the com-
plexity of the calculations becomes so great that no
attempts have been made at calculating these properties
analytically. Moreover, for certain highly complex
wavefunctions, the explicitly correlated wavefunctions,
for example, no implementation exists even at the gra-
dient level, and the evaluation of geometrical derivatives
must be carried out numerically.

Clearly, it would be advantageous if it were possible
to calculate the molecular gradients from the simple
Hellmann±Feynman expression and the higher deriva-
tives fromthe corresponding expressions of higher order
perturbation theory. Not only would we then be able to
calculate molecular gradients more easily from complex
wavefunctions, but also we would be able to calculate
routinely a large number of higher order properties that
involve mixed perturbation operators, some of which
are nuclear displacements. Since the geometrical distor-
tion operators are simple multiplicative one-electron
operators, the evaluation of for example anharmonicity
corrections to harmonic frequencies and double-har-
monic infrared intensities or vibrational corrections to
electric polarizabilities would be a relatively straightfor-
ward matter, incorporated readily into a general scheme
for the evaluation of one-electron molecular properties
[10, 11].

In the present paper, we shall consider the evaluation
of geometrical molecular properties by the application
of the Hellmann±Feynman theorem. For the standard
models of ab initio theory, the application of the Hell-
mann±Feynman theorem is tantamount to assuming
that the AOs do not follow the nuclei as these distort
upon perturbation, but instead remain ®xed at their
original positions in the undistorted system. In the
limit of a complete basis, the position of the AOs does
not matter and the application of the Hellmann±
Feynman theorem then yields the same forces as a
numerical di"erentiation of the molecular electronic
energy. For ®nite basis sets, however, the results
obtained by application of the Hellmann±Feynman the-
orem and by di"erentiation will di"er. An important
aspect of the present investigation is therefore to inves-
tigate what basis sets are needed for the Hellmann±
Feynman forces to be equivalent to the energy gradient.

Comparisons of Hellmann±Feynman forces and
energy gradients have appeared in the literature
before. In particular, we draw attention to the papers
by Nakatsuji and coworkers [12±14], who explored the
use of the Hellmann±Feynman approximation for the
calculation of molecular gradients. These authors intro-

duced special `family’ basis sets so as to satisfy as closely
as possible the conditions of the Hellmann±Feynman
theorem. These family basis sets were obtained by
including the derivatives of the AOs of the original
`parent’ basis and were shown to give a signi®cant
improvement in the description of the Hellmann±
Feynman forces [12]. However, these investigations are
now rather old. Modern calculations usually are carried
out using larger basis sets than ®fteen years ago. It is
therefore of interest to compare the Hellmann±Feynman
forces and energy gradients again, in order to see how
modern, larger basis sets perform for the Hellmann±
Feynman forces. Of particular interest are the new hier-
archical basis sets such as the atomic natural orbitals
(ANOs) of AlmloÈf and Taylor [15] and the correlation-
consistent basis sets of Dunning and coworkers [16±19].
These basis sets allow for a systematic improvement in
the description of the electronic structure towards the
limit of an in®nite basis set, at least for the correlation
energy. Experience has shown that a similar systematic
improvement in the description is observed for a variety
of molecular properties as well [18, 23±25], in particular
for the correlation-consistent sets, for which special
modi®cations exist to improve the descriptions of the
outer-valence [18], inner-valence [17], and core regions
[20].

This paper di"ers from the work of Nakatsuji and
coworkers in the following respects. First, we consider
the evaluation of both ®rst- and second-order properties
in the Hellmann±Feynman approximation: the molecu-
lar gradient, the molecular Hessian, and the molecular
dipole gradient. Second, we do not consider the use of
special `family’ basis sets as generated by di"erentiation,
but rather the calculation of these properties using the
standard basis sets of quantum chemistry. Finally, we
consider the calculation of Hellmann±Feynman proper-
ties for highly accurate, explicitly correlated wavefunc-
tions.

2. Theory

We begin this section by discussing the Hellmann±
Feynman theoremand the Hellmann±Feynman approx-
imation. Next, we consider the evaluation of molecular
gradients, molecular Hessians, and dipole gradients in
the Hellmann±Feynman approximation, discussing the
operators needed for their evaluation and the expected
basis-set convergence of these properties in the Hell-
mann±Feynman approximation. A naõÈve treatment in
a Cartesian frame is not translationally and rotationally
invariant. This lack of invariance is a feature of the
Hellmann±Feynman approximation that deserves atten-
tion, and such a non-invariant theory can be only pre-
liminary. Therefore, we conclude this section with a
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discussion on how to impose translational and rota-
tional symmetry in the calculated properties.

2.1. The Hellmann±Feynman theorem
Let us assume that, in a given approximation of ab

initio theory, the molecular electronic energy is
calculated as the expectation value of the electronic
Hamiltonian

E 0 Ĥ 0 . 1

According to the Hellmann±Feynman theorem[1, 2], we
may calculate the total derivatives of the electronic
energy as the expectation values of the corresponding
derivatives of the Hamiltonian

dE

dx
0 dĤ

dx
0 , 2

provided that the parameters that determine the wave-
function are either variationally optimized for each
value of x or else independent of x . This result follows
by expanding the total derivatives of the energy in par-
tial derivatives

dE

dx

¶E

¶x
i

¶E

¶ i̧

¶ i̧

¶x
, 3

where i̧ are the wavefunction parameters. Clearly, the
contribution from the i th wavefunction parameter i̧

vanishes either if the energy is optimized with respect
to this parameter,

¶E

¶ i̧

0, 4

or if the parameter itself is una"ected by the distortion,

¶ i̧

¶x
0. 5

Unless these Hellmann±Feynman conditions are satis-
®ed for all i̧ , we cannot evaluate the derivative from
the Hellmann±Feynman expression (2) [21].

Obviously, the Hellmann±Feynman conditions are
satis®ed for the exact wavefunction. These conditions
are satis®ed also by many approximate wavefunctions,
for example the numerical Hartree±Fock wavefunction
[22]. However, for wavefunctions expanded in a ®nite set
of analytical AOs ®xed on the nuclear centres, the
Hellmann±Feynman conditions are not satis®ed for geo-
metrical derivatives. Instead, we must take into account
in our calculations the contributions from the deriva-
tives of the AOs to the molecular gradient, complicating
our calculation of molecular forces considerably.

2.2. The Hellmann±Feynman approximation
In view of the simplicity of the Hellmann±Feynman

expression (2), it appears worthwhile to explore wave-
function models for which the Hellmann±Feynman con-
ditions are satis®ed for nuclear displacements. Indeed, it
is simple to set up a model for which the Hellmann±
Feynman conditions are satis®ed rigorously for molecu-
lar forces.

Let us assume that the molecular properties are cal-
culated at some reference geometry where the Cartesian
nuclear coordinates are given by RI . In the Hellmann±
Feynman approximation, we assume that, as the mol-
ecule distorts, the AOs are not allowed to follow the
nuclei but are instead kept ®xed at the positions of the
reference geometry RI . Since the AOs are ®xed in space,
the Hellmann±Feynman conditions are rigorously satis-
®ed and we may calculate forces according to equation
(2). Obviously, the numbers obtained in the Hellmann±
Feynman approximation will be di"erent from those
obtained by analytical di"erentiation of the electronic
energy (with the AOs moving with the displaced
nuclei). In particular, whereas the description of the
electronic system in the Hellmann±Feynman approxi-
mation is biased towards the unperturbed system, no
such bias is present in the standard approach, where
the AOs are ®xed on the nuclei rather than at the refer-
ence geometry. Therefore, as we increase the AO basis,
we expect the properties calculated in the Hellmann±
Feynman approximation to converge slower to the
basis set limit than the properties calculated in the stan-
dard approach. However, for a su!ciently large basis,
the two approaches become equivalent as the orbital
space spanned by the AOs becomes more and more
saturated.

2.3. Derivatives of the electronic Hamiltonian
In atomic units, the non-relativistic spin-free elec-

tronic Hamiltonian operator for a molecular electronic
system in the presence of an external electric ®eld F is
given as

Ĥ aI ,F 1
2

i

2
i

i,I

Z I

ri RI aI

i>j

1
ri rj I>J

Z I Z J

RI aI RJ aJ

F·
i

ri F·
I

Z I RI aI 6

where ri are the electronic coordinates, RI the nuclear
coordinates of the reference geometry, aI the nuclear
displacement coordinates, and Z I the nuclear charges.
In the notation
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riI ri RI , 7

RI J RI RJ , 8

the ®rst derivatives of the Hamiltonian are given by

dĤ

daI 0
Z I

i

riI

r3
iI

Z I

K I

Z K RI K

R 3
I K

9

dĤ

dF 0 i

ri

I

Z I RI 10

where the di"erentiations have been carried out for the
reference geometry and at zero electric ®eld. The
operator in equation (9) is the operator for the electric
®eld at the position of the I th nucleus, with contribu-
tions from all the electrons and from the remaining
nuclei. The operator in equation (10) is the dipole
moment operator, with contributions from all the elec-
trons and all the nuclei. For the reference geometry and
at zero ®eld, the nonzero second derivatives of the
Hamiltonian are

d2Ĥ

da2
I 0

4p
3

Z I I3
i

d r iI Z I

i

3riI r
T
iI r2

iI I3
r5

iI

Z I

K I

Z K

3RI K RT
IK R 2

I K I3
R 5

I K

, 11

d2Ĥ

daI daJ 0
Z I Z J

3RI J RT
IJ R 2

I J I3
R 5

I J

, 12

d2Ĥ

daI dF 0
Z I I3, 13

where I3 is the 3 3 unit matrix. The second derivative
with respect to the coordinates of the I th nucleus (equa-
tion (11)) is a rather complicated operator, containing a
Coulomb contact term and a ®eld gradient term (with
contributions from the electrons and the remaining
nuclei). By contrast, the second derivative with respect
to the simultaneous displacements of two di"erent
nuclei and with respect to the displacement of one
nucleus and the ®eld are simple operators, with no con-
tributions from the electrons. It should be noted further
that the arguments given here for the use of the
Hellmann±Feynman approximation are valid also for
ab initio models in which the energies are not given as
expectation values but instead obtained fromsome other
energy functional, e.g., for coupled-cluster energies.

2.4. Molecular properties in the Hellmann±Feynman
approximation

The electronic energy of the unperturbed system is
given as

E 0,0 1
2 0

i

2
i 0 0

i,I

Z I

r iI

0

0
i>j

1
ri rj

0
I>J

Z I Z J

R I J

. 14

According to the Hellmann±Feynman theoremequation
(2), we may calculate the molecular gradient as a simple
one-electron expectation value of the electric ®eld
operator (equation (9)):

dE

daI 0
Z I 0

i

riI

r3
iI

0 Z I

K I

Z K RIK

R 3
I K

, 15

in accordance with standard ®rst-order perturbation
theory. This expression should be contrasted with the
much more complicated expression that arises when
we allow the AOs to be displaced with the nuclei [3].
From second-order perturbation theory we obtain the
following expressions for the diagonal and non-diagonal
elements of the molecular Hessian:

d2E

da2
I 0

4p
3

Z I I3 0
i

d r iI 0

Z I 0
i

3riI r
T
iI r2

iI I3
r5

iI

0

Z I

K I

Z K

3RI K RT
I K R 2

I K I3
R 5

I K

2Z 2
I

n

0
i

riI

r3
iI

n n
i

rT
iI

r3
iI

0

E n E 0
, 16

d2E

daI daJ 0
Z I Z J

3RI J RT
IJ R 2

I J I3
R 5

IJ

2Z I Z J

n

0
i

riI

r3
iI

n n
i

rT
iJ

r3
iJ

0

E n E 0
.

17

Finally, for the dipole gradient, we obtain in the
Hellmann±Feynman approximation:

d2E

daI dF 0
Z I I3 2Z I

n

0
i

riI

r3
iI

n n
i

rT
i 0

E n E 0
.

18
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In practice, the second-order properties are not calcu-
lated by carrying out a summation over excited states as
implied by perturbation theory expressions (16)±(18).
Instead, the derivatives are obtained using methods
that do not require the explicit calculation of excited
states [7]. Still, we have here given only the Rayleigh±
SchroÈdinger expressions, since they indicate clearly the
structure of the equations.

2.5. Basis set convergence of the Hellmann±Feynman
properties

From the expressions above given for the di"erent
properties we may draw some conclusions regarding
the expected basis set requirements for the calculation
of geometrical derivatives in the Hellmann±Feynman
approximation. Thus, whereas the calculation of the
energy depends on the potential at the nuclei (which
scales as r 1

iI ), the calculation of the forces depends on
the ®eld at the nuclei (which scales as r 2

iI ). Clearly, in
the evaluation of molecular forces in the Hellmann±
Feynman approximation, we sample a di"erent region
of the electronic distribution than in the calculation of
the energy itself. In particular, we would expect the con-
vergence of the Hellmann±Feynman forces to be more
sensitive to the description of the inner regions of the
electronic distribution than the calculation of the
energy. Since most basis sets have been developed for
the calculation of molecular electronic energies (rather
than the calculation of the electric ®eld), we expect the
convergence of the Hellmann±Feynman forces with
respect to the standard basis sets to be slower than the
convergence of the electronic energy itself.

Considering the calculation of the Hessian matrix, we
note that the diagonal elements of equation (16) depend
on the electric ®eld gradient at the nucleus (scaling as
r 3

iI ) and on the electron density at the nuclei (because
of the presence of the Coulomb contact term). In gen-
eral, the basis set convergence of properties that depend
on the electronic wavefunction at a particular point
in space is notoriously slow [26]. We would therefore
expect the calculation of the diagonal elements of the
Hessian to converge slowly. On the other hand, the
non-diagonal elements of Hessian (17) have no contact
contribution at all. Indeed, from the presence of the
electric ®eld operators in the sum-over-states contribu-
tion to the Hessian we would expect the non-diagonal
elements of the Hessian matrix in the Hellmann±
Feynman approximation to converge not signi®cantly
slower than the molecular forces in the same approxima-
tion.

As a consequence of the di"erent rates of conver-
gence, the translational and rotational invariance of
the Hessian in a Cartesian frame is violated. However,
we impose translational invariance explicitly by com-

puting the diagonal elements of the Hessian from the
expression

d2E

da2
I K I

d2E

daI daK

. 19

The di!culties associated with the convergence of the
Coulomb-contact term and the electronic contributions
to the ®eld gradient are then avoided completely,
making the convergence of the Hessian and the vibra-
tional frequencies not signi®cantly slower than for the
molecular forces. A general treatment of both transla-
tional and rotational invariance for all properties fol-
lows in the next subsection.

To illustrate the slow convergence of the Coulomb
contact terms, consider the harmonic frequencies in
the water molecule. In the cc-pCVQZ basis, the three
normal frequencies are 158638cm 1, 153900cm 1,
and 2783i cm 1 when calculated from equation (16) in
the Hellmann±Feynman approximation. When calcu-
lated from equation (19) (still in the Hellmann±
Feynman approximation), the frequencies become
4184cm 1, 4087cm 1, and 1739cm 1, only about 1%
away from the Hartree±Fock limit. Clearly, without the
use of equation (19) the accurate calculation of molecu-
lar Hessians in the Hellmann±Feynman approximation
would not be possible.

The problems disussed here do not arise if the mol-
ecular Hessian is calculated bydi"erentiation (numerical
or analytical) of the Hellmann±Feynman gradient. This
mixed approach was used by Nakatsuji et al. [14]and is
used here also for the CCSD(T)-R12 wavefunction. For
the other calculations in this paper (i.e., for all Hartree±
Fock calculations), the strict Hellmann±Feynman
scheme was used.

2.6. Translational and rotational invariance in the
Hellmann±Feynman approximation

In the Hellmann±Feynman approximation, there is a
strong bias in the description of the electronic system
towards the unperturbed system (i.e., the molecule in
the reference geometry). Because of this bias, the
description is not translationally and rotationally invar-
iant. Thus, if the nuclear displacement represents a
simple translation or rotation of the molecule (rather
than a true distortion), the calculated energy will not
remain constant but change as the AOs become dis-
placed o" the nuclei. We shall now see how we may
impose the correct translational and rotational symme-
tries on the molecular gradient, the molecular Hessian,
and the dipole gradient.

Let us consider the translational and rotational
symmetries of the molecular gradient, the molecular
Hessian, and the dipole gradient of a molecular system
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containing N atoms. In the following, we shall assume
that the molecule has six translational and rotational
degrees of freedom. However, the procedure may be
modi®ed readily to linear systems, containing only ®ve
such degrees of freedom.

In Cartesian coordinates, the molecular gradient is
represented by a column vector g which may be parti-
tioned into N blocks gK , each of which contains the
three Cartesian gradient elements of the K th nucleus:

g

g1

...

gN

. 20

The molecular Hessian is represented by the symmetric
3N 3N matrix G, which is partitioned in the same
manner into 3 3 matrices GK L , containing the deriva-
tives with respect to nucleus K and nucleus L :

G

G11 . . . G1N

... ...

GN 1 . . . GN N

. 21

Finally, we represent the molecular dipole gradient by a
3N 3 rectangular matrix A, which may be partitioned
as

A

A1

...

AN

, 22

where AK is a 3 3 square matrix containing the deri-
vatives of the molecular dipole moment d with respect to
the Cartesian coordinates of nucleus K . The matrix AK

is known as the atomic polar tensor (APT) of the K th
nucleus.

To display the translational and rotational symme-
tries of these property matrices in a compact form, we
introduce the 6 3N rectangular matrix

T T1 . . . TN 23

where K th block TK is a rectangular 6 3 matrix con-
taining the partial derivatives of the three Cartesian
coordinates of the K th nucleus with respect to the six
translational and rotational coordinates of the molecule.
In the notation

v

0 vz vy

v z 0 vx

vy vx 0
24

the blocks of the T matrix may be written as

TK

I3

RK

1 0 0

0 1 0

0 0 1

0 Z K Y K

Z K 0 X K

Y K X K 0

. 25

The translational and rotational symmetries of the gra-
dient, Hessian, and dipole gradient may now be written
compactly as

Tg 0, 26

TG M, 27

TA N, 28

where we have introduced the matrices

M
03 . . . 03

g1 . . . gN

, 29

N
q I3

d
, 30

with q the total charge of the system. We note here that
relations (26)±(28) follow by expanding the total deriva-
tives of the molecular properties (in this case the energy,
the molecular gradient, and the molecular dipole
moment, respectively) with respect to the six transla-
tional and rotational coordinates (the RHS of the equa-
tions) in the partial derivatives with respect to the 3N

Cartesian coordinates of the system (the LHS of the
equations). For more details on the translational and
rotational symmetries of these matrices, please refer to
Helgaker [27].

When g, G, or A is calculated by explicit di"erentia-
tion, relations (26)±(28) are satis®ed automatically. In
such cases, we may utilize these relations to compute
six of the Cartesian derivatives in terms of the remaining
3N 6 derivatives [28]. On the other hand, when the
property matrices have been calculated in the Hell-
mann±Feynman approximation rather than by di"eren-
tiation, relations (26)±(28) are not satis®ed. We may
then use the translational and rotational symmetries of
equations (26)±(28) to impose the correct translational
and rotational symmetries on the molecular properties
calculated in this approximation.

Since T is a 6 3N matrix containing six independent
rows, we conclude that TTT is a nonsingular 6 6
matrix. We now introduce the pseudo-inverse of T as
the 3N 6 matrix:
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T TT TTT 1. 31
It is easily veri®ed that, when multiplied by T from the
left, T works like a usual inverse:

TT I6 32
However, when multiplied by T from the right, T does
not give the 3N 3N unit matrix but instead a projec-
tion matrix

T T T T T T 33
with six translational and rotational eigenvalues equal
to one and the remaining 3N 6 eigenvalues equal to
zero. Applied to any matrix, the matrix T T projects
away the components orthogonal to the translational
and rotational degrees of freedom.

Let gHFA, GHFA, and AHFA be the molecular gradient,
Hessian, and dipole gradient calculated in the Hell-
mann±Feynman approximation. To arrive at a set of
matrices that display the correct translational and rota-
tional symmetries, we ®rst project away the translational
and rotational components andthen add a termto make
sure that the correct symmetries of equations (26)±(28)
are satis®ed. We obtain

g I3N T T gHFA, 34

G I3N T T GHFA I3N T T T , 35

A I3N T T AHFA T N, 36

where, in the transformation of the Hessian, we have
assumed that the gradient g vanishes. It is readily ver-
i®ed that these matrices satisfy symmetry conditions
(26)±(28).

3. Computational details

The results presented in this paper for the molecular
properties calculated in the Hellmann±Feynman
approximation have all been obtained using the geo-
metry for which the (translationally and rotationally)
projected Hellmann±Feynman force vanishes. Although
this geometry does not represent the potential energy
minimumof the molecules, it is used since the calculated
results then correspond to a consistent, independent
study in the Hellmann±Feynman approximation.

The basis sets employed in these calculations are listed
in, e.g., table 2. Most of these are either the standard
correlation-consistent basis sets (cc-pVXZ, aug-pVXZ,
cc-pCXZ, and aug-cc-pVXZ) or their fully decontracted
counterparts (prim-cc-pVXZ and prim-cc-pCVXZ) [16±
19]. In addition, we have used the ANOs of
Widmark et al. [29] in decontracted form, and the
ANO basis, obtained from the standard ANO basis
by adding tight and di"use functions as described

below. Finally, we have used the R12 basis sets (vide
infra) and the R12+ basis, obtained from the R12
basis in the same manner as we obtained and ANO+
basis from the ANO basis.

The Hartree±Fock geometry optimizations and the
calculations of the di"erent molecular properties, analy-
tically and in the Hellmann±Feynman approximation,
were done using a local version of the Dalton program
[30]. The geometry optimizations were terminated when
the norm of the projected Hellmann±Feynman gradient
was smaller than 10 5 E h /a 0 and when in addition either
the change in the energy from the previous geometry
was less than 10 6 E h or the norm of the calculated
step was less than 10 5 a 0.

The R12 computations were performed with the
DIRCCR12 program [31], employing spherical har-
monic Gaussian basis sets of the type 7s5p4d for H
and 13s8p6d5f for C, N, and O. These sets are typical
of basis sets used in CCSD(T)-R12 calculations [32±34]
and therefore in this paper are referred to as the R12
basis sets. The approximate computation of many-elec-
tron integrals by means of the approximate resolution of
the identity requires, for atoms with occupied p-shells,
that the one-electron basis set is (nearly) saturated up to
the level of f-type atomic functions. Thus, large spdf
basis sets are used, but there is no need for g-type and
higher angular momentum functions. The 7s5p4d basis
set for H has been constructed as follows [35]. The 5s
primitive functions of the VTZ basis set of SchaÈfer and
coworkers [36]have been augmented with tight and dif-
fuse s-type functions (table 1). The resulting 7s basis set
has then been combined with the 5p4d component of the
aug-cc-pV5Z basis set [16±19]. Analogously, the
13s8p6dd5f basis sets for C, N, and O have been
obtained by combining the corresponding 11s6p primi-
tive functions of the TZV basis sets of SchaÈfer and co-
workers [37] with the 5d4f component of the aug-cc-
pV5Z basis sets, augmented with tight and di"use func-
tions (table 1). The ®nal basis sets for N2 (or CO) and
for H2O contain 204 and 186 functions, respectively.
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Table 1. Exponents of augmented functions.

C N O H

Tight functions
s 140000.0 210000.0 270000.0 230.0
p 200.0 280.0 360.0
d 8.0 12.0 15.0
f 4.8 7.2 10.4

Di"use functions
s 0.040 0.055 0.074 0.032
p 0.035 0.050 0.058



4. Results and discussion

4.1. Geometry optimizations
In the Hellmann±Feynman approximation, the

Hartree±Fock optimization of the geometry proceeds
in the normal manner using a standard ®rst-order opti-
mization technique [38] (employing redundant internal
coordinates [39] and updated Hessians), and at each
point the Hellmann±Feynman gradient is calculated.
However, since the Hellmann±Feynman gradient does
not represent a true gradient of the energy (except in
the limit of an in®nite basis), some problems were
encountered that are not present in standard minimiza-
tions.

First, it is essential to carry out the optimization using
the projected rather than the full Hellmann±Feynman
force. If the translational and rotational components
are not projected out, the optimization does not con-
verge, the molecule being translated and rotated rigidly.
Since our optimizations were carried out in internal
rather than Cartesian coordinates, the projection was

carried out e"ectively when the forces were transformed
to the internal coordinates.

Next, for small basis sets, the usual Hessian update
schemes do not work as well as in standard optimiza-
tions. As a result, the optimization worked in most cases
better when the o"-diagonal elements of the updated
Hessian were set equal to zero in each iteration. Never-
theless, for the larger basis sets (and in particular for the
R12 basis), no such problems were encountered and the
optimizations were as e!cient as for true gradients. We
also note that, in the Hellmann±Feynman optimiza-
tions, all tests that involve a comparison of calculated
energies at di"erent points can no longer be applied
rigorously (since strictly speaking we do not seek an
energy minimum but rather a zero Hellmann±Feynman
force). As an example, one may ®nd that the calculated
energy increases as the projected Hellmann±Feynman
force goes to zero. In practice, these problems are
solved by applying rather loose criteria for step control
and rejection.
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Table 2. Geometrical results for the H2Omolecule. g is the norm of the analytical gradient vector, whereas gHFA is the norm of
the unprojected (non-invariant) Hellmann±Feynman gradient vector. In each basis, the molecule was optimized using the
analytical gradient. The basis sets with the plus signs were constructed by adding additional tight and di"use s and p functions.

Basis
E

E h

g

E h a 1
0

gHFA
E h a 1

0

rOH
pm

HOH
deg

q O
e

q H
e

cc-pVDZ - 76.027054 0.00000 0.80890 94.63 104.61 - 0.562 0.281
cc-pVTZ - 76.057770 0.00000 0.38122 94.06 106.00 - 0.569 0.284
cc-pVQZ - 76.065519 0.00000 0.12648 93.96 106.22 - 0.575 0.287
cc-pV5Z - 76.067783 0.00000 0.02071 93.96 106.33 - 0.579 0.289
aug-cc-pVDZ - 76.041844 0.00000 0.72309 94.36 105.93 - 0.573 0.287
aug-cc-pVTZ - 76.061203 0.00000 0.36936 94.10 106.32 - 0.576 0.288
aug-cc-pVQZ - 76.066676 0.00000 0.12016 93.98 106.33 - 0.577 0.288
aug-cc-pV5Z - 76.068009 0.00000 0.01758 93.96 106.34 - 0.577 0.288
cc-pCVDZ - 76.027469 0.00000 0.37131 94.61 104.64 - 0.564 0.282
cc-pCVTZ - 76.057966 0.00000 0.09533 94.05 106.00 - 0.569 0.285
cc-pCVQZ - 76.065631 0.00000 0.02656 93.96 106.22 - 0.575 0.287
cc-pCV5Z - 76.067799 0.00000 0.00930 93.96 106.33 - 0.579 0.289
aug-cc-pCVDZ - 76.042150 0.00000 0.32475 94.35 105.94 - 0.573 0.287
aug-cc-pCVTZ - 76.061436 0.00000 0.08827 94.09 106.30 - 0.577 0.288
aug-cc-pCVQZ - 76.066771 0.00000 0.02510 93.98 106.33 - 0.577 0.288
aug-cc-pCV5Z - 76.068007 0.00000 0.00827 93.96 106.34 - 0.577 0.288
prim-cc-pVDZ - 76.030937 0.00000 0.35999 94.17 105.22 - 0.561 0.280
prim-cc-pVTZ - 76.057878 0.00000 0.12965 94.05 106.00 - 0.569 0.285
prim-cc-pVQZ - 76.065564 0.00000 0.05787 93.96 106.22 - 0.575 0.287
prim-cc-pV5Z - 76.067795 0.00000 0.01830 93.96 106.33 - 0.579 0.289
prim-cc-pCVDZ - 76.031843 0.00000 0.37717 94.18 105.19 - 0.561 0.280
prim-cc-pCVTZ - 76.058861 0.00000 0.06966 94.03 106.01 - 0.570 0.285
prim-cc-pCVQZ - 76.066160 0.00000 0.01588 93.96 106.22 - 0.575 0.287
prim-cc-pCV5Z - 76.067836 0.00000 0.00657 93.96 106.33 - 0.579 0.289
ANO - 76.067775 0.00000 0.02682 93.97 106.33 - 0.577 0.288
ANO+ - 76.067847 0.00000 0.02034 93.97 106.33 - 0.577 0.288
R12 basis - 76.066649 0.00000 0.00487 93.97 106.34 - 0.577 0.288
R12 basis+ - 76.066675 0.00000 0.00351 93.97 106.34 - 0.577 0.288



4.2. Hartree±Fock calculations
For a careful study of the basis set convergence, the

water molecule was chosen. For each basis set, two inde-
pendent sets of optimizations and property calculations
were carried out: one in the standard approach (using
the true Cartesian derivatives), the other in the Hell-
mann±Feynman approximation. At each optimized geo-
metry, the molecular Hessian and the dipole gradient
were calculated. From these matrices, the harmonic fre-
quencies, double-harmonic infrared intensities, and the
Cioslowski atomic charges [40] were calculated in the
usual manner. In addition, for the geometry optimized
using the true gradient, the Hellmann±Feynman
gradient was computed for comparison; equivalently,
for the Hellmann±Feynman geometry the true gradient
was determined.

The results for the water molecule are contained in
tables 2±5. As seen from tables 3 and 5, no results are
available for some of the smaller basis sets in the
Hellmann±Feynman approximation. The reason for
their absence is that the optimization failed to converge

for these basis sets. As the bond angle decreased in the
course of the optimization, the bond distance increased,
leading to a fragmentation of the molecule. Clearly, for
these small basis sets, the Hellmann±Feynman approx-
imation breaks down completely. This breakdown
occurs for all the double-zeta basis sets and also for
the cc-pVTZ and aug-cc-pVTZ sets.

In ®gure 1 we have plotted the norm of the full
(unprojected) Hellmann±Feynman gradient at the true
energy minimum of each basis set (see also table 2).
For each sequence of correlation-consistent basis sets,
the norm of the Hellmann±Feynman gradient is
large at the double-zeta level but decreases rapidly as
the cardinal number increases from X 2 to X 5.
Thus, in the simple cc-pVXZ sequence, the norm
decreases from 0.81E h a 1

0 for the cc-pVDZ basis to
0.02E h a 1

0 for the cc-pV5Z basis. Only a minor
improvement is observed at the aug-cc-pVXZ level. In
the cc-pCVXZ sequence, the norm decreases from
0.37E h a 1

0 at the cc-pCVDZ level to 0.009E h a 1
0 at

the cc-pCV5Z level. Clearly, what is needed for
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Table 3. Geometrical results for the H2O molecule. In each basis, the molecule was optimized using the Hellmann±Feynman
gradient. The basis sets with the plus signs were constructed by adding additional tight and di"use s and p functions.

Basis
E

E h

g

E h a 1
0

gHFA
E h a 1

0

rOH
pm

HOH
deg

q O
e

q H
e

cc-pVDZ No convergence
cc-pVTZ No convergence
cc-pVQZ - 76.053287 0.11380 0.07663 98.49 87.60 - 0.332 0.166
cc-pV5Z - 76.067486 0.01797 0.01104 94.58 103.27 - 0.515 0.258
aug-cc-pVDZ No convergence
aug-cc-pVTZ No convergence
aug-cc-pVQZ - 76.055929 0.10689 0.07117 98.17 88.79 - 0.360 0.180
aug-cc-pV5Z - 76.067795 0.01541 0.00915 94.50 103.75 - 0.543 0.272
cc-pCVDZ No convergence
cc-pCVTZ - 76.051908 0.08435 0.05196 97.39 93.12 - 0.339 0.169
cc-pCVQZ - 76.065186 0.02378 0.01286 94.85 102.69 - 0.498 0.249
cc-pCV5Z - 76.067747 0.00835 0.00421 94.27 105.15 - 0.547 0.273
aug-cc-pCVDZ No convergence
aug-cc-pCVTZ - 76.055972 0.08004 0.04717 97.23 93.99 - 0.410 0.205
aug-cc-pCVQZ - 76.066373 0.02287 0.01155 94.85 103.05 - 0.526 0.263
aug-cc-pCV5Z - 76.067966 0.00754 0.00354 94.25 105.31 - 0.560 0.280
prim-cc-pVDZ No convergence
prim-cc-pVTZ - 76.046062 0.11514 0.07405 98.80 88.13 - 0.288 0.144
prim-cc-pVQZ - 76.063149 0.05141 0.03247 95.81 97.69 - 0.451 0.225
prim-cc-pV52 - 76.067569 0.01592 0.00950 94.51 103.69 - 0.523 0.262
prim-cc-pCVDZ No convergence
prim-cc-pCVTZ - 76.055810 0.06185 0.03573 96.46 96.97 - 0.380 0.190
prim-cc-pCVQZ - 76.066023 0.01472 0.00623 94.56 104.51 - 0.521 0.261
prim-cc-pCV5Z - 76.067813 0.00652 0.00247 94.20 105.64 - 0.553 0.276
ANO - 76.067314 0.02422 0.01279 94.88 102.75 - 0.530 0.265
ANO+ - 76.067598 0.01858 0.00894 94.69 103.80 - 0.544 0.272
R12 basis - 76.066638 0.00483 0.00059 94.19 106.13 - 0.570 0.285
R12 basis+ - 76.066668 0.00343 0.00072 94.14 106.51 - 0.575 0.288



improved convergence is the addition of tight rather
than di"use functions. Decontraction gives some
further improvement. In general, basis sets of quin-
tuple-zeta quality or at least quadruple-zeta quality
are needed for reasonable agreement with the true
gradient. The ANO basis sets appear to perform worse
than the corresponding correlation-consistent basis sets.
The best performance is obtained with the R12 basis
sets, which give Hellmann±Feynman norms less than
0.005 E h a 1

0 . In contrast to the other basis sets, the
R12 sets have been developed to satisfy certain com-
pleteness relations required in the explicitly correlated
R12 method. Apparently, the special functions needed
for the R12 calculations improve also the description of
molecular properties in the Hellmann±Feynman
approximation.

Our numbers for the normof the Hellmann±Feynman
gradient may be compared with the di"erences found by
Nakatsuji et al. between the analytical and Hellmann±

Feynman gradients at the experimental minima [12]. In
their family basis sets, the di"erences are about
0.05E h a 1

0 , and thus fall between the results obtained
with the standard cc-pCVTZ or cc-pCVQZ basis sets.
Using the R12 basis, the errors are an order of magni-
tude smaller.

Having discussed the norm of the Hellmann±
Feynman gradient at the true minima, we now proceed
to consider the geometries optimized using the
Hellman±Feynman gradients and the properties
calculated in the Hellmann±Feynman approximation
at these geometries. In ®gures 2 and 3 we have plotted
the relative errors of the Hellmann±Feynman properties
relative to the properties calculated in the standard
manner, using the R12 basis and various correlation-
consistent quintuple-zeta basis sets. The `geometrical’
properties (i.e., the bond distance, the bond angle, and
the harmonic frequencies) behave in much the
same manner as the norm of the Hellmann±Feynman
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Table 4. Harmonic vibrational frequencies and intensities for the H2Omolecule. In each basis, the molecule was optimized using
the analytical gradient. The basis sets with the plus signs were constructed by adding additional tight and di"use s and p
functions.

Basis
x1

cm 1
x2

cm 1
x3

cm 1
I 1

kmmol 1
I2

kmmol 1
I3

kmmol 1

cc-pVDZ 4212.09 4113.77 1775.82 60.478 21.177 80.697
cc-pVTZ 4226.96 4127.05 1753.01 75.246 14.567 90.304
cc-pVQZ 4229.47 4130.15 1750.58 85.547 15.058 93.684
cc-pV5Z 4230.96 4130.55 1748.31 90.751 15.711 95.144
aug-cc-pVDZ 4237.63 4130.24 1744.30 87.884 14.395 93.154
aug-cc-pVTZ 4222.46 4120.16 1745.18 92.290 15.103 96.383
aug-cc-pVQZ 4228.82 4128.33 1747.65 92.817 15.152 96.432
aug-cc-pV5Z 4230.60 4129.92 1748.05 92.738 15.120 96.531
cc-pCVDZ 4212.90 4113.67 1775.41 61.234 21.310 81.088
cc-pCVTZ 4219.00 4122.69 1753.05 76.068 14.798 90.268
cc-pCVQZ 4230.31 4130.92 1750.66 85.490 15.038 93.685
cc-pCV5Z 4231.03 4130.64 1748.39 90.783 15.726 95.137
aug-cc-pCVDZ 4237.93 4130.00 1744.47 88.069 14.359 93.298
aug-cc-pCVTZ 4216.12 4117.69 1745.40 92.791 15.259 96.354
aug-cc-pCVQZ 4229.42 4128.90 1747.72 92.811 15.154 96.429
aug-cc-pCV5Z 4230.65 4129.99 1748.07 92.736 15.125 96.522
prim-cc-pVDZ 4220.77 4124.03 1766.25 49.762 15.415 83.257
prim-cc-pVTZ 4219.87 4123.41 1752.77 76.129 14.852 90.131
prim-cc-pVQZ 4229.99 4130.59 1750.54 85.417 15.011 93.693
prim-cc-pV5Z 4230.98 4130.58 1748.36 90.800 15.726 95.109
prim-cc-pCVDZ 4219.89 4123.19 1765.85 50.005 15.585 82.781
prim-cc-pCVTZ 4221.66 4125.10 1753.51 76.722 15.118 90.218
prim-cc-pCVQZ 4230.48 4131.07 1750.55 85.463 15.028 93.771
prim-cc-pCV5Z 4231.08 4130.71 1748.40 90.822 15.739 95.103
ANO 4230.78 4130.32 1747.67 92.767 15.151 96.325
ANO+ 4230.91 4130.45 1747.72 92.739 15.144 96.314
R12 basis 4231.45 4130.94 1747.81 92.949 15.176 96.569
R12 basis+ 4231.46 4130.95 1747.84 92.936 15.177 96.564
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Table 5. Harmonic vibrational frequencies and intensities for the H2Omolecule. In each basis, the molecule was optimized using
the Hellmann±Feynman gradient. The basis sets with the plus signs were constructed by adding additional tight and di"use s
and p functions.

Basis
x1

cm 1
x2

cm 1
x3

cm 1
I 1

kmmol 1
I2

kmmol 1
I3

kmmol 1

cc-pVDZ No convergence
cc-pVTZ No convergence
cc-pVQZ 3474.26 3437.64 1655.89 1.051 5.222 8.273
cc-pV5Z 4172.38 4072.73 1721.62 50.341 6.442 60.511
aug-cc-pVDZ No convergence
aug-cc-pVTZ No convergence
aug-cc-pVQZ 3492.49 3456.79 1618.18 0.083 0.289 12.634
aug-cc-pV5Z 4189.75 4091.90 1696.81 67.841 10.886 77.763
cc-pCVDZ No convergence
cc-pCVTZ 3852.60 3816.60 1720.58 2.900 1.167 10.541
cc-pCVQZ 4079.37 3996.61 1750.24 37.128 4.871 55.450
cc-pCV5Z 4183.56 4087.20 1740.62 69.051 10.256 77.309
aug-cc-pCVDZ No convergence
aug-cc-pCVTZ 3901.38 3856.95 1758.73 5.177 0.658 23.860
aug-cc-pCVQZ 4085.97 4001.63 1746.38 56.697 8.844 68.732
aug-cc-pCV5Z 4188.13 4091.66 1738.81 80.269 13.020 86.858
prim-cc-pVDZ No convergence
prim-cc-pVTZ 3715.88 3710.87 1717.77 4.153 24.691 5.007
prim-cc-pVQZ 3898.83 3852.34 1719.56 14.389 2.175 37.829
prim-cc-pV5Z 4195.76 4105.02 1759.71 53.841 7.666 65.059
prim-cc-pCVDZ No convergence
prim-cc-pCVTZ 3977.83 3918.21 1728.57 0.218 0.102 18.990
prim-cc-pCVQZ 4128.69 4037.97 1742.58 51.134 6.711 66.210
prim-cc-pCV5Z 4199.88 4101.63 1746.42 73.754 10.891 80.801
ANO 4104.32 4023.61 1725.99 58.298 9.845 70.817
ANO+ 4134.04 4047.02 1726.85 67.756 11.438 78.168
R12 basis 4209.19 4108.37 1737.26 87.737 14.027 92.433
R12 basis+ 4218.96 4116.54 1736.00 92.059 14.693 95.722

Figure 1. Normof the unprojectedHellmann±Feynman gradient (atomic units). For each basis set the geometry has beenoptimized
using the analytical gradient.



gradient discussed above. Of the correlation-
consistent basis sets, the prim-cc-pCV5Z basis performs
best, but the best overall performance is again that of
the R12 basis.

The performance of the Hellmann±Feynman approx-
imation for the molecular properties involving the

dipole gradient (the charges and in particular the
infrared intensities) is rather di"erent, see ®gure 3.
Noting the di"erence in scale from ®gure 2, we ®nd
that the infrared intensities calculated in the Hell-
mann±Feynman approximation di"er from the analy-
tical ones by as much as 60% at the cc-pV5Z level.
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Figure 3. Absolute value of the relative error in the Hellmann±Feynman results compared with the analytical result. Charges and
intensities for the quintuple basis sets and the R12 basis are shown. Note that the scale is much larger than in ®gure 2.

Figure 2. Absolute value of the relative error in the Hellmann±Feynman results compared with the analytical result. Geometrical
parameters and frequencies for the quintuple basis sets and the R12 basis are shown.



For the R12 basis, however, the di"erence is only about
5% , a considerable improvement on the cc-pV5Z basis.
For these properties, di"use functions are essential, as
we may see from the improvements in the performance
of the correlation-consistent basis sets when di"use
functions are added at the aug-cc-pV5Z and aug-cc-

pCV5Z levels. Nevertheless, the aug-cc-pCV5Z basis
still performs poorer than the R12 basis.

The basis set convergence of the di"erent molecular
properties is illustrated in ®gures 4±7. In these ®gures we
have plotted the molecular properties (the OH bond
distance, the HOH bond angle, the highest harmonic
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Figure 4. Bond length of the H2O molecule (in pm) optimized using analytical and Hellmann±Feynman gradients.

Figure 5. Bond angle of the H2O molecule (in deg) optimized using analytical and Hellmann±Feynman gradients. The two
analytical curves are almost indistinguishable. Some of the smaller basis sets failed to converge when the Hellmann±
Feynman gradient was used.



frequency, and the corresponding intensity) as functions
of the cardinal number, calculated both as derivatives
and in the Hellmann±Feynman approximation. For
comparison, we have added the Hartree±Fock basis set

limit (as calculated analytically at the aug-cc-pCV5Z
level) as a straight line, and the Hellmann±Feynman
result obtained in the R12 basis as a cross. The much
slower convergence of the Hellmann±Feynman
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Figure 6. Highest frequency of the H2O molecule (in cm 1) optimized using analytical and Hellmann±Feynman gradients.

Figure 7. Intensity (in kmmol 1) corresponding to the highest frequency of the H2O molecule. In each basis, the molecule was
optimized using analytical and Hellmann±Feynman gradients.



approximation is illustrated well. The only property for
which the standard approach converges slowly is the
infrared intensity.

4.3. Hartree±Fock calculations on CO, N2, and NH3
To con®rm that the results obtained for the water

molecule are representative, calculations were per-
formed on a few other small molecules (CO, N2, and
NH3) as well. As for water, the geometries were opti-
mized using both the true gradient and the Hellmann±
Feynman gradient, and the various properties were cal-
culated for the converged structures. Only a subset of
the basis sets used for water were employed: the R12
basis and the three correlation-consistent quadruple-
zeta sets cc-pVQZ, aug-cc-pVQZ, and cc-pCVQZ.

4.3.1. CO
All results for the COmolecule can be found in table

6. Compared with the H2O molecule, the properties of
CO calculated in the Hellmann±Feynman approxima-
tion come closer to the analytical results, probably
because of the rigid structure of the molecule. Of the
correlation-consistent sets, the cc-pCVQZ set gives the

better results, just a fewper cent o" the analytical result.
However, it cannot compete with the slightly larger R12
basis, where all properties are within 1% of the analy-
tical values. Clearly the performance of the two other
sets is inferior and, in this molecule, it is not clear that
augmentation improves the charges and intensities,
probably because of the poor geometry obtained with
the aug-cc-pVQZ basis. However, it is noteworthy that
all sets produce reasonable atomic charges. This may be
related to the way the dipole gradient has been made
translationally and rotationally invariant (using infor-
mation about the dipole moment).

4.3.2. N2
Owing to its high symmetry, the N2 molecule provides

less information than do the other molecules. The two
nitrogen atoms are equivalent and there is zero atomic
charge. Furthermore, the infrared intensity of the single
vibrational frequency is zero since the molecule pos-
sesses a centre of inversion. As can be seen from table
7, the R12 basis still outperforms the other basis sets,
producing results with a relative error less than 0.2% .
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Table 6. Geometrical and vibrational results for the CO molecule. In each basis, the molecule was optimized using the analytical
gradient (top half ) and the Hellmann±Feynman gradient (bottom half ).

Basis
E

E h

g

E h a 1
0

gHFA
E h a 1

0

rCO
pm

qC
e

q O
e

x1

cm 1
I1

kmmol 1

cc-pVQZ - 112.790626 0.00000 0.10751 110.20 0.351 - 0.351 2427.31 142.315
aug-cc-pVQZ - 112.790812 0.00000 0.10565 110.20 0.353 - 0.353 2426.10 144.636
cc-pCVQZ - 112.790888 0.00000 0.02192 110.19 0.351 - 0.351 2427.53 142.330
R12 basis - 112.790682 0.00000 0.00597 110.18 0.353 - 0.353 2427.02 144.510

cc-pVQZ - 112.788632 0.10373 0.04017 112.99 0.349 - 0.349 2146.58 127.181
aug-cc-pVQZ - 112.788891 0.10188 0.04015 112.94 0.350 - 0.350 2085.25 128.059
cc-pCVQZ - 112.790815 0.02088 0.00770 110.71 0.347 - 0.347 2356.07 136.315
R12 basis - 112.790677 0.00588 0.00105 110.32 0.353 - 0.353 2419.25 143.692

Table 7. Geometrical and vibrational results for the N2 molecule. In each basis, the molecule was optimized using the analytical
gradient (top half ) and the Hellmann±Feynman gradient (bottom half ).

Basis
E

E h

g

E h a 1
0

gHFA
E h a 1

0

rNN
pm

qN
e

x1

cm 1
I1

kmmol 1

cc-pVQZ - 108.994470 0.00000 0.08130 106.56 0.000 2729.74 0.000
aug-cc-pVQZ - 108.994933 0.00000 0.08203 106.56 0.000 2728.95 0.000
cc-pCVQZ - 108.994710 0.00000 0.01849 106.55 0.000 2730.07 0.000
R12 basis - 108.994720 0.00000 0.00415 106.55 0.000 2730.60 0.000

cc-pVQZ - 108.993498 0.08439 0.00000 108.25 0.000 2640.03 0.000
aug-cc-pVQZ - 108.993940 0.08522 0.00000 108.27 0.000 2584.87 0.000
cc-pCVQZ - 108.994665 0.01871 0.00000 106.91 0.000 2668.55 0.000
R12 basis - 108.994718 0.00415 0.00000 106.63 0.000 2726.30 0.000



4.3.3. NH3
The last molecule to be examined is ammonia. Tables

8 and 9 show that this compound seems to pose a
greater challenge within the Hellmann±Feynman
approximations than the other molecules, at least for
the smaller basis sets. The optimized geometries show
that the structures obtained with these basis sets behave
much like that found for water: the bond angles are too
small and the bond distances too long. The poor geo-
metries probably a"ect the calculation of frequencies,
and in particular intensities, of the various vibrational
modes of NH3. The molecule has a total of six modes of
vibration, with two pairs being degenerate, and this
more complex structure may increase the sensitivity of
the results to errors in the Hessian and the dipole gra-
dient. Indeed, it is observed that the two basis sets that
give the worst results, cc-pVQZ and aug-cc-pVQZ, yield
intensities with a completely wrong internal structure,
i.e., the intensities that should have been the higher
ones are very low and vice versa. The cc-pCVQZ
basis, on the other hand, gets this structure more or
less right although the numbers are not very impressive
with the two highest intensities being only about 50% of

what they should have been. In the R12 basis, these
errors are reduced to less than 5% , and both geometrical
and vibrational results are satisfactory.

4.4. CCSD(T)-R12 calculations
To investigate how electron correlation a"ects the

performance of the Hellmann±Feynman approximation,
we have used the Hellmann±Feynman forces at the level
of explicitly correlated CCSD(T)-R12 theory [32±34,
41±44]to compute the bond length and harmonic vibra-
tional wavenumber of N2, the harmonic vibrational
wavenumber and dipole gradient of CO, and the elec-
tronic barrier to linearity of H2O.

For the CCSD(T)-R12 calculations, we have
exploited ®nite perturbation theory. Thus, the ®rst-
order properties are obtained as

E a ¶E

¶a lim
¸ 0

1
2¸

E Ĥ ¸Ĥ a E Ĥ ¸Ĥ a , 37

where E V̂ is the CCSD(T)-R12 energy calculated using
the Hamiltonian V̂ and Ĥ a ¶Ĥ /¶a. By an extension
of this scheme, the second-order properties such as force
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Table 8. Geometrical results for the NH3 molecule. In each basis, the molecule was optimized using the analytical gradient (top
half ) and the Hellmann±Feynman gradient (bottom half ).

Basis
E

E h

g

E h a 1
0

gHFA
E h a 1

0

rNH
pm

HNH
deg

q N
e

qN
e

cc-pVQZ - 56.223596 0.00000 0.07033 99.80 107.91 - 0.470 0.157
aug-cc-pVQZ - 56.224504 0.00000 0.06515 99.79 108.15 - 0.469 0.156
cc-pCVQZ - 56.223693 0.00000 0.01494 99.80 107.91 - 0.470 0.157
R12 basis - 56.224369 0.00000 0.00373 99.79 108.16 - 0.469 0.156

cc-pVQZ - 56.214485 0.07782 0.04136 102.74 96.05 - 0.092 0.031
aug-cc-pVQZ - 56.216768 0.07022 0.03726 102.48 97.12 - 0.137 0.046
cc-pCVQZ - 56.223373 0.01487 0.00565 100.51 105.80 - 0.341 0.114
R12 basis - 56.224359 0.00372 0.00001 99.99 108.11 - 0.460 0.153

Table 9. Harmonic vibrational frequencies and intensities for the NH3 molecule. In each basis, the molecule was optimized using
the analytical gradient (top half) and the Hellmann±Feynman gradient (bottom half).

Basis
x1,x2

cm 1
x3

cm 1
x4,x5

cm 1
x6

cm 1
I 1,I2

kmmol 1
I3

kmmol 1
I 4,I5

kmmol 1
I6

kmmol 1

cc-pVQZ 3811.19 3688.58 1789.96 1112.42 4.683 0.776 19.684 189.159
aug-cc-pVQZ 3814.89 3689.84 1786.57 1094.98 6.576 1.168 18.848 179.932
cc-pCVQZ 3811.84 3689.05 1789.85 1112.43 4.669 0.771 19.663 188.862
R12 basis 3816.78 3692.07 1786.97 1093.84 6.613 1.151 18.911 180.269

cc-pVQZ 3280.68 3267.01 1669.44 1315.83 28.996 29.440 0.029 7.240
aug-cc-pVQZ 3296.03 3279.07 1637.41 1267.65 19.086 19.350 0.328 14.566
cc-pCVQZ 3698.50 3591.80 1765.62 1140.74 0.001 4.686 9.998 100.421
R12 basis 3795.73 3671.65 1778.12 1086.42 5.883 1.341 18.100 174.581



constants and dipole gradients are obtained using
double ®nite perturbation theory

E ab ¶2E

¶a¶b

lim
¸ 0

lim
! 0

1
2 !̧

E Ĥ ¸!Ĥ ab
E Ĥ !̧Ĥ ab

2E Ĥ E Ĥ ¸Ĥ a !Ĥ
b

E Ĥ ¸Ĥ a !Ĥ
b

E Ĥ ¸Ĥ a E Ĥ ¸Ĥ a E Ĥ !Ĥ
b

E Ĥ !Ĥ
b , 38

where Ĥ ab ¶2Ĥ /¶a¶b.
Table 10 shows, for the N2 molecule, the results of

valence-only CCSD(T)-R12 calculations of the energy
and Hellmann±Feynman gradient as a function of the
interatomic distance. From the energy calculations, we
®nd the minimum of the potential energy curve at
re 109.88pm, whereas the Hellmann±Feynman gra-
dient is zero at re 109.87pm. When we compute the
force constant by numerical di"erentiation of the Hell-
mann±Feynman gradient, we obtain a harmonic vibra-
tional wavenumber of xe 2362.4cm 1, only 0.2%
below the exact wavenumber of the CCSD(T)-R12 cal-
culations. The norm of the exact gradient at the Hell-
mann±Feynman minimum is 0.00034E h a 1

0 , whereas
the Hellmann±Feynman gradient at the exact minimum
is 0.00033E h a 1

0 . With the present R12 basis, we obtain
roughly the same accuracy at the CCSD(T)-R12 level as
we did for the Hartree±Fock calculations. Thus, the
correlation component of the calculation, which is

described e"ectively by the r12-dependent functions,
does not introduce any noticeable new errors in the
Hellmann±Feynman approximation. Thus, in our opi-
nion, the Hellmann-Feynman approximation may
indeed be an important tool for R12 calculations, once
basis-set de®ciencies at the Hartree±Fock level are elim-
inated.

Similar results are obtained for the CO molecule, see
table 11. For this molecule, we have investigated also the
dipole moment and dipole gradient. For the Hellmann±
Feynman optimized structure, the norm of the residual
Hellmann±Feynman force (because of lack of transla-
tional and rotational invariance) is 0.00227E h a 1

0 .
From numerical di"erentiation of the Hellmann±
Feynman gradient, we obtain a harmonic vibrational
wavenumber of xe 2165.8cm 1, only 0.2% below
the exact wavenumber of the CCSD(T)-R12 calcula-
tions. The exact dipole gradient has been obtained at
the exact minimum by numerical di"erentiation of the
dipole moments computed for di"erent internuclear dis-
tances (table 11), whereas the dipole gradient within the
Hellmann±Feynman minimum framework has been
obtained through application of double ®nite perturba-
tion theory at the Hellmann±Feynman minimum. The
error of the latter is only 0.4% .

Valence-only CCSD(T)-R12 results for H2O are col-
lected in tables 12 and 13. There has recently been an
interest in the electronic barrier to linearity in the water
molecule [45, 46], and therefore we have optimized the
geometries of the C2v minimumenergy structure and the
linear saddle-point structure of H2Oat the valence-only
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Table 10. Valence-only CCSD(T)-R12 results for the N2
molecule; dE /dR is the Hellmann±Feynman gradient.

R

a 0

Energy
E h

dE /dR

E h a 1
0

2.050 - 109.417599 - 0.041058
2.060 - 109.417931 - 0.024947
2.070 - 109.418105 - 0.009455
2.075 - 109.418135 - 0.001925
2.080 - 109.418127 0.005410
2.085 - 109.418083 0.012643
2.090 - 109.418003 0.019736
2.100 - 109.417738 0.033617

Exact HFA
re /pm 109.88 109.87
xe /cm 1 2367.2 2362.4
gexact /E h a 1

0 0.0 0.00034
gHFA /E h a 1

0 0.00033 0.0
E min/E h - 109.418137 - 109.418137

Table 11. Valence-only CCSD(T)-R12 results for the CO
molecule; dE /dR 1

2 dE /dz C dE /dz O is the
Hellmann±Feynman gradient; d e is the dipole moment;
and d e dd e /dR .

R

a0

Energy
E h

dE /dR

E h a 1
0

Dipole
e a0

2.110 - 113.201504 - 0.033428 0.059026
2.120 - 113.201763 - 0.020252 0.052232
2.130 - 113.201892 - 0.007559 0.045439
2.135 - 113.201910 - 0.001390 0.042043
2.140 - 113.201897 0.004665 0.038649
2.150 - 113.201782 0.016434 0.031861
2.160 - 113.201551 0.027763 0.025078

Exact HFA
re /pm 113.00 113.04
xe /cm 1 2169.1 2165.8
d e /ea0 0.0418 0.0413
d e /e 0.679 0.682
gexact /E h a 1

0 0.0 0.00093
gHFA /E h a 1

0 0.00298 0.00227
E min /E h - 113.201910 - 113.201910



CCSD(T)-R12 level. Using Hellmann±Feynman gradi-
ents, we ®nd that the OH bond length is overestimated
by about 0.2pm both for the C2v and linear structure
(0.2% error). For both structures, the energy at the
Hellmann±Feynman minimum is found about
0.01mE h above the true minimum. Thus, an almost
perfect cancellation of errors occurs with respect to the
electronic barrier to linearity. The error in this quantity
is negligible.

From the above results, we conclude that the use of
the Hellmann±Feynman forces in CCSD(T)-R12 calcu-
lations with appropriate basis sets is a very promising
approach. In our calculations, we ®nd errors smaller
than 0.5% . Furthermore, it is remarkable that the R12
basis sets, which have been developed explicitly for the
CCSD(T)-R12 calculations, are such good basis sets for
the computation of Hellmann±Feynman forces.

5. Conclusion

We have investigated the Hellmann±Feynman ap-
proximation for the calculation of molecular geometri-
cal properties at the Hartree±Fock and CCSD(T)-R12
levels. With the larger modern basis sets, it appears that
the di"erences between the properties calculated in the
Hellmann±Feynman approximation and by (analytical
or numerical) di"erentiation appear to be small. How-
ever, it is important to use basis sets that give a good
description of the inner valence regions, such as the
larger cc-pCVXZ basis sets and in particular the R12
basis sets.

The Hellmann±Feynman properties do not exhibit the
usual translational and rotational symmetries that arise
from di"erentiation of the electronic energy. However,
these symmetries may be imposed as discussed in the
present paper, improving the quality of the results. In
particular, for the molecular Hessian it is essential that
the diagonal Cartesian elements are determined by
invoking translational invariance. In this manner, we
avoid the slow convergence of the Coulomb contact
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Table 12. Valence-only CCSD(T)-R12 results for the H2Omolecule (C2v geometry); the H atoms lie on the x axis; the Oatomlies
on the z axis; and dE /dz internal dE /dzO 2dE /dzH.

x H
a 0

zO
a 0

Energy
E h

dE /dx H
E h a 1

0

dE /dzH
E h a 1

0

dE /dz O
E h a 1

0

i dE /dz i

E h a 1
0

dE /dz internal
E h a 1

0

1.420 1.100 - 76.371723 - 0.008787 0.006170 - 0.010590 0.001751 - 0.022930
1.420 1.110 - 76.371790 - 0.006594 0.003792 - 0.005858 0.001726 - 0.013442
1.420 1.120 - 76.371808 - 0.004462 0.001434 - 0.001168 0.001700 - 0.004036
1.420 1.130 - 76.371780 - 0.002389 - 0.000903 0.003479 0.001673 0.005285
1.430 1.100 - 76.371812 - 0.004565 0.003992 - 0.006298 0.001686 - 0.014282
1.430 1.110 - 76.371836 - 0.002458 0.001674 - 0.001686 0.001662 - 0.005034
1.430 1.120 - 76.371813 - 0.000410 - 0.000624 0.002886 0.001638 0.004135
1.430 1.130 - 76.371745 0.001580 - 0.002902 0.007416 0.001612 0.013220
1.440 1.100 - 76.371818 - 0.000442 0.001900 - 0.002178 0.001622 - 0.005978
1.440 1.110 - 76.371801 0.001581 - 0.000360 0.002319 0.001599 0.003039
1.440 1.120 - 76.371739 0.003547 - 0.002601 0.006777 0.001575 0.011979
1.440 1.130 - 76.371632 0.005457 - 0.004822 0.011194 0.001550 0.020838

Exact HFA
re /pm 95.81 96.05

HOH/deg 104.45 104.58
gexact /E ha 1

0 0.0 0.00431
gHFA /E ha 1

0 0.00419 0.00099
E min/E h - 76.371836 - 76.371824

Table 13. Valence-only CCSD(T)-R12 results for the H2O
molecule (D h geometry); the atoms lie on the x axis;
and D E is the electronic barrier to linearity.

R

pm
Energy

E h

dE /dx H
E h a 1

0

91.0 - 76.319482 - 0.033600
92.0 - 76.320394 - 0.019980
93.0 - 76.320812 - 0.007271
93.5 - 76.320845 - 0.001241
94.0 - 76.320768 0.004582
94.5 - 76.320583 0.010204
95.0 - 76.320294 0.015631
96.0 - 76.319420 0.025923

Exact HFA
r e /pm 93.40 93.61

gexact /E h a 1
0 0.0 0.00341

gHFA /E h a 1
0 0.00345 0.0

E min/E h - 76.320848 - 76.320838
D E /cm 1 11190.6 11190.1



term, thereby obtaining a convergence of the frequencies
which is as rapid as for the molecular forces.

This work has received support through grants of
computer time from the Research Council of Norway
(Grants Nos NN1118K and NN2694K).
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