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1 I n t r o d u c t i o n  

The ab-initio calculation of molecular properties is a useful tool in chemical 
research, bridging the gap between observation and interpretation. The 
agreement between calculation and experiment may lend support to tile 
theoretical interpretation of a given molecular property or help unravel the 
mechanistic reasons for a given molecular behavior, thereby assisting in the 
understanding, prediction, and design of molecules with specific properties. 

In chemistry, a vast range of experimental observations has been rational- 
ized into simple, yet. powerful rules for understanding molecular properties 
and reactivity. Linus Pauling, in particular, emphasized the importance and 
usefulness of such rules, based on simple physical pictures of the molecules 
and their electronic structure. Modern ab-initio theory complements the 
use of such rules, providing accurate numbers which may themselves be in- 
terpreted in terms of these rules or which in other cases may be used to 
elucidate the rules, exploring their range of applicability and providing a 
better understanding of the cases where the simple rules of thumb fail. In 
the present paper, we discuss--from the perspective of ab-initio calculations 



148 

and empirical ru les~two important  classes of properties: the molecular po- 
larizability and the molecular magnetizability. 

In modern ab-initio theory, once the choice of the approximate wave 
function has been made, the evaluation of a given molecular property may 
be carried out in a black-box manner, using any of the standard methods 
for extracting molecular properties from the wave function. The quality 
of such calculations depends critically on Our choice of the approximate 
wave funct ion-- that  is, on the choice of one-electron basis (basis set) as 
well as on the choice of the N-electron model. This is particularly true for 
many molecular properties, which place very strict demands on the flexi- 
bility of the one-electron basis set in which the N-electron wave function 
is expanded. Basis sets developed for the accurate calculation of ground 
state energies may often give poor results for properties whose associated 
perturbations probe regions of the electronic structure that  make little or 
no contribution to the energy of the unperturbed system. Two important  
examples are the polarizability and magnetizability of a molecule, which 
describe the second-order responses of the system to external electric and 
magnetic fields, respectively. If these properties are calculated using stan- 
dard basis sets developed for accurate calculations of ground-state energies, 
the resulting numbers will be in poor agreement with experiment. Thus, 
care must be exercised in selecting a basis that  has the flexibility required 
to represent accurately the perturbations associated with a given molecular 
property. 

Until recently, the calculation of molecular magnetizabilities was ham- 
pered by the fact that  no practical solution had been found or implemented 
to overcome the basis-set problem in calculations involving an external ma.g- 
netic field. As a result, the calculation of nuclear shieldings and magneti- 
zabilities was a highly unreliable business, fraught with convergence prob- 
lems and issues arising from the dependence of calculated properties on the 
choice of gauge origin, and the calculated values for molecular magnetiz- 
abilities were often in poor agreement with experiment even when rather 
large basis sets were used. In recent years, this situation has been reversed 
and the calculation of molecular magnetizabilities may now be considered a 
straightforward task. 

We do not here a t tempt  to review the developments of methods for calcu- 
lating molecular polarizabilities and magnetizabilities, nor will we a t tempt  
any review of theoretical results obtained for these properties. We will in- 
s tem outline the approach for calculating molecular properties in general, 
and the polarizability and the magnetizability of closed-shell systems in par- 
ticular, using ab-initio methods. We will also devote some time to discuss 
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the problem of gauge-origin dependence in the calculation of magnetic prop- 
erties and discuss the approach we have taken to overcome this obstacle. We 
will also discuss some of our recent calculations of the magnetizability and 
the static polarizability of larger molecules, some of which touch upon early 
work by Linus Pauling. 

2 Molecu lar  proper t i e s  as energy  der ivat ives  

Let us consider the electronic energy E (x) as a function of some external 
parameter x. When a molecular electronic system is perturbed in some 
manner, its total electronic energy changes and may be expressed in terms 
of a Taylor expansion as 

E (~) - # o )  + ~rE(')  + ~-~rE(~)~ + O (~z) (1) 

The coefficients E(") tha t  appear in this expansion describe the response 
of the molecular system to the external perturbation x and are known as 
molecular properties. The molecular properties are characteristic of the 
molecular system and its quantum state. When the perturbation is static, 
these properties may be calculated by differentiation at x -  0 

E ( a ) _  dE (2) 
- d x o  

d2E 
E(2) -- (3) 

dx2 o 

and are then referred to as time independent or static. Examples of molec- 
ular properties are the molecular forces (the first derivatives with respect 
to nuclear displacements), the molecular force constants (the second and 
higher derivatives with respect to nuclear displacements), the magnetic nu- 
clear shielding constants (the second derivatives with respect  to nuclear 
magnetic moments and the external magnetic field) and the nuclear spin- 
spin coupling constants (the second derivatives with respect to the nuclear 
magnetic moments of the coupled paramagnetic nuclei). 

Of special interest to us are the properties related to the external appli- 
cation of uniform static electric and magnetic fields, which we will denote 
by F and B, respectively. To second order, the energy of a closed-shell 
molecular system may be written as 

B ) -  Z o -  + . . .  (4) E 
Z z 
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where # is the permanent molecular electric dipole moment 

dE[ (5) 
# -  dF o 

a the dipole polarizability tensor 

d2E 
- ( 6 )  

dF2 o 

and ~ the molecular magnetizability tensor 

d2E ! (7) 
( -  dB: o 

which are all evaluated at zero field. In this expansion, we have taken into 
account the fact that all static odd-order magnetic perturbations vanish 
for closed-shell molecules, as we will later show for the first-order magnetic 
interaction, the magnetic dipole moment. 

There are two different approaches that may be taken to the calcula- 
tion of static molecular properties: The associated energy derivatives may 
be calculated numerically or analytically. The numerical procedure involves 
the evaluation of derivatives by finite differences or polynomial fitting; the 
analytical procedure involves the calculation of derivatives directly from 
analytical expressions. The analytical approach requires considerable pro- 
gramming effort but offers greater speed, precision, and convenience tha.n 
does the numerical approach, which may experience difficulties related to 
numerical stability and computational efficiency. The numerical approach 
is simple in the sense that, at any level of electronic structure theory, it 
does not require special programming provided the perturbation is rea l~  
we may simply repeat the calculation of the energy for different values of 
the perturbational parameter. However, if the perturbation is imaginary or 
complex, great complications ensue because virtually all quantum-chemistry 
codes assume the Hamiltonian is real. In fact, for most properties of general 
interest and importance in quantum chemistry, the analytical approach is 
the preferred one--this is especially true for the molecular gradient, whose 
analytical evaluation is vastly superior to the numerical approach for all but 
the smallest systems. 

Let us consider the analytical evaluation of molecular properties. We 
shall here write the electronic energy function in the form g (x; ,~), where x 
is a set of external parameters that characterize the physical system, and ,k 
a set of wave-function or electronic parameters that determine the electronic 
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state. We shall think of the external parameters x as representing the electric 
field F or the magnetic induction B but note tha t  the results obtained here 
hold for other perturbations as well. The electronic parameters X represent 
(directly or indirectly) any set of parameters in terms of which the electronic 
wave function is expressed. 

To keep things simple, we shall first assume that  the electronic energy is 
fully variational with respect to the electronic parameters X. Thus, we shall 
assume that  the electronic energy may be calculated from the expression 

E (x)  - e (x; X*) (S) 

where the parameters X" represent the optimal value of A and where, for all 
x, the optimized energy function C (x; X*) satisfies the variational conditions 

0E (x; 
- 0 (9)  

with the partial derivatives calculated at X -  X*. To ensure that  the vari- 
ational conditions Eq. 9 are always fulfilled, the electronic parameters X 
must change in a particular manner as the perturbation x is turned on. The 
variational conditions therefore implicitly determine the dependence of the 
electronic parameters ,k (x) on x. 

Let us consider the first-order properties for the optimized variational 
energy E (x) in Eq. 8. Using the chain rule, we obtain 

dE (x) _ 0~" (x; ,k) 0Z (x; X) 0X (10) 
dx - 0x + 0X 3X 

Z 

where the differentiation is carried out at X - X*. The first term on the 
right-hand side of this equation represents the explicit dependence of the 
electronic-energy function on x and arises, for example, from the dependence 
of the Hamiltonian on the external field; the second term represents the 
implicit dependence of the energy function on x and arises since the wave 
function changes as the field is turned on. The derivatives of the electronic 
parameters with respect to the external parameters 0X/0x  tell us how, to 
first order, the wave function changes when the perturbation is applied. 

Combining Eq. 9 and Eq. 10, we obtain the following simple expres- 
sion for first-order properties (e.g., for the permanent electric and magnetic 
dipole moments) for a fully variational wave function: 

dE (x) 0~ (x; X) 
= (11) 

dx 0x 
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In short, to calculate first-order properties for a fully variational wave func- 
tion, we need not evaluate the response of the wave function OA/Ox. This is 
an extremely important result, which forms the basis for all computational 
techniques developed for the evaluation of molecular gradients (as well as 
for all higher-order properties). 

We now proceed to consider second-order properties such as the polariz- 
ability and magnetizability tensors. Differentiating the first-order property 
Eq. 11, we obtain from the chain rule 

d2E(x) [ ( 0 0 A  O )  Og(x;A)][  

= Ox 2 + OxOX [ Ox 
(13) 

~t ~t 

We conclude that, for a fully variational wave function, only the first-order 
response of the wave function 0 k / 0 x  is required to calculate the energy 
to second order. In particular, for the evaluation of polarizabilities and 
magnetizabilities, the second-order response of the wave function 02A/0x 2 
is not needed. 

Since we can no longer manage without the first-order response, let us 
consider its evaluation. We have already noted that the variational condi- 
tions Eq. 9 determine the dependence of the wave function on x. Differen- 
tiating these conditions with respect to x and applying the chain rule, we 
obtain 

dx Ok . = 0 x 0 A  + OA 2 
St 

OX 
~xx--O (14) 

I 

Introducing the following notation for the electronic gradient and the elec- 
tronic Hessian of the optimized wave function 

7(x) = aC (~;~)1 ON . (15) 

a ( x )  = 
02r (x; ,x) 

OA 2 
(16) 

we find that Eq. 14 may be written in the form of a set of linear symmetric 
equations 

0x 07(x) (:7) 
~; (x)  0 x  = - o----2- 
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These equations are known as the response equations since they determine 
the first derivatives (i.e., the first-order response) of the wave function to 
the perturbation. 

In the response equations Eq. 17, only the differentiated electronic gra- 
dient 0~" ( x ) / 0 x  on the right-hand side depends on the nature of the per- 
turbation. An analogy with Hooke's law is here helpful: The electronic 
Hessian ~ (x) plays the role of the force constant and the perturbed gra- 
dient - O F  (x ) / 0x  represents the force. For the unperturbed system, the 
electronic gradient ~" (x) is zero and the wave function is optimal or stable. 
When the perturbation is turned on, the wave function of the original un- 
perturbed system is no longer s table~the perturbation introduces a "force" 
- O F  (x ) /0x  to which the wave function responds by stabilizing itself or "re- 
laxing" by the amount 0,V0x. The "relaxation" 0,~/0x is proportional to 
the "force" - 0 ~ - ( x ) / 0 x  and inversely proportional to the "force constant" 

(x). 
Let us summarize our results so far. We have found that the first-order 

properties may be calculated according; to the expression 

dE 0$ 
dx = 0x (18) 

and the second-order properties from the expressions 

d2E 02g 
dx---- ff = Ox 2 + - - - ~  
0)~ OY: 

G O x  = - O x  

OY r 0), 
0x 0x 

(19) 

(20) 

where all derivatives have been taken for the optimized wave function at zero 
field and the arguments have been omitted for clarity. Combining Eq. 19 
and Eq. 20, we may write the second-order properties in the more compact 
form 

_ 0 7 r a _  , O7 
dx 2 - 0x 2 0x 0x 

which involves the inverse G -1 of the electronic Hessian G. In general, how- 
ever, the dimension of the electronic Hessian is so large (because of the 
large number of electronic parameters in ,k) that the inversion of the Hes- 
sian becomes prohibitive. The evaluation process is therefore more faithfully 
represented by the expressions Eq. 19 and Eq. 20: We first generate the 
wave-function responses by solving the linear equations Eq. 20 for the per- 
turbations of interest; next, we calculate the second-order properties from 
the expression Eq. 19. 
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The response equations are usually solved in some iterative manner, in 
which the explicit construction of G is avoided, being replaced by the re- 
peated construction of matr ix-vector  products of the form Gv where v is 
some "trial vector". In general, the solution of one set of response equations 
is considerably cheaper than the optimization of the wave function itselfi 
Moreover, since the properties considered in this chapter involves at most 
three independent perturbations (corresponding to the three Cartesian com- 
ponents of the external field), the solution of the full set of equations needed 
for the evaluation of the molecular dipole-polarizability and magnetizability 
tensors is about as expensive as the calculation of the wave function in the 
first place. 

We have established that ,  for a fully variational wave function, we may 
calculate the first-order properties from the zero-order response of the wave 
function (i.e., from the unperturbed wave function) and the second-order 
properties from the first-order response of the wave function. In general, the 
2n + 1 rule is obeyed: For fully variational wave functions, the derivatives 
(i.e., responses) of the wave function to order n determine the derivatives of 
the energy to order 2n + 1. This means, for instance, that  we may calculate 
the energy to third order with a knowledge of the wave function to first order, 
but that  the calculation of the energy to fourth order requires a knowledge 
of the wave-function response to second order. 

Since many of the wave-function models in quantum chemistry are not 
fully variational, it would seem that  the theory presented here is of limited 
practical interest. Consider the nonvariational energy functional Shy (x; .k). 
The optimized electronic energy is calculated from the expression 

E (x) = s  (x; ~,') (22) 

where the optimized parameters ,k* are obtained by solving the linear or 
nonlinear set of equations 

e(x;X*) = 0 (23) 

In the special case of a variational wave function, these equations corre- 
spond to the variational conditions Eq. 9. For nonvariational wave functions, 
however, the equations are different and the variational conditions are not 
satisfied: 

o~ 
# o (24) 
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In calculating first-order molecular properties, we can no longer use the 
simple Hellmann-Feynman expression Eq. 11 since 

dE 0s (25) 
d,, # 

Instead, it would appear that we must fall back on the more complicated 
expression Eq. 10 

dE 0gnv] 0s 0,k (26) 
dx = 0 •  + Ox 

which involves the explicit evaluation of the response 0A/0x by the solution 
of one set of linear equations Eq. 17 for each perturbation. The calculation of 
first-order properties according to Eq. 26 is clearly an expensive undertaking. 

The key to solving this problem is to calculate the molecular proper- 
ties not from the original expression but from a different, variational energy 
functional, whose optimized energy coincides with the nonvariational en- 
ergy Eq. 22. If such a functional can be found, then the evaluation of the 
first-order molecular property from this functional may be carried out in 
exactly the same manner as for variational wave functions. Obviously, for 
this strategy to be useful, the construction of the new energy functional 
must be inexpensive so that what we gain from its use is not lost in its con- 
struction. Fortunately, a systematic and inexpensive procedure--namely, 
Lagrange's method of undetermined multipliers~exists for the construction 
of variational energy functionals, making this strategy worthwhile in most 
cases. 

Let us set up a Lagrangian for the optimization of the energy ,.~e (x; X) 
subject to the nonvariational constraints Eq. 23. Introducing one multiplier 
for each constraint, we obtain 

L (x; ,k, X) _ c ~ .  (x; X) -t- X Te (x; X) (27) 

We now require this Lagrangian to be fully variational with respect to all 
parameters ,k and X by solving the equations 

= ( x ;  - o ( 2 8 )  

OL (x; A, X) 0g~  (x; A) xT Oe (x; A) 
0X = 0,k + 0X = 0 (29) 

Whereas the first set of equations merely represents the nonvariational condi- 
tions Eq. 23 and is trivially satisfied, the second set determines the Lagrange 
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multipliers .k and requires the solution of a single set of linear equations. We 
note that,  at , k -  ,k* and ~ - ~*, the Lagrangian returns exactly the same 
energy as does the original energy function 

E (x) - E, .  (x; ,k') - L (x; ,V, ~ ' )  (30) 

but it has the additional useful property of being variational. 
The molecular properties may now be calculated from this Lagrangian as 

for any fully variational energy [1]. In particular, the first-order properties 
are obtained as 

dE (x) dL (x) OL (x) 0g~v (x; ,k) ~TOe (x; 3,) (31) 
dx = dx = 0x = 0x + 0x 

in accordance with the Hellmann-Feynman theorem. Note that the con- 
struction of the Lagrangian Eq. 27 from the nonvariational energy function 
s requires the solution of one set of linear equations Eq. 29, but that no fur- 
ther solution of linear equations is required for the calculation of first-order 
molecular properties according to Eq. 31, no matter how many properties are 
considered. In contrast, if no Lagrangian had been set up, we would instead 
have had to soh'e one set of linear equations Eq. 17 for each independent 
perturbation in Eq. 26. The results derived for variational wave functions in 
the present section are therefore quite generally applicable since, by a suit- 
able (and usually trivial) modification of the energy functional, the energy 
functional of any computational method of electronic-structure theory may 
be made variational. 

Molecular properties in the diagonal represen- 
tation of the Hamiltonian 

The expressions derived for the molecular properties in the previous section 
are of a rather general and perhaps somewhat abstract character. For a 
given variational wave function, the explicit expressions for the molecular 
properties are obtained by substituting in Eqs. 18 to 21 the detailed form of 
the energy functional g (x;,k); for a nonvariational wave function, we first 
express the energy as a variational Lagrangian and then proceed in the same 
manner. We shall not discuss the detailed expressions for the derivatives 
here, referring instead to special reviews [1]. Still, to illustrate the physical 
contents of Eq. 18 and Eq. 21, we shall now see how these expressions are  
related to those of standard time-independent perturbation theory. 
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A particularly simple realization of the variational method arises if we 
make a linear ansatzfor the wave function, expanding the electronic state ]C> 
in an m-dimensional set of orthonormal antisymmetric N-electron functions 
li> (e.g., Slater determinants)" 

m 

Ic> - ~ c, !0 (32) 
i--1 

The energy functional for this state is written as an expectation value 

(c ]HIE) (33) 
E (c) - <c Ic> 

which depends on the numerical parameters Ci. The electronic gradient and 
Hessian are given by 

F~ ( c )  - 0E ( c )  
OCi 

02E (c) 
G~r ( c )  - oc~ocj 

which, upon substitution of Eq. 33 followed by differentiation, lead to 

(34) 

(35) 

~-i (C) - 2 [(i [HI C) - g (C) (i [C >] (36) 
Gij (C) - 2 [(i [H[j) - g (C)  (i IJ)] 

- 2 [~+ (c )  <j IC> + Fj ( c )  <~ Ic >] (37) 

In these expressions, we have have assumed that the state IC) is real-valued 
and normalized 

<C IC) - 1 (38) 

In the following, we shall first consider the optimization of ]C) and then go 
on to consider the evaluation of first- and second-order properties from the 
optimized wave function. 

From the expression for the electronic gradient Eq. 36, we note that the 
conditions Eq. 9 for a variational wave function 

7~ (c)  = 0 (39) 

are now equivalent to the requirement 

(i IHI C> - g (C)(i  [C) (40) 
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In matrix notation, these equations may be written as 

HC - s (C)C (41) 

where the elements of the Hamiltonian matrix H are given by 

H~j - (i IHI j )  (42) 

The conditions Eq. 41 represent a standard m-dimensional eigenvalue prob- 
lem. Since H is Hermitian, the eigenvalue equations have exactly m solutions 

lit') - E Cig li) (43) 
i=1 

which are orthonormal 

(K IL) - @L (44) 

Moreover, the associated m eigenvalues 

E K -  g (CK) (45) 

are real and may be ordered as 

C ,-o _< ~:~ <_"" _< ~r (46) 

with CK representing an upper bound to the Kth electronic state. 
To evaluate the first- and second-order molecular properties, we choose 

the diagonal representation of the Hamiltonian. In this representation, the 
electronic energy, the electronic gradient, and the electronic Hessian of the 
electronic ground state 10) may be written in the following manner 

Eo - (0 IHI 0) (47) 
f K  -- 2 [(K IHI 0) - (0 IHI 0) (K 10)] (48) 

GKL - 2 (s - s (49) 

Since the electronic Hessian has been evaluated at a stationary point, it no 
longer contains any gradient-like terms (compare with Eq. 37). Using these 
expressions in Eq. 18 and Eq. 21, we obtain 

ds OH > 
- o-s163 

d2C i )2HI )  
0 O x  2 0 - 

OH OH 2E<ol lu><ul Io> 
E K -  Eo K>O 

(50) 
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which we recognize as the standard expressions of time-independent per- 
turbation theory. However, although conceptually simple and transparent, 
these expressions are not particularly useful for practical calculations of 
molecular properties since a complete diagonalization of the Hamiltonian 
matrix is required. In practice, therefore, the molecular properties are cal- 
culated in a different manner, which does not require the diagonalization of 
the Hamiltonian matrix. 

4 Explicit expressions for electric and magnetic 
properties 

Having considered the general expressions for first- and second-order molec- 
ular properties, we now restrict ourselves to properties associated with the 
application of static uniform external electric and magnetic fields. For such 
perturbations, the Ha miltonian operator may be written in the manner (in 
atomic units) 

H ( F , B ) =  H 0 -  F - d e  
1 B .dm + -~ E [B2r~- (B .ri) 2] (52) 

i 

where the summation is over all electrons and where we have introduced the 
electric and magnetic dipole operators 

de = - E r i  + E Z I R I  (53) 
i I 

1 1 
dm = r, X p , -  s (54) 

i i 

In Eq. 53, the first summation is over all electrons and the second summation 
over all nuclei. The positions of the electrons are given by r i  and the charges 
and positions of the nuclei by ZI and R I ,  respectively. In Eq. 54, the Pi 
and si are the conjugate momenta and spins of the electrons. We have also 
introduced the operators 

i 

for the total orbital and spin angular momenta of the electrons. Note that, 
in the clamped-nuclei approximation, there are no nuclear contributions to 
the magnetic dipole operator. 
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Having set up the Hamiltonian, we may calculate the first- and second- 
order properties in the eigenvector representation. For the permanent elec- 
tric and magnetic dipole moments, we obtain 

- (0 Idol o) - - ~ (0 Ir, I 0> § ~ ZzRz (57) 
i I 

m - ( 0 [ d m ] 0 ) - -  0 ~ L + S  0 (58) 

Whereas the permanent electric dipole moment vanishes for molecules be- 
longing to certain points groups (e.g., for all molecules that  possess a center 
of inversion), the permanent magnetic dipole moment vanishes for all closed- 
shell systems. To see how the vanishing of the magnetic dipole moment 
comes about, we first note that  

S [cs) - 0 (59) 

since the closed-shell state ]cs) is a singlet. Next, we note that  for all real- 
valued electronic states ]real> (such as all closed-shell states), the expectation 
value of any imaginary Hermitian operator (such as the orbital angular- 
momentum operator) is identically equal to zero 

(real [LI real) -- 0 (60) 

and the angular momentum is said to be quenched. 
Let us now consider the second-order molecular properties. The static 

electric dipole-polarizability tensor is given by the expression 

- 2 ~ (0 lde[ K> (K IdOl 0> 
K>o EK-  E0 

(61) 

and is nonnegative for the electronic ground state. For the magnetizability 
tensor, we obtain 

__1 ,n r - 4 ~ (01~1 - r,r~l o) + 2 ~ <0 Id IK)(K [d~[ 0) (62) 
i K>o E K -  Eo 

The first term is always negative and is referred to as the diamagnetic con- 
tribution or the Langevin term. The second, sum-over-states  term is known 
as the paramagnetic contribution and is always positive or zero for ground 
states. 
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For closed-shell states, there is, according to Eq. ,59, no spin contribu- 
tion to the paramagnetic part of the magnetizability, the only contribution 
coming from the orbital motion of the electrons: 

I = I ILl K)<g [LTI cs> 
-- - 4  E <cs Jr/1 - r i rr[  cs) + ~ E E K -  Eo 

i K > 0  

(63) 

Furthermore, for any spherically symmetric closed-shell system, we obtain 

L lsph-cs) - 0 (64) 

since the wave function is an eigenfunction of L 2 of zero angular momentum. 
For such systems, the paramagnetic contribution to the magnetizability van- 
ishes completely and the isotropic magnetizability~one third of the trace of 
the magnetizability tensor~may be written in the following simple manner 

1 
~i~o -- - ~  E (sph-cs ]r~[ sph-cs) (65) 

i 

Thus, for noble-gas atoms, the magnetizability is always negative or diamag- 
netic. Furthermore, for most closed-shell molecular systems, the paramag- 
netic contribution to the magnetizability is somewhat smaller (in magnitude) 
than the diamagnetic contribution (assuming the use of the center of mass 
as the gauge origin), making the magnetizability diamagnetic (i.e., negative) 
for nearly all ground-state closed-shell systems. Known exceptions to this 
rule are BH, CH +, and Sill + [2,3], whose weak paramagnetism is probably 
related to the near-degeneracy of the a and 7r orbitals of the half-filled va- 
lence shell. In electronically excited states, however, the relative magnitude 
of the diamagnetic and the paramagnetic contributions may change. Thus, 
theoretical calculations have demonstrated that the B 1Z;+ state in the hy- 
drogen molecule is paramagnetic [4,5]. In this state, the diamagnetic and 
paramagnetic contributions to the total magnetizability are both larger (in 
magnitude) than the corresponding contributions in the ground state; the 
paramagnetism of the B 1E+ state arises since the increase is largest for the 
paramagnetic contribution. 

The diamagnetic and paramagnetic contributions to the magnetizability 
are often significantly larger than the observed diamagnetism of a molecule. 
In C60, for instance, the diamagnetic contribution is -13073 ppm cgs and 
the paramagnetic contribution 12714 ppm cgs, leading to a residual overall 
diamagnetism of only -359 ppm cgs (at the Hartree-Fock level) [6]. Similar 
observations are made for less exotic molecules, although not to the same 
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extent. For instance, at the Hartree-Fock level, the paramagnetic contribu- 
tion to the magnetizability in norborna.diene has been calculated to be 368.7 
ppm cgs, with a total magnetizability o f - 6 0 . 4  ppm cgs, in good agreement 
with data  extracted from a molecular Zeeman study of this molecule [7]. 

Because of the nonnegative sum-over-states expression in Eq. 61, the 
polarizability of an electronic ground state is necessarily positive. It is, 
however, possible to imagine that, in an excited state, there may exist close- 
lying states with negative energy denominators and large contributions to 
the sum-over-states expression Eq. 61, leading to an overall negative po- 
larizability. Such negative excited-state polarizabilities have been predicted 
theoretically [8] but not yet observed experimentally. In contrast, recent ex- 
perimental results for H2CS indicate that, for this system, one of the com- 
ponents of the paramagnetic magnetizability contribution is negative [9]. 
Unlike the situation for polarizabilities, this observation is not supported by 
ab-initio calculations [10]. 

5 London orbi tals  

There is one important aspect of the evaluation of magnetic properties to 
which we have not yet alluded: In the presence of a magnetic field, the 
Hamiltonian operator is not uniquely determined since the gauge origin for 
the vector potential representing the magnetic field may be chosen in differ- 
ent ways. For an exact solution of the problem (i.e., for an exact calculation 
of the magnetic properties), the choice of vector potential will not affect the 
calculated properties. In approximate calculations, on the other hand, the 
choice of vector potentials may critically affect the quality of the calculated 
results. In the present section, these problems and their solution are dis- 
cussed, beginning with a review of the basic theory required for a quantum- 
mechanical treatment of an electronic system in an external magnetic field. 
We then go on to consider the gauge-origin problem in approximate calcu- 
lations of electronic systems, explaining how this problem is solved through 
the use of London atomic orbitals. 

Consider a non relativistic electronic system in the presence of a static 
external magnetic field induction B. When such a system is treated quantum 
mechanically, the first step is to set up a vector potential A (r) that  fulfils 
the following two requirements (in the Coulomb gauge): 

V •  = B (66) 
V - A ( r )  = 0 (67) 
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For a uniform external magnetic field, such a potential may be written as 

1 
Ao (r) - ~B x ( r -  O) (68) 

which vanishes at the gauge origin r = O. Next, we proceed to construct 
the electronic Hamiltonian operator. For a spin-free one-electron system, 
we obtain 

1 2 H (A0) - ~zr + V (r) 

where the kine t ic  or mechanica l  m o m e n t u m  is given by 

(69) 

~r = - i V  + Ao (r) (70) 

and where V (r) is the potential. Finally, we calculate the electronic energy, 
for example by minimizing the expectation value of the energy with respect 
to the form of the wave function 

E (B) = (r (Ao)IH (Ao)l r (Ao)) 

assuming that r (Ao) is normalized. The electronic energy E (B) depends 
on the magnetic field B and must be evaluated for each field strength sep- 
arately. If, for example, we are interested in the molecular magnetizability 
rather than in the electronic energy, we may calculate this property from 
the energy according to Eq. 7, either by some analytical technique or by 
numerical differentiation. 

Before continuing our discussion of gauge-origin dependence, we note 
that the substitution of Eq. 70 in the spin-free Hamiltonian Eq. 69 followed 
by expansion does not lead to the expression Eq. 52. To account for the 
missing Zeeman spin interaction, we must first replace the nonrelativistic 

1 Hamiltonian which spin-0 Hamiltonian Eq. 69 with a nonrelativistic spin-g 
for a one-electron system is given by 

H (A0) - ~1 (2s. 7r) 2 + V (r) = 17r22 + s - B  + V (r) (72) 

Since, for closed-shell states, spin interactions do not contribute to any of 
our properties, we shall here ignore the contributions from the spin degrees 
of freedom and use the simpler spin-0 Hamiltonian of Eq. 69. 

Although the procedure for the introduction of magnetic perturbations 
outlined above is in principle straightforward, there are some subtleties re- 
lated to the choice of gauge origin for the vector potential. We note that the 
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vector potential and the Hamiltonian operator are not uniquely defined since 
we may choose the position of the gauge origin O freely and still satisfy the 
requirements Eqs. 66 and 67. In contrast, all observable properties of the 
system--the electronic energy and the magnetizability, for instance--should 
be independent of the choice of  gauge origin. This gauge-origin indepen- 
dence can occur only if the wave function ~b (Ao) changes in a very specific 
manner as we change the position of the gauge origin. 

Consider first a general gauge transformation of the vector potential. 
For any scalar function f (r), the curl of the gradient vanishes identically: 

v • v y  = 0 (73) 

Accordingly, we may write a general gauge transformation of the vector 
potential in the following manner 

A'  (r) = A (r) + V f  (r) (74) 

where f (r) is some scalar function. For such a gauge transformation, the 
exact wave function transforms as 

~b' (r) = exp [ - i f  (r)] ~b (r) (75) 

and gauge invariance of the energy and other properties is maintained. For 
example, it is easily verified that  the following identity holds 

(76) 

where H'  is the gauge-transformed Hamiltonian, constructed from A'  (r) 
rather than A (r). It should be realized that, except for a constant over- 
all phase factor, the expression in Eq. 75 constitutes an exact relationship 
between two wave functions that  have been separately and independently 
determined for two different choices of the vector potential A'  (r) and A (r). 
The two wave functions describe the same physical state since for example 

1r (r)[ 2 -- Jr (r)l  2 (77) 

but correspond to two different representations of the magnetic field. 
Let us now consider the particular gauge transformation associated with 

a shift of the gauge origin from O to O': 

Ao, (r) = Ao (r) + V f  (r) ,(7s) 
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For such a transformation, the scalar function is given as the simple triple 
product 

1 (o  o') r f (r) - ~B • -  9 (79) 

The gauge-transformed wave function may consequently be written in the 
manner 

r  ( r ) -  exp [ - i l B  • ( O -  O ' ) .  r] r ( r ) ( 8 0 )  

where r  (r) and r (r) are the wave functions associated with the gauge 
origins O' and O, respectively. 

Having considered gauge transformations of the exact wave function, let 
us now turn our attention to approximate electronic wave functions. The 
first thing to note is that,  for an approximate wave function expanded in a 
finite-dimensional variational space, there is no guarantee that  the electronic 
wave function will transform correctly upon a change of the gauge origin~for 
this to happen, the variational space would have to be sufficiently flexible to 
reproduce the gauge transformation in Eq. 80 ezactly. Indeed, within a finite 
linear variational subspace, gauge-origin invariance can never be obtained 
exactly, only approximately for small displacements of the gauge origin. In 
such cases, therefore, our calculated energies and properties will depend on 
our choice of gauge origin. 

The lack of gauge invariance in approximate calculations gives rise to 
several problems. First, for the calculation of electronic energies and prop- 
erties to be reproducible, we must in each case report the position of the 
gauge origin used in the calculation. In a few cases, a natural choice can 
be made for the gauge origin (for example, at the nucleus in an atomic 
calculation, as discussed below) but mostly no such choice can be made, 
making the results of the calculation rather less definite than would other- 
wise be the case. Second, the quality of the calculated results may in many 
cases depend critically on the choice of gauge origin for the vector potential, 
making the reliable a priori prediction of molecular magnetic properties dif- 
ficult. Nevertheless, we shall shortly see that,  by a suitable modification of 
the orbitals in which the electronic wave function is expanded, it is possible 
to develop a computational scheme in which the magnetic properties are 
obtained unambiguously and in a well-defined manner. 

Let us begin by examining the notion of a natural gauge origin more 
closely. Consider a one-electron atomic system in a magnetic field B and as- 
sume that  the unperturbed system is represented by the approximate wave 
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function Xt,n, which we may take to be a Slater orbital or some other approx- 
imate representation of the atomic state. The unperturbed wave function is 
centered on N (the atomic nucleus) and is assumed to be an eigenfunction of 
the (effective) Hamiltonian H0 and of the operator for angular momentum 
along the z direction L g 

HoXz,n = EoXzm (81) 
N 

The superscript N in L g indicates that the angular momentum is defined 
relative to N. We now apply the magnetic field with the gauge origin at N: 

1 
AN ( r ) -  ~B x ( r -  N) (83) 

Constructing the perturbed Hamiltonian in the usual manner and carrying 
out some simple algebra, we find that the unperturbed wave function XZ~n is 
correct to first order in the magnetic field B: 

1BL g + O (8 2 ) X,m - Eo + -~mtB Xt,~ + O ( ) (84) Y0+  
On the other hand, if we apply the field with a different gauge origin M 

1 
AM ( r ) -  ~B x ( r -  M) (85) 

then the unperturbed wave function is correct only to zero order in the field 

( H 0 +  1BLM+02 ~ ( B 2 ) ) X / m -  EoXlm+O (B) (86) 

since Xtm is not an eigenfunction of Lz M. Thus, we see that our approximate 
wave function is biased towards N in the sense that, with this choice of gauge 
origin, the wave function is correct to first order in the field, whereas, with 
any other choice of gauge origin, it is correct only to zero order. Clearly, for 
one-electron atomic systems, a natural gauge origin exists. 

Once a natural gauge origin has been identified, we may use this gauge 
origin as a reference gauge origin and enforce gauge-origin independence on 
our description by attaching to the wave function the phase factor associated 
with a shift of the gauge origin from the reference gauge origin N to the gauge 
origin O of the external vector potential. We now obtain a wave function of 
the form [1 ] 

wtm -- exp - ~ i B  x ( N -  O ) - r  Xlm (87) 
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which is correct to first order in the field B for any choice of gauge origin O, 
as is easily verified. Moreover, it may readily be shown that the expectation 
value of the one-electron Hamiltonian 

E (B) - (wzm (Ao) [H (Ao)I ~1~ (Ao)) (88) 

is independent of the gauge origin O, always returning the energy that would 
be obtained with the gauge origin at N. In a sense, we have arrived at an 
approximate but gauge-origin independent description of the atomic system. 
It should be understood, however, that our approximate description is gauge- 
origin independent by design rather than because of some inherent flexibility 
in the description. Nevertheless, since our choice of reference gauge-origin 
was made because it provides a superior description of the electronic system 
in the field, we would expect our resulting wave function Eq. 87 to do a good 
job of representing the electronic system in a magnetic field. 

Up to this point, we have considered only one-electron systems. For 
wave functions constructed as linear combinations of Slater determinants 
(i.e., all wave functions except those that explicitly contain the interelec- 
tronic distances in the parametrization), we can generalize our procedure 
to many-electron atomic systems by attaching one complex phase factor to 
each individual orbital according to Eq. 87. As in the one-electron case, the 
resulting description of the electronic system becomes independent of the 
position of the external gauge origin with the atomic center as the reference 
gauge origin. Again the quality of the description is expected to be good 
since, with this reference origin, the unperturbed wave function is correct to 
first order in the magnetic field. 

Since, for a.n atomic system, we may always place the external gauge ori- 
gin at the nuclear center, the introduction of the complex phase factor in the 
atomic orbital according to Eq. 87 may appear to be an academic exercise 
of no practical value. The importance of the phase factors in the orbitals 
becomes apparent only when several atoms are considered simultaneously. 
In such cases, we cannot simultaneously place the external gauge origin O 
at all the atomic nuclei in the system and the introduction of the complex 
phase factors therefore becomes essential to ensure a uniform description of 
the electronic system. Indeed, without the complex phase factors attached, 
our description of two isolated, nonintera.cting atomic systems would un- 
physically depend on their relative separation (with the gauge origin chosen 
somewhere between the two nuclei). In the parlance of electronic-structure 
theory, we would say that our description is not "size-extensive". 

We have seen how the introduction of complex phase factors ensures 
a uniform description of a supersystem containing several nonintera.cting 
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atoms. Let us now consider the evaluation of magnetic properties for molec- 
ular systems--that is, for systems of intera.cting atoms. For such systems, 
we may (in analogy with our treatment of atomic orbitals) attach the com- 
plex phase factors to the molecular orbitals (MOs). This approach leads to 
the method known as individual 9auge for localized orbitals (IGLO), which 
has been quite successful for calculations of nuclear shieldings and magne- 
tizabilities [11,12]. One complication with this approach is that the MOs 
are in general not spherically symmetric and there may often be no natural 
reference gauge origin for the description of the magnetic perturbation: For 
the (almost) spherically symmetric, localized core orbitals, we may choose 
the reference gauge origin of the MOs to coincide with the atomic nucleus; 
for the delocalized valence orbitals, there may be no preferred position for 
the reference gauge origin. To alleviate this problem, the MOs are usually 
localized prior to the calculation of the magnetic properties. 

An alternative solution to the gauge-independence problem in molecular 
calculations is to attach the complex phase factors directly to the atomic 
basis functions or atomic orbitals (AOs) rather than to the MOs. Thus, 
each basis function--which in modern calculations usually corresponds to 
a Gaussian-type orbital (GTO)~is equipped with a complex phase factor 
according to Eq. 87. A spherical-harmonic GTO may then be written ill the 
from 

where Stm (r) is a standard solid-harmonic function. The resulting atomic 
orbitals are known as London atomic orbitals or gauge-independent atomic 
orbitals (GIAOs). 

London orbitals were introduced by Fritz London, who in 1937 used 
Hiickel theory to calcula.te the contribution to the magnetizability from the 
ring currents in the ~-orbital backbone of some aromatic molecules [13]. The 
great virtue of London's approach is that each individual AO--the build- 
ing blocks of molecular wave functions--has been "harnessed" to respond 
correctly (to first order at least) to the application of an external magnetic 
field, irrespective of the choice of the external gauge origin. Moreover, since, 
in London's approach, only the atomic orbitals are modified, this method is 
fully transparent to the treatment of the electronic structure otherwise. 

To illustrate the remarkable improvements in basis-set convergence that 
are obtained through the use of London orbitals, we have in Figure 1 plot- 
ted the isotropic magnetizability for the phosphorous trifluoride molecule 
(PF3) calculated with and without the use of London orbitals [14]. In these 
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Figure 1" The isotropic magnetizability (in ppm cgs) of PF3 calculated with 
and without the use of London orbitals 
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calculations, we have used the augmented correlation-consistent basis sets 
of Dunning and Woon [15, 16], the largest of which (aug-cc-pV5Z) contains 
512 basis functions. 

The figure is quite striking. At the double-zeta level, the magnetizabil- 
ity obtained without London orbitals (i.e., with field-independent orbitals) 
is in error by a factor of almost 2.5. Even in the large aug-cc-pV5Z basis, 
the magnetizability is off the Hartree--Fock limit by as much as 15%. In 
contrast, the magnetizabilities obtained using London orbitMs are all within 
3% of the result in the largest basis, even at the aug-cc-pVDZ level. These 
calculations clearly demonstrate the importance of using properly adapted 
(field-dependent) basis functions for the calculation of magnetic properties. 
Indeed, for large systems such as C60, the use of London orbitals is manda- 
tory since otherwise the basis set needed for a reliable calculation of the 
magnetizability would become unmanageable. 
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6 The calculation of molecular magnetizabilities- 
Comparison with experiment 

The last systematic measurements carried out for the diamagnetic magnetiz- 
ability of gaseous substances are those undertaken by Barter, Meisenheimer, 
and Stevensen in 1960. Almost forty years later, these measurements still 
represent the best experimental da ta  for the isotropic diamagnetic magne- 
tizability of gas-phase molecules. 1 With the recent extension of London's 
method to the calculation of magnetizabilities at the ab-initio level, it would 
be interesting to see how these gas-phase measurements compare with mod- 
ern theoretical calculations, especially in view of the difficulties that  beset 
the experimental measurements of isotropic diamagnetic magnetizabilities: 
(1) the smallness of the effect, which implies that  even slight traces of oxy- 
gen (a strongly paramagnetic substance) in the probe can severely limit the 
accuracy of the measurements; and (2) the sensitivity of the results to the 
quality of the calibration standard employed in the investigation. 

Using London atomic orbitals at the Hartree-Fock level, we have inves- 
tigated the isotropic magnetizability for a variety of saturated and unsatu- 
rated hydrocarbons, including cyclic and aromatic systems. For the normal 
alkanes and cycloalkanes, we used the aug-cc-pVDZ basis of Dunning and 
Woon [15, 16]. For the smaller molecules, a slightly smaller set was used, 
based on the aug-cc-pVDZ basis but with the most diffuse s and d orbitals 
on carbon removed as described in Ref. [18]. For all molecules, the ge- 
ometry was optimized in the same basis as used for the calculation of the 
magnetizability, allowing us to compare the experimental values with purely 
theoretical results, see Table 1. 

In view of the problems encountered when magnetizabilities are calcu- 
lated without London orbitals [14], the agreement with experiment is quite 
remarkable. Still, most of the calculated numbers are about 7% too diamag- 
netic. This discrepancy was first ascribed to the neglect of electron correla- 
tion [18]. However, accurate correlated calculations on the magnetizability 
of the noble-gas atoms (using Eel. 65) then revealed that  the calibration 
standard chosen by Barter et al. (the magnetizability of the argon atom) 
was in error and that,  to correct for this error, the experimental results 
should be scaled by a factor of 1.07. In Table 1, the scaled experimental re- 
sults are listed in parentheses (next to the unsca.led experimental numbers); 

1This statement applies only to the isotropic magnetizability; the magnetizability 
anisotropy can be very accurately determined from microwave measurements, see for ex- 
ample the review by Sutter and Flygare [17]. 
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Table 1" The isotropic magnetizability (in ppm cgs) of hydrocarbons cal- 
culated using ab-initio methods and (where available) from experimental 
gas-phase measurements. The theoretical results have been taken from 
Refs. [18, 19]; the experimental results have been taken from the work of 
Barter, Meisenheimer, and Stevenson [20]. 

Molecule Theory 
Methane -19.0 
Ethane -29.7 
Ethene -21.5 
Ethyne -23.3 
Propane -41.8 
Propene -33.2 
Cyclopropane -42.4 
Cyclopropene -29.0 
Allene -29.1 
Propyne -34.6 
n-butane -53.7 
Trans-2-butene -44.7 
Cis-2-butene -45.0 
s-trans- 1,3-butadiene -37.0 
Cyclobutane -45.4 
Cyclobutene -36.9 
Cyclobu tad iene - 16.5 
n-pentane -65.6 
Cyclope n tan e -61.4 
Cyclo pen tene -52.0 
Cyclope n tad ie n e -47.4 
n-hexane -77.5 
Cyclohexane -69.7 
1,3-Cyclohexadiene -53.7 
1,4-Cyclohexadiene -50.9 
n-Heptane -89.4 
Cycloheptane -81.9 
Octane -101.3 
Cyclooctane -93.4 
n-Nonane -113.2 
Cyclononane -104.9 
n-Decane -125.1 
Cyclodecane -116.7 

Experiment 
-17.4-t-0.8 (-18.6) 
-26.8:t::0.8 (-28.7) 
- 8.8+0.8 

-38.6-1-0.8 (-41.3) 
-30.7-1-0.8 (-32.8) 
-39.2=t=0.8 (-41.9) 

-25.3-I-0.8 (-27.0) 

- 0.3+0.8 

-46.4 

-40.0-t-0.8 (-42.8) 

-61.5-1-0.8 (-65.8) 
-56.2:[:0.8 (-60.1) 

Pascal's rule (theory) 
-23.2 
-30.2 
-23.2 
-16.1 
-41.8 
-34.8 
-34.8 
-27.7 
-27.7 
-27.7 
-53.4 
-46.4 

-39.3 
-46.4 
-39.3 
-32.2 
-65.0 
-58.0 
-50.9 
-43.8 
-76.6 
-69.5 
-55.4 
-55.4 
-88.2 
-81.1 
-99.8 
-92.7 

-111.4 
-104.3 
-123.0 
-115.9 
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the scaling leads to an almost perfect agreement between experiment and 
ab-initio theory. 

From a theoretical point of view, the relative insensitivity of the magne- 
tizability to electron correlation--as documented in a number of investiga- 
tions [21-24]--is gratifying since it allows us to investigate larger molecules 
at the Hartree-Fock level with some degree of confidence. Again, we would 
like to emphasize that the relatively high degree of agreement with experi- 
ment obtained at the Hartree-Fock level is attained only by the use of explic- 
itly gauge-transformed orbitals (GIAO or IGLO). Nevertheless, even at the 
GIAO (or IGLO) level, the Hartree-Fock method does not always provide 
sufficient accuracy to refute experimental observations. For this purpose, 
electron-correlation effects [21-24] as well as rovibrational effects [22,25] 
must be accounted for. 

7' Pasca l ' s  rule and a-ring currents  

The first experimental observation of the additivity of the molecular mag- 
netizability was made by Henrichsen in 1888 [26]. Henrichsen showed that, 
for a large number of compounds, the addition of a single methylene unit 
changes the magnetizability of the compounds by about -11.1 ppm cgs, 
independently of the functional groups otherwise present in the system. 2 
Later, this additivity was explored by Pascal and Pa.cault [28,29]. Pascal 
developed his additivity scheme in terms of average atomic additivity con- 
stants (Pascal~ rule); several researchers have since explored this concept 
and developed more refined systems, introducing functional-unit magnetiz- 
abilities as well as additivity schemes for the individual components of the 
magnetizability [30, 31]. 

Owing to its simplicity and surprising accuracy, the additivity scheme is 
widely used for estimating isotropic magnetizabilities. In NMR experiments, 
for example, it is often important to have a knowledge of the bulk mag- 
netizability to estimate local magnetic-field effects on the observed shield- 
ings; in microwave Zeeman spectroscopy, the additivity scheme is routinely 
used to extract the full set of magnetizability components (since only the 
anisotropies can be obtained from the experiment). Furthermore, one of the 
most successful schemes for determining the aromatic character of molecular 

2Henrichsen measured the magnetizabilities relative to water. The magnitude of his 
methylene magnetizability therefore depends on the value chosen for the magnetizability 
of water. If we use the measurement on ice [27], the methylene magnetizability is -11.1 
ppm cgs; if we use the experimental gas-phase value [27], it becomes -11.9 ppm cgs; and 
if we use the theoretical gas-phase value [24], it becomes -12.9 ppm cgs. 
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systems is based on the predictive power of the magnetizability additivity 
schemes [32]. 

Theory can here play an important role. Experimental magnetizabili- 
ties are subject to intermolecular interactions as well as to the effects of 
molecular tumbling and conformational averages, effects that  must be care- 
fully accounted for when at tempts  are ma.de at reproducing (or predicting) 
experimental numbers. On the other hand, like experimental noise, such 
effects may also interfere with our study of additivity as such, obscuring 
and blurring its finer details and patterns. The same effects do not enter 
ab-initio theory, however, making it a useful complementary tool for inves- 
tigating and exploring additivity schemes. In this context, we note that  
the theoretical study of additivity schemes such as Pascal's rule requires a 
computational procedure that  can be applied equally well to small and large 
systems. This requirement is fulfilled only by the GIAO and IGLO methods: 
In any method based on the use of a global gauge origin, the description of 
the individual subunits deteriorates as the system increases. Combined with 
its rapid basis-set convergence, this "size-extensivity" of GIAO Hartree-Fock 
theory makes it an excellent testing ground for additivity schemes, free from 
environmental effects and experimental noise. 

Fit t ing the calculated data  in Table 1 to a two-parameter model (ignoring 
the smallest highly strained hydrocarbon rings containing three and four 
carbon atoms), we obtain -4 .53 and -3 .53 ppm cgs for the carbon and 
hydrogen atomic magnetizabilities, respectively. 3 In Table 1, we have listed 
also the magnetizabilities predicted from this two-parameter model. The 
two parameters do a fairly good job of reproducing the ab-initio results, 
although some large deviations do appear. In particular, we note that  a 
two-parameter model is unable to distinguish between the various isomers 
of molecules of the same atomic constitution. As an example, the propene 
and cyclopropane molecules contain the same atoms (C3H6) but have very 
different magnetizabilities: -33.2  and -42.4  ppm cgs, respectively (at the 
GIAO Hartree-Fock level). Considering the very different bonding situations 
in these two systems, such a large difference in the magnetizability is perhaps 
not too surprising. 

In some respects, our sample of molecules is not sufficiently representa- 
tive for building a set of additivity parameters, having a strong bias towards 
small molecules, where we would expect special bonding situationsNdouble 
bonds, for ins tanceu to  dominate the magnetizability to a greater extent 
than in larger molecules. If instead we restrict ourselves to the study of a 

3These values differ slightly from those previously reported by us [18], mainly because 
of the larger number of molecules included in the present fit. 
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Figure 2: Differential methylene magnetizability for homologous alkanes (in 
ppm cgs) 
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simpler set of hydrocarbons such as the normal alkanes, we would expect 
a two-parameter model to do an even better job at representing the cal- 
culated magnetizabilities. Indeed, restricting ourselves to the n-alkanes in 
Table 1 and considering the change in the magnetizability as we go from one 
n-alkane to the next, we find that the magnetizability associated with the 
added methylene group--the differential methylene rnagnetizability--differs 
by less than 2% for all molecules, as illustrated in Figure 2. In this study, 
we have ignored the change in the magnetizability from methane to ethane 
since this modification changes the number of terminal carbon atoms. If 
we ignore the ethane-to-propane shift as well, the variations become less 
than 0.5%, demonstrating the almost perfect Mditivity of the magnetizabil- 
ity for unstrained, saturated systems. In similar fits based on ezperimental 
data (for methane to hexane in the gas phase and for hexane to decane in 
the liquid phase as reported in Table 1), this near-perfect additivity of the 
magnetizability is blurred by molecular motion and experimental noise. 

An interesting phenomenon is observed when the ma.gnetizability corn- 
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Figure 3" Differential methylene magnetizability components for homologous 
alkanes (in ppm cgs). Note that the scale of the abscissa differs from that 
of Figure 2. 
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ponents are plotted as in Figure 3, where the notation for the Cartesian 
components is such that the molecular axis coincides with the x axis and 
the carbon chain is located in the xy plane. The figure shows that the 
main contribution to the (weak) oscillations of the isotropic magnetizabil- 
ity comes from the out-of-plane ~zz component and that the average of 

1 the two in-plane components 5((== + ~cy) converges more smoothly. The 
dashed line represents an idealized methylene magnetizability, correspond- 
ing to the converged differential methylene magnetizability of the n-alkanes. 
The methylene magnetizability has here been taken as the difference in the 
magnetizabilities of decane and nonane. According to Figure 2, this value 
should be close to the converged methylene magnetizability. 

Turning our attention to the cycloalkanes, we would naively expect (on 
the basis of the additivity rules) that the magnetizability of these compounds 
should be expressed as multiples of the methylene magnetizability extracted 
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Figure 4" Isotropic magnetizability per methylene unit in cycloalkanes (in 
ppm cgs) 
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from the n-alkanes. However, in experimental gas-phase measurements, this 
was not observed to be the case for the rings from cyclopropane to cyclohex- 
ane [20]. Instead, the average methylene magnetizability oscillates strongly 
from cyclopropane to cyclohexane. Moreover, the oscillations do not occur 
about the average methylene magnetizability (as predicted from measure- 
ments on the n-alkanes) but about a somewhat less diamagnetic value. 

In this context, two questions arise: What  is the cause of these oscilla- 
tions and why does the average methylene magnetizability not converge to 
the value predicted from the n-alkanes? Further experimental studies (on 
larger rings) are difficult to perform because of the low volatility of these 
compounds and it thus appears difficult to answer these questions through 
experiment. In Figure 4, we have plotted the calculated average methylene 
magnetizability in the cycloalkanes, with the dashed line representing the 
methylene magnetizability of the n-alkanes. From cyclopropane to cyclo- 
hexane, we observe the same oscillatory pattern as in experiment; beyond 
cyclohexane, the curve flattens out and only weak oscillations persist. Just 
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Figure 5: Isotropic magnetizability per methylene unit in cycloalkanes (in 
ppm cgs). Note that the scale of the abscissa differs from that of Figure 4. 
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as interestingly, the average methylene magnetizability does not converge to 
the value predicted from the n-alkanes. 

As for the n-alkanes, useful information is obtained by comparing the 
different components of the magnetizability tensor. In the cycloalkanes, one 
of the principal directions of the magnetizability tensor is normal to the ring 
plane. In Figure 5, this component is denoted by ~r177 and the average of the 
remaining in-plane components by ~r The plot shows that the oscillations 
in the isotropic magnetizability arises from ~r alone and that ~ll converges 
nicely to the methylene magnetizability of the n-alkanes. It thus appears 
that the anomalies of the magnetizability of the cycloalkanes are related to 
the presence of weak ring currents, induced by the component of the field 
perpendicular to the ring. As discussed by Kutzelnigg et al. in the context 
of aromatic systems, such a-bond currents result from a balance between 
paramagnetic ring currents inside the ring and diamagnetic currents outside 
the ring [33]. This situation can be understood by picturing diamagnetic 
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currents around the individual atoms, leading to currents on the inside and 
the outside of the ring. 

Concerning the oscillations, we note that cyclohexane (where the oscilla- 
tions disappear) is the smallest unstrained cycloalkane. Although we would 
have to go all the way to C14H28 to reach the next unstrained cycloalkane, 
the strain in the larger rings is significantly lower than in the smaller ones 
such as cyclopropane and cyclobutane. Apparently, the oscillations in the 
magnetizability component ~r177 reflect the strain in the cycloalkanes. 

The above study of saturated hydrocarbons illustrates how theoretical 
calculations may be used to extract information unattainable by experiment 
alone. From this study, we also conclude that caution should be exercised 
in applying Pascal's rule to highly strained ring systems even when no 1r- 
electrons are present. In the next section, we shall turn our attention to 
molecular systems containing the more loosely attached ~r-electrons. 

Aromat i c  m o l e c u l e s  and 7r-bond currents  

In the field of molecular magnetic properties, aromatic molecules have for 
a long time occupied a special place because of tile elusive notion of ring 
currents in the 7r-orbital backbone, giving rise to a diamagnetic exaltation 
that cannot be accounted for in an atom-based additivity scheme. Indeed, 
Schleyer and Jiao recently suggested that the diamagnetic exaltation of the 
magnetizability is the only unique way of classifying the aromatic character 
of molecules [32] and much theoretical work has been devoted to finding 
theoretical evidence for such ring currents [34, 35]. 

Linus Pauling introduced a simple scheme for calculating the magnetiz- 
ability of aromatic molecules. In Pauling's scheme [36], the magnetizability 
is calculated as the sum of an ordinary atom-based additivity t e r m  (~add) 
and a term that takes into account the effects of ring currents: 

~r _ -38.0 x kay ppm cgs (90) 

Here a represents the electron density per carbon-carbon bond, k is the 
strength of the induced magnetic dipoles in a given polyaromatic hydrocar- 
bon relative to that in benzene, and f is a factor that corrects for the as- 
sumption that the electrons move in rectilinear segments, chosen by Pauling 
to be 1.23. With this approach, the magnetizability of almost any aromatic 
molecule may be calculated on the "back of an envelope" as ~ = ~add + ~ring. 

Pauling's approach may be contrasted with the use of modern ab-initio 
methods, where the calculation on large polyaromatic hydrocarbons still 
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Table 2: The isotropic magnetizability (in ppm cgs) of some polyaromatic 
hydrocarbons as obtained with Pauling's model [36] and using ab-initio 
methods. The experimental results given by Pauling are also listed. The 
numbers in parentheses are obtained by scaling the experimental results by 
a factor of 1.1 (see Section 8). All calculations were made with idealized 
C -  C bond distances of 1.42~ and C -  H bond distances of 1.07~. 

Molecule Chemical formula Pauling Experiment This work 
Benzene C6H6 -55 -55 (-61) -60.2 
Naphthalene C10Hs -96 -90 (-99) -101.1 
Anthracene Ca4H10 -136 -124 (-136) -144.2 
Naphthacene ClsH12 -176 -181.8 
Pyrene C16H10 -171 -155 (-171) -164.7 
Coronene C24Ha2 -323 -293.3 

remains a challenge. Indeed, the results reported in Table 2 have been 
obtained using massively parallel computers. The large computational cost 
notwithstanding, we have still not accounted for the effects of electron corre- 
lation and our results thus represent only the Hartree-Fock limit for benzene, 
naphthalene, anthracene, naphthacene, pyrene, and coronene. Still, there is 
no reason to believe that these molecules should exhibit particularly large 
correlation contributions to the magnetizability and we believe these results 
to represent rather accurate estimates (i.e., within 5% ) of the gas-phase 
magnetizability of these polyaromatic hydrocarbons. 

Considering the simplicity of Pauling's model, the agreement in Table 2 
is striking: Our results agree with those of Pauling to better than 15%. How- 
ever, the experimental results in Table 2 are obtained from liquid or solid- 
phase measurements. As discussed elsewhere, the effects of intermolecular 
interactions lead to a paramagnetic shift of about 10% [7, 37]. In parenthe- 
ses, we have therefore given the estimated experimental gas-phase results, 
obtained by scaling the experimental numbers by a factor of 1.1. Although 
this scaling lea.ds to an improved agreement with our results, the agree- 
ment with Pauling's results deteriorates because of the implicit account of 
intermolecular effects in the additivity contribution ~add. 

The polarizability of normal- and cyclo-alkanes 
The a dditivity of the molecular dipole polarizability was established already 
in the 1920s. However, whereas the magnetizability could easily be ratio- 
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Figure 6" Difference in isotropic polarizability between homologous alkanes. 
All polarizabilities reported in atomic units. 
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nalized in terms of simple atomic magnetizabilities, more elaborate schemes 
were required for the polarizability. Thus, the first schemes employed bond 
polarizabilities [38, 39]; later, a group-polarizability scheme such as that out- 
lined above for the methylene subunit was developed by Vogel [40]. For an 
overview of additivity schemes for molecular polarizabilities, we refer to a 
recent review by Bonin and Kadar-Kallen [41]. 

In Figure 6, we have plotted the differential rnethylene polarizability (the 
isotropic polarizability per methylene unit) of the n-alkanes. The most no- 
table feature of this plot is the increase in the isotropic polarizability with 
the number of carbon atoms. From the decomposition of the polarizability 
along the principal directions in Figure 7 (with the Cartesian directions de- 
fined as for Figure 3), we note that the differential polarizability increases 
only in the z direction--that is, in the component parallel to the carbon 
chain. In the other two directions, the polarizability converges smoothly 
except for weak oscillations in the in-plane auu component, oppositely di- 
rected to those in the other in-plane component a==. These oscillations, 
which are absent in the isotropic polarizability, may be linked to the alter- 
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Figure 7: Difference in polarizability between homologous n-alkanes 
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nation between the C2v and C2h point-group symmetries in the homologous 
alkane series. 

The behavior of the polarizability of the n-alkanes may be rationalized 
with reference to the simple particle-in-a-box model. In this model, the 
polarizability increases as the fourth power in the length of the box, which 
implies that the polarizability per unit length (i.e., the differential polariz- 
ability) increases as the third power in the length of the box. Obviously, in 
the n-alka.nes, the electrons do not at all behave according to this simple 
model, but we may still attribute the increasing differential polarizability of 
the n-alkanes to a more pronounced delocalization of the electrons in the 
longer chains, as the electrons become more loosely attached to the system. 
As the chain grows, this effect becomes less important and the differential 
polarizability becomes constant. 

If, in the n-alkanes, there is a small but noticeable increase in the differ- 
ential polarizability with the chain length, we would expect this effect to be 
more pronounced in conjugated systems, where the delocalized 1r-electrons 
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Figure 8: Average polarizability per polyene units (C~H~)~ in atomic units 
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behave more like particles in a box. In Figure 8, we have, for the polyenes, 
plotted the differential isotropic polarizability and its component along the 
molecular axis as a function of the number of polyene units (C2H2)~ as ob- 
tained in a recent study by Luo et al. [42]. (In the plot, the hump signals a 
switch from optimized geometries for the smaller polyenes to idealized poly- 
mer geometries for the larger polyenes.) Comparing with Figure 6, we note 
that the differential polarizability increases in a much more dramatic way in 
the polyenes. However, for this series also, the differential curve levels out 
and at some stage we would expect the curve to become flat. Indeed, such 
a saturation is well documented experimentally and theoretically [43,44]. 

We have seen that, in the unstrained cycloalkanes, the methylene magne- 
tizability is somewhat less diamagnetic (i.e., numerically smaller) than pre- 
dicted from the n-alkanes. A similar situation occurs for the polarizability. 
Thus, comparing the differential methylene polarizability of the n-alkanes 
in Figure 6 with the average methylene polarizability of the cycloalkanes in 
Figure 9, we note that, except for cyclopropane, the average methylene po- 
larizability of the cycloalkanes is always smaller than that of the n-alkanes. 
Apparently, in the n-alkanes, the valence electrons are more delocalized and 
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Figure 9" Average methylene polarizability for the cycloalkanes 

~9 

r 

09 
E 
r 

t ~  

t~ 
O 

11.75 

11.50 

11.25 

11.00 

o.. 

\ 
\ 

! . . . . .  i 

:i ,i .... 5 ~ ~ ~ ~ 10 
Number of carbon atoms in the ring 

more loosely attached than in the cycloalkanes. SVe also note that, in the 
cycloalkanes, the differential polarizability decreases rather than increases 
with the number of carbon atoms. It turns out that this decrease in the 
differential polarizability may be attributed to the component perpendicu- 
lar to the molecular plane, which decreases in magnitude as the number of 
carbon atoms increases and the ring becomes flatter, see Figure 7. 

10 The polarizability of polyaromatic hydrocar- 
bons 

In view of the discussion of magnetizabilities and polarizabilities we have 
presented for the alkanes in the previous sections, let us finally compare 
the polarizability and magnetizability of some polyaromatic hydrocarbons. 
In Table 3, the polarizability and magnetizability components are listed 
for a representative set of aromatic systems. Not surprisingly, all three 
components increase with the size of the system. For the polarizability, 
the increase is most pronounced along the x axis--that  is, along the main 
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Figure 10" Methylene polarizability for the cycloalkanes 
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molecular axis. In contrast, for the magnetizability, the increase is strongest 
for the component perpendicular to the molecular plane (the z axis). These 
observations are just what we would expect from the simple pictures based 
on the particle--in-the-box model (for the polarizability) and the notion of 
induced diamagnetic ring currents (for the magnetizability). 

Conc lus ions  

In the present paper, we have discussed the ab-initio evaluation of the static 
polarizabilities and magnetizabilities of molecular systems, with emphasis 
on the principles underlying such calculations. With the recent widespread 
availability of powerful computers, these second-order molecular properties 
may nowadays be calculated a priori  for large molecular systems, allowing us 
to explore, for instance, the relationship between the properties and molec- 
ular structure. Such calculations complement the experimental work in the 
area and may help in reassessing and improving on the empirical schemes 
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Table 3: The magnetizability and polarizability of some polyaromatic hy- 
drocarbons as obtained using high-level ab-initio methods. Polarizabilities 
reported in atomic units, and magnetizabilities in ppm cgs. The molecules 
are confined to the zy plane, the z direction along the longest side of the 
molecule. 

Molecule a,~ c~yy a ~  G~ (yy ~z  
Benzene 80.8 80.8 46.7 -7.92 -7.92 -22.14 
Naphthalene 168.1 123.3 68.6 -12.6 -11.3 -39.9 
Anthracene 284.3 170.9 90.0 -17.3 -14.6 -59.2 
Naphthacene 425.8 225.6 111.3 -21.9 -18.1 -74.8 
Pyrene 303.4 204.8 97.1 -18.4 -16.7 -68.8 
Coronene 378.3 378.3 131.8 -118.0 -118.0 -644.0 

developed since the late 19th century for the prediction of molecular po- 
larizabilities and magnetizabilities from molecular structure. Among the 
pioneers and early practitioners of such schemes, Linus Pauling is the most 
prominent. In comparison with today's high-level nonempirical approach, 
these simple schemes are strikingly successful and constitute an integral part 
of Pauling's legacy to modern chemistry. 
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