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The basis set convergence of density functional calculations is analyzed by comparing nuclear
centred polarization functions with bond functions placed at the bond midpoints, and
combinations of these two. The H2, N2 and N4 systems are analyzed by explicit optimization
of the exponents of the polarization and bond functions. While addition of bond functions can
reduce the requirements for high angular momentum functions at the nuclei, there do not
appear to be any computational advantages to using bond functions instead of nuclear centred
polarization function for energetic purposes.

1. Introduction

In a recent series of papers, the authors have shown
how a hierarchy of basis sets can be constructed for
systematically approaching the basis set limit for
Hartree–Fock and density functional methods [1].
These polarization consistent (pc-n) basis sets are
nuclear centered, and each step up in quality adds a
basis function with one higher angular momentum. The
number of basis functions of each type is selected based
on energetic criteria, and the exponents are determined
by explicit optimization. The largest of these basis sets,
pc-4, is capable of calculating atomization energies to
within 0.01 kJ/mol per atom, equilibrium bond lengths
to within 10�5 Å, and vibrational frequencies to within
0.5 cm�1 of the basis set limit.
Although nuclear centred Gaussian basis functions

have become the standard in modern electronic struc-
ture calculations [2] it has been shown that the use of
bond functions in some cases can lead to faster
convergence, and thus provide more accurate results
for a lower computational cost [3]. Bond functions
correspond to placing basis functions at points away
from the nuclei, typically at the midpoint between
nuclei, thus the name. Especially for calculating weak
intermolecular interactions by electron correlation
methods, this has proven to be a very useful approach
[4]. Although bond functions have been used in other
applications as well, little has been done in terms of
systematically evaluating the efficiency of bond func-
tions versus nuclear centred functions.

One of the problems in using bond functions is the
somewhat arbitrary position of the additional functions.
In the floating orbital approach, the position is
optimized, but this requires an iterative procedure and
adds significantly to the computational cost [5]. For
molecules with well-defined bonding patterns, the
location of the bond functions is normally at the point
half-way between the atoms, although it could be argued
that for a C–H bond, the position should be displaced
towards the heavier atom. More problematic are cases
where the bonding pattern is less clear, as for example
metal coordination complexes or for describing bond
breaking/forming reactions. In these cases, the user must
make a decision of where to put the bond functions. For
a bond breaking reaction, there is the additional
complication that bond functions will artificially stabi-
lize the reactant relative to the product, since the bond
functions make no contribution to describing the
product wave function. Nevertheless, if addition of
bond functions leads to a substantially faster basis set
convergence, these problems can probably be solved in a
heuristic fashion.

For Hartree–Fock and density functional methods,
only the electron density must be represented, and atoms
from the first and second rows in the periodic table can
be described completely by s- and p-functions. The
molecular electron density is distorted relative to the
union of atomic densities, and this distortion can be
described either by nuclear centered higher angular
momentum (polarization) functions, or by off-centred
functions. Provided that enough functions are included,
either approach yields the same final accuracy, and the
main question is therefore computationally efficiency.*Author for correspondence. e-mail: frj@dou.dk
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In the present paper, we examine the question of basis
set convergence within a density functional approach,
and compare the results from nuclear centred polariza-
tion functions with those using bond functions only, and
with a combination of nuclear centred and bond
functions. The strategy is similar to that employed for
deriving the pc-n basis set [1]. For a given molecule, a
(fixed) basis set is selected which describes the individual
atoms to within at least micro-Hartrees of the basis set
limit. The energetic importance of nuclear centred
polarization functions and bond functions is determined
by fully optimizing the exponents. This provides an
absolute energetic measure of the importance of bond
and nuclear centred functions, and also defines the order
by which each type of function should be included. The
results are compared with those from using only nuclear
centred functions, thereby allowing a direct evaluation
of which approach that is the most efficient. We
presently only consider systems with well-defined bond-
ing, and the results therefore do not necessarily apply
for weakly bounded system, like as van der Waal
complexes. Such systems are currently not well
described by density functional methods anyway.

2. Computational details

All calculations have been performed using the BLYP
exchange-correlation functional [6]. Basis set exponents
have been optimized using analytical gradients gener-
ated by a development version of the DALTON

program package [7] and a pseudo-Newton–Raphson
optimization method described earlier [8]. Only the
lowest energy combination of polarization and/or bond
functions for a given total number of functions is
presented in tables 1–3, but we have checked many other
combinations to ensure that these are indeed the lowest
energy combinations. The calculations have been done
using the following bond distances: 1.40 Bohr (H2),
2.068 Bohr (N2) and 2.645 Bohr (tetrahedral N4). Bond
functions have been placed at the midpoints between the
nuclei. The Kohn–Sham basis set limits have been
estimated from optimized nuclear centered polarization
functions.

3. Results

We have selected the H2, N2 and N4 molecules as our
test cases, and used a 19s and 18s11p atomic optimized
basis set for H and N, respectively. These basis sets
provide nano- and micro-Hartree accuracy for the
atomic H and N systems, respectively, and additional
functions thus only serve to describe the distortion of
the electron density upon formation of the molecules.

Table 1 shows the error in the total energy relative to
the Kohn–Sham limit as a function of the number of
polarization and bond functions for the H2 molecule. As
discussed elsewhere, analysis of such data has lead to
definition of the pc-n basis sets, where polarization
functions are included in the order 1p, 2p1d and 4p2d1f
[8]. H2 has only one bonding orbital of �g symmetry,

Table 2. Energetic importance (Hartree) per atom of polarization and bond functions for N2.

Nfunction Nuclear iE Nuclear-Bond iE Bond iE

1 1d 0.003 309 0-1p 0.009 563 1p 0.009 563

2 2d 0.001 617 1d-1p 0.001 440 1s1p 0.002 768

3 2d1f 0.000 428 2d-1p 0.000 614 1s2p 0.001 738

4 3d1f 0.000 222 2d-1s1p 0.000 248 1s2p1f 0.000 887

5 3d1f1g 0.000 114 3d1f-1p 0.000 121 1s2p1d1f 0.000 417

6 4d1f1g 0.000 065 3d1f-1s1p 0.000 082 2s2p1d1f 0.000 361

7 4d2f1g 0.000 028 4d1f-1s1p 0.000 049 2s2p1d2f 0.000 301

�E is the energy error relative to the basis set limit (�109.569 844 Hartree), internuclear distance is 2.068 Bohr.

Table 1. Energetic importance (Hartree) of polarization and bond functions for H2.

Nfunction Nuclear �E Nuclear-Bond �E Bond �E

1 1p 0.000 280 0-1s 0.000 279 1s 0.000 279

2 2p 0.000 089 1p-1s 0.000 084 2s 0.000 087

3 2p1d 0.000 037 2p-1s 0.000 019 2s1d 0.000 019

4 3p1d 0.000 012 2p-2s 0.000 009 3s1d 0.000 012

5 4p1d 0.000 005 3p-2s 0.000 003 3s1d1g 0.000 007

6 4p2d 0.000 003 4p-2s 0.000 002 3s2d1g 0.000 005

7 4p2d1f 0.000 002 4p1d-2s 0.000 001 4s2d1g 0.000 004

�E is the energy error relative to the basis set limit (�1.170 312 Hartree), internuclear distance is 1.40 Bohr.
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and consequently only even angular momentum (s-, d-,
g-, . . .) bond functions can contribute to the energy. The
approach of using both nuclear centred and bond
functions indicates that s-type bond functions reduce
the necessity of higher angular momentum nuclear
centred functions, but no significant improvement in
the basis set convergence is observed. The use of only
bond functions displays a slightly slower convergence
rate, but it should be noted that the use of functions
placed at the midpoint of the bond is insufficient for
achieving the Kohn–Sham limit. In order to attain the
basis set limit, additional functions must be placed
beyond each end of the molecule. The latter only
becomes important for achieving sub-micro-Hartree
accuracy, and has not been included in the present case.
Table 2 shows that the same type of analysis for N2,

for which all types of bond functions give a contribu-
tion. The nuclear centred polarization functions display
a smooth convergence towards the basis set limit. The
addition of bond functions again reduces the require-
ments for high angular momentum functions at the
nuclei. Note that in the column denoted Nuclear-Bond,
we have enforced that at least one bond function must
be present, since for this system, the use of only nuclear
centred function provides better results than the
mixed nuclear and bond centred functions, except for
Nfunction ¼ 2. The use of only bond functions again
displays a significant slower convergence rate, and
additional off-centre functions are required for achiev-
ing sub-milli-Hartree accuracy.
The results for the diatomic molecules in Tables 1 and

2 are biased against bond functions, since addition of
one bond function is compared with addition of two
polarization functions, one on each nucleus. For the N4

system, the situation is reversed, since there are six
bonds and only four nuclei. Table 3 shows the energetic
importance of each type of function, on a per atom basis
to facilitate comparison with the results for N2. The use
of only nuclear centred function again outperforms the
mixed nuclear-bond functions, except for Nfunction ¼ 2.
Note also that for this system there is a coupling

between the types of polarization and bond functions. P-
type bond functions are the most important when only
d-type polarization functions are included, but once an
f-type polarization function is added, a d-type bond
function becomes the most important. Addition of a
g-type polarization function again makes a p-type bond
function the most important, but addition of the fourth
d-type polarization function makes an f-type bond
function most important. The use of only bond
functions again displays a significantly slower conver-
gence rate, and high angular momentum functions
rapidly become important. Additional off-centre func-
tions would again be necessary for improvements
beyond milli-Hartree accuracy.

4. Conclusions

Several factors are important for evaluating the
computational efficiency in electronic structure calcula-
tions. A comparison of polarization versus bond
functions must take into account that:

� An s-type bond function only counts as one
function, while a nuclear centred d-function has
five components. This favours the use of low-
angular momentum bond functions over higher
angular momentum nuclear centred functions.
The N4 results, however, indicate that the
optimum bond functions often have quite high
angular momentum.

� For diatomic molecules, there is only one bond
function, compared to two nuclear centred func-
tions. For more complex systems, the number of
bond centres is generally comparable to the
number of nuclei, and general systems are thus
expected to have characteristics between the N2

and N4 systems examined here. Bond functions
are therefore only of interest if they lead to a
substantially smaller number of functions per site
(bond/nuclei), which does not seem to be the case
from the present results.

Table 3. Energetic importance (Hartree) per atom of polarization and bond functions for N4.

Nfunction Nuclear iE Nuclear-Bond iE Bond iE

1 1d 0.003 934 0-1p 0.009 314 1p 0.009 314

2 1d1f 0.002 115 1d-1p 0.001 772 1p1d 0.003 434

3 2d1f 0.000 543 1d1f-1d 0.000 792 1p1d1f 0.001 282

4 3d1f 0.000 192 2d1f-1d 0.000 202 1p1d1f1h 0.000 776

5 3d1f1g 0.000 106 3d1f-1d 0.000 126 2p1d1f1h 0.000 701

6 4d1f1g 0.000 060 3d1f1g-1p 0.000 077 2p1d1f1g1h 0.000 283

7 4p2f1g 0.000 031 4d1f1g-1f 0.000 033 1s2p1d1f1g1h 0.000 219

�E is the energy error relative to the basis set limit (�218.844 835 Hartree), internuclear distance is 2.645 Bohr.
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� The computational time required for evaluating
matrix elements over basis functions increases
with the angular momentum of the basis function.
This favours the use of low-angular momentum
bond functions over higher angular nuclear
centred functions. The preference for p-, d- and
f-type bond functions for N4 again indicates that
this saving is very marginal.

The present results show that bond functions alone
provide a much slower basis set energy convergence
than nuclear centred polarization functions. A mixture
of nuclear centred and bond functions can give a slight
improvement over nuclear centred polarization function
only, but the coupling between nuclear and bond
centred functions will make it difficult to establish a
general hierarchical sequence of basis sets for approach-
ing the basis set limit. The present results suggest that
the improvement by using bond functions is so
marginal, that the ambiguities related to the position
of the bond functions and the optimum type of bond
function outweighs computational considerations. For
density functional type calculations in systems with well-
defined bonding patterns, the use of bond functions do
not appear to offer any advantage over to nuclear
centred polarization functions for energetic purposes.

This work was supported by grants from the
Norwegian Natural Science Research Council, the
Danish Natural Science Research Council and the
Danish Center for Scientific Computing.

References
[1] JENSEN, F., 2001, J. Chem. Phys., 115, 9113; 116, 3502

(2002); JENSEN, F., 2002, J. Chem. Phys., 116, 7372;

JENSEN, F., 2002, J. Chem. Phys., 117, 9234; JENSEN, F.,
2003, J. Chem. Phys., 118, 2459; JENSEN, F., and
HELGAKER, T., 2004, J. Chem. Phys., 121, 3426.

[2] JENSEN, F., 1999, Introduction to Computational Chemistry
(Wiley); HELGAKER, T., JØRGENSEN, P., and OLSEN,
J., Molecular Electronic-Structure Theory (Chichester,
Wiley).

[3] NEISIUS, D., and VERHAEGEN, G., 1981, Chem. Phys. Lett.,
78, 147; MARTIN, J. M. L., FRANCOIS, J. P., GIJBELS, R.,
1989, J. Comput. Chem., 10, 152; BAUSCHLICHER, Jr. C. W.,
PARTRIDGE, H., 1998, J. Chem. Phys., 109,

4707; SIERRAALTA, A., BOVES, M., 1995, Struct. Chem.,
6, 333.

[4] TAO, F. M. and PAN, Y. K., 1992, J. Chem. Phys., 97, 4989;
GROCHOLA, G., PETERSEN, T., RUSSO, S. P. and SNOOK,
I. K., 2002, Mol. Phys., 100, 3867; SALAZAR, M. C., PAZ,
J. L., HERNANDEZ, A. J., MANZANARES, C. I., and LUDENA,
E. V., 2001, Theor. Chem. Acc., 106, 218; SALAZAR, M. C.,
PAZ, J. L., HERNANDEZ, A. J., MANZANARES, C. I. and
LUDENA, E. V., 2003, Int. J. Quantum Chem., 95, 177;
HINDE, R. J., 2003, J. Phys. B, 36, 3119.
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